
HAL Id: tel-05531950
https://theses.hal.science/tel-05531950v1

Submitted on 2 Mar 2026

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

Inference on dependent data : Contributions to hidden
Markov and preferential attachment graph models

Ibrahim Kaddouri

To cite this version:
IbrahimKaddouri. Inference on dependent data : Contributions to hiddenMarkov and preferential attachment
graph models. Probability [math.PR]. Université Paris-Saclay, 2025. English. ⟨NNT : 2025UPASM035⟩. ⟨tel-
05531950⟩

https://theses.hal.science/tel-05531950v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


N
N
T:
2
0
2
5
U
PA

S
M
0
3
5

T
H
E
S
E
D
E
D
O
C
T
O
R
A
T

Inference on dependent data:
Contributions to hidden Markov and

preferential attachment graph models
Inférence sur des données dépendantes: Contributions aux modèles

de Markov cachés et de graphes à attachement préférentiel

Thèse de doctorat de l’Université Paris-Saclay

École doctorale n◦ 574 Mathématiques Hadamard (EDMH)
Spécialité de doctorat: Mathématiques appliquées

Graduate School: Mathématiques
Référent: Faculté des sciences d’Orsay

Thèse préparée dans l’unité de recherche Laboratoire de Mathématiques d’Orsay
(Université Paris-Saclay, CNRS), sous la direction de Elisabeth GASSIAT,

Professeure, et la co-direction de Zacharie NAULET, Professeur junior.

Thèse soutenue à Paris-Saclay, le 1 décembre 2025, par

Ibrahim KADDOURI

Composition du jury
Membres du jury avec voix délibérative

Catherine MATIAS Présidente
Directrice de recherche, CNRS
Chao GAO Rapporteur & examinateur
Professeur, University of Chicago
Yohann DE CASTRO Rapporteur & examinateur
Professeur, École Centrale Lyon
Christine KERIBIN Examinatrice
Professeure, Université Paris-Saclay
Christophe GIRAUD Examinateur
Professeur, Université Paris-Saclay
Nicolas VERZELEN Examinateur
Directeur de recherche, INRAE Montpellier



Titre: Inférence sur des données dépendantes : contributions aux modèles de Markov cachés et de
graphes à attachement préférentiel
Mots clés: Données dépendantes, modèles de Markov cachés, regroupement, risque de Bayes, at-
tachement préférentiel, détection de ruptures
Résumé: Cette thèse est consacrée à l’étude de l’inférence statistique dans des contextes où les données
sont dépendantes. Une telle dépendance peut apparaître à travers une dynamique temporelle, comme
dans les modèles de Markov cachés, ou à travers une évolution structurelle, comme dans les graphes à
attachement préférentiel. La première partie porte sur le problème de regroupement dans les modèles
i.i.d. et de Markov cachés. Nous analysons le risque de Bayes du problème de regroupement et le
comparons au risque de classification. Nos résultats montrent que les minimiseurs de ces risques ne
coïncident pas toujours, mais nous démontrons que cette distinction reste essentiellement théorique :
en pratique, le classificateur de Bayes s’avère presque optimal pour les tâches de regroupement. Des
simulations viennent compléter nos résultats théoriques et illustrer la quasi-optimalité de la stratégie de
regroupement basée sur le classificateur de Bayes. La deuxième partie développe une analyse plus fine
du problème de regroupement pour les modèles de Markov cachés gaussiens dans le régime de lente
mélangeabilité de la chaîne cachée. Nous fournissons une caractérisation précise du risque de Bayes
en fonction du rapport signal sur bruit et des propriétés de mélange de la chaîne. Nous proposons
aussi procédures de regroupement quasi-optimales. De manière intéressante, notre étude révèle des
comportements surprenants du risque de Bayes dans certains régimes de paramètres, montrant que la
dépendance temporelle peut conduire à des phénomènes non standard absents dans le cas i.i.d. La
troisième partie s’intéresse à la détection de ruptures dans des graphes à attachement préférentiel.
Nous considérons le problème de la détection tardive d’une rupture qui apparait à τn = n−∆n où n
est la taille du graphe et 0 ≤ ∆n ≤ n. Formulé comme un problème de test d’hypothèses, cela conduit
à des comportements très différents selon que le graphe observé est étiqueté ou non. Pour les graphes
non étiquetés, nous prouvons l’impossibilité de détecter une rupture lorsque ∆n = o(n1/3), où n est la
taille du graphe, ce qui constitue un progrès vers une conjecture stipulant que la détection devrait être
impossible pour tout ∆n = o(n1/2). En revanche, dans le cas où le graphe étiqueté est observé, nous
établissons un seuil précis : la détection est possible si et seulement si ∆n −→ +∞.



Title: Inference on dependent data: Contributions to hidden Markov and preferential attachment graph
models
Keywords: Dependent data, hidden Markov models, clustering, Bayes risk, preferential attachment,
change-point detection
Abstract: This thesis is devoted to the study of statistical inference in settings where data are depen-
dent. Such dependence can arise through temporal dynamics, as in Hidden Markov models, or through
structural evolution, as in preferential attachment graph models. The first part focuses on clustering
in both i.i.d. and Hidden Markov model (HMM) settings. We analyze the Bayes risk of clustering and
compare it to the Bayes risk of classification. Our results show that the minimizers of these risks do not
always coincide but we show that this distinction is largely theoretical: in practice, the Bayes classifier
performs nearly optimally for clustering tasks. Simulations complement our theoretical findings and
illustrate the near-optimality of classifier-based clustering strategies. The second part develops a refined
analysis of clustering under Gaussian Hidden Markov models in the regime where the hidden chain mixes
slowly. We provide a precise characterization of the Bayes risk in terms of the signal-to-noise ratio and
the mixing properties of the chain. Based on this characterization, we propose some Bayes-optimal
clustering procedures. Interestingly, our study uncovers surprising behaviors of the Bayes risk in certain
parameter regimes, showing that temporal dependence can lead to non-standard phenomena that are
absent in the i.i.d. case. The third part turns to change-point detection in growing networks modeled by
preferential attachment with time-dependent attachment functions. We consider the late change-point
problem where the change occurs at τn = n−∆n where n is the size of the graph and 0 ≤ ∆n ≤ n.
Formulated as a hypothesis testing problem, this leads to strikingly different behaviors depending on
whether the labeled or unlabeled graph is observed. For unlabeled graphs, we prove the impossibility
of detecting a change when ∆n = o(n1/3) where n is the size of the graph, thereby making progress
toward a conjecture that detection should be impossible for all ∆n = o(n1/2). By contrast, in the case
where the labeled graph is observed, we establish a sharp threshold: detection is possible if and only if
∆n −→ +∞.
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أނأݠ .ሌሃ؇ُلݯ ৖৑ اᄳᄟي ؇ዛᔻாணو اො੼ఈዳዧڎودة ؇ዛውٴො੼ আॻ༟ ۰ஓ୷ ୍ଲاܳـ ሒᇆ๤ང৙৑ ሒᇃ؇ڣਵو؜ ሒᇃ؇ا݁ٺٷ ᆇᅦ٭ݑ ؜݆ ଫّଊ༟أ أن أودّ اࠍ੅ٺ؇م، ሒᇭ

.ሒᇆ؇ۋ٭ ሒᇭ ا৙৑وّل واᄴᄟا؜ܾ اܳފٷڎ ؇ًஓ୴دا ܋ٷࡤࡲ ુળَ৙৑و ،ુળً ො੼؇ޗً؇ ሒᇃިܳـܝ ਵਦ؇༚ة وݿأ؇دةٍ ًڰۛݠٍ
؇റഠ೭أ มฃߙߵاڣگ มฆܳا პაჂّود؜ިا ਍ಱݯص، ৖৑ اᄳᄟي პაჂوۋٴ ،۰ஓ୴اᄴᄟا პაჂਐಱ؇༟ر আॻ༟ ሒᇃ؇وا݁ٺٷ มّ฀ۋ ႟၍ أڢڎّم ،દઊ߳اܳأݞߌ واᄴᄟيّ֟ ሌᇿإ
أ݁؇ .პაჂً وا଩ଐ༟ازٍ ّگڎߌߵٍ ݆݁ ม฀ܹڢ ሒᇭ ؇ّᆇᅦ ଫଃاܳٺأٴ ؜݆ ඹජ؇༟ةً ୍ଲاܳލ గၵ၍؇ت ਊಾࠔࠥ اܳݱ؞ݠ. ݁ٷڍ ሒᇀدر أَ؇ر اᄳᄟي პაჂਃ಻؇وّڰ ذ۱ٴب،
.มฆܳިޗڰ ݁ٷڍ إݿأ؇دي আॻ༟ ّ اৎ৊ފٺ݄ݠ ુળݬරඞو اܳݱ؇دڢ۰ ુળٴٺො੼ আॻ༟ ୍ଲاܳލ ႟၍ ુળڣܹـ ،ሒᇿ؇اܳ؞ ሒᇕأ ل؇ ೑಻أ و اܳأݞߌّ߳؇ن أۊٺ؇ي ل؇ ؇റണ೷أ
ޗٴأ؇)، ๤๑ืى إ༟ڎاد ݆݁) اᄳፁዧࢴࣕة وا৙৑ޗٴ؇ق ،ᄭᄥ٭৵৩ৠا ا୒ୖڎال؇ আॻ༟و ،۰༶ޗٷ ሌᇿإ ሒᇆ؜ިد ؜ٷڎ داڣ۰٪ اݿٺگٴ؇لٍ ࠍ੆ޙ۰ ႟၍ আॻ༟ ނଲ୍اً
Մ៰Ղا أᆇᅵڎ .ሒᇆ؇ۋ٭ ሒᇭ واܳފܝ٭ٷ۰ اܳڰݠح ݁ݱڎر ߙ߳اܳިن ৖৑و ܋ٷࡤࡲ ܳگڎ .ଫଃاܳٷޙ ݁ٷگޚأ۰ وො੼ٴ۰ّ ؜ٷ؇ل۰ٍ ݆݁ ّঌॻ༟ أ༚ڎڢٺ݄ިه ؇݁ ႟၍ আॻ༟و

܋ٷࡤࡲ. ۋ٭ټ݄؇ ଫଃ᛻੅اࠍ ુળܳـ لܝٺص أن ᄩᄟ؊وأݿ ،ુળ݁ټܹـ اܳگܹص ޗ٭ٴ۰ أ๤ངةٍ ሌᇿإ اറണ೷৖৑؇ء َأ۰݄ আॻ༟ ሌᇿ؇ّأ
.ሒᇧ؇ୖ୒ᎂو دᆇᅦ޶ ݁ݱڎر ؇ًஓ୴دا ܋ٷࡤࡲ દઊᄳᄟا أَࡤࡲ ،ુળإܳ٭ اܳأ݄ܭ ۱ڍا أ۱ڎي ا݁ٺٷ؇نٍ، ႟ၽًو

(٨٨ ا৚৑ل۰ ۱ިد، ﴾(ݿިرة أ྘ِཹ֡صُ ِ وᎂَ֣ܳ٭َْ۬ ၯبُْ ّ֟၍ََި ّ ِ ༟َܹ٭َْ۬ ِ Մ ّ֟ ՃՂ؇ِ࿓ ৖ ّ֟৑֣إ َّިڣْ٭ِࠔِࠫ ﴿وََ݁؇
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Notations

Measure theory

(Y,Y) Measurable space

(Y,Y,L) Measured space, probability space if L is a probability measure

L2 (Y,Y,L) Hilbert space of measurable and square-integrable functions on
(Y,Y) w.r.t. measure L

σ(X1, . . . , Xn) σ-algebra generated by the random variables (X1, . . . , Xn)

Xn
Pn

−→ c Convergence in probability to c : limn Pn(|Xn− c| > ε) = 0 for all
ε > 0

Xn
Pn

⇝ X Convergence in distribution of (Xn)n≥1 to a random variable X

TV(., .) Total variation distance between two probability distributions

Algebra, functions and others

f ◦ g Composition of functions: (f ◦ g)(x) = f(g(x))

f ⊗ g Tensor product of functions: (f ⊗ g)(x, y) = f(x)g(y)

∥ · ∥F Frobenius norm

⟨., .⟩ Inner product

Φ(·) Cumulative distribution function (CDF) of the standard normal
distribution:

Φ(x) =
1√
2π

∫ x

−∞
e−t

2/2 dt

Γ(·) Gamma function: Γ(z) =
∫∞
0 tz−1e−tdt, generalizing the factorial

function

⌊x⌋ Floor function: greatest integer ≤ x

a ∧ b Minimum of a and b

a ∨ b Maximum of a and b

a := b, b =: a a is equal to b by definition

x+ = x ∨ 0 Positive part of x

13



argmax The set of arguments that maximize a given function

Ya:b Tuple (Ya, . . . , Yb); empty if a > b(
n
k

)
Binomial coefficient: the number of ways to choose k elements from
a set of n, defined as

(
n
k

)
= n!

k!(n−k)! for 0 ≤ k ≤ n

Sets

N := {0, 1, 2, . . . } Set of nonnegative integers

N∗ := {1, 2, . . . } Set of positive integers

Z Set of all integers

R Set of real numbers

R+ Set of nonnegative real numbers

|A|, #A, Card(A) Cardinality of finite set A

[K], J1,KK Shorthand for the index set {1, 2, . . . ,K}

P[n] Set of partitions of [n]

SK The set of permutations of [K]

Comparisons

an ∼ bn an/bn → 1; the sequences are asymptotically equivalent

an = o(bn) an/bn → 0; an is negligible compared to bn

an = O(bn) an/bn is bounded

an ≲ bn Equivalent to an = O(bn)

an ≍ bn There exist α, β > 0 such that αan ≤ bn ≤ βan; two-sided bound-
edness
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Cette thèse aborde deux problèmes relativement indépendants d’inférence statistique,
tous deux centrés sur la thématique de l’inférence à partir de données dépendantes. Elle
est divisée en deux grandes parties. La première partie est consacrée au problème du re-
groupement (clustering) dans les modèles de mélange paramétriques et non-paramétriques,
et concerne le Chapitre 3 et le Chapitre 4. La seconde partie traite du problème de détec-
tion de ruptures dans le cadre du modèle de graphe aléatoire à attachement préférentiel,
et concerne le Chapitre 5.
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Les modèles à variables latentes sont des modèles statistiques qui supposent la présence
de variables non observées influençant les données observées. Une définition formelle est
donnée ci-dessous.

Définition 1.0.1. Un modèle à variables latentes est un processus stochastique bivarié
(Xt, Yt)t∈N où seules les observations (Yt)t∈N sont accessibles. Les variables aléatoires
(Xt)t∈N sont appelées variables cachées (ou latentes) et ne sont pas observées.

1.1 Modèles de mélange et modèles de Markov cachés

Les modèles de mélange constituent une famille particulière de modèles à variables la-
tentes dans lesquels on suppose que chaque observation est générée à partir d’une seule
composante latente, chacune étant associée à une distribution spécifique. Les modèles
de mélange apparaissent naturellement lorsque les observations proviennent de plusieurs
groupes ayant chacun leurs propres caractéristiques. La variable latente identifie alors le
groupe auquel un individu appartient. Dans cette thèse, nous étudions des modèles dans
lesquels les variables latentes prennent un nombre fini de valeurs. C’est le cas des modèles
de mélange finis qui nous intéressent, que nous définissons comme suit.

Définition 1.1.1 (Modèle de mélange fini). Soit X un espace fini et (Y,Y) un espace
mesurable. Soit ν une distribution de probabilité sur X et F = (Fx)x∈X un vecteur de
distributions de probabilité sur Y. Un processus (Yt)t∈N suit un modèle de mélange avec
paramètre θ = (K, ν, F ) s’il existe une suite de variables aléatoires (non observées) (Xt)t∈N
telle que :

- (Xt)t∈N sont i.i.d. suivant la loi ν, à valeurs dans X avec |X| = K ;

- Conditionnellement à (Xt)t∈N, les variables (Yt)t∈N sont indépendantes ;

- Pour tout t ∈ N, conditionnellement à {Xt = x}, Yt suit la loi Fx.

Dans ce cas, les variables (Yt)t∈N sont i.i.d. suivant la distribution Pθ =
∑

x∈X νxFx où
νx = ν ({x}).

Xt

Yt

Xt+1

Yt+1

ν ν

F F

(b) Modèle de mélange avec paramètres (ν, F )

Figure 1.1: Graphe acyclique dirigé représentant un modèle de mélange. Les étiquettes
des arêtes indiquent les noyaux de transition.

Au-delà de leur pouvoir descriptif, les modèles de mélange constituent un outil général-
iste en inférence statistique, servant de base à des problèmes comme l’estimation de
paramètres, le regroupement non supervisé, la classification supervisée, la détection de
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ruptures et la segmentation. Leur polyvalence leur a permis d’être largement utilisés dans
des domaines tels que la bioinformatique, l’économétrie ou encore le traitement du signal.
Les références fondamentales incluent McLachlan and Peel [2000] pour la théorie classique,
Frühwirth-Schnatter [2006] pour les approches bayésiennes, et McLachlan and Basford
[1988] pour les applications en classification. Les développements récents sont présentés
dans le Handbook of Mixture Analysis Frühwirth-Schnatter et al. [2019], qui souligne leur
rôle dans l’inférence moderne.

Un autre modèle à variables latentes d’intérêt particulier dans cette thèse est le modèle
de Markov caché.

Définition 1.1.2 (Modèle de Markov caché). On dit qu’un processus bivarié (Xt, Yt)t∈N
suit un modèle de Markov caché si :

- Le processus (Xt)t∈N est une chaîne de Markov ;

- Conditionnellement à (Xt)t∈N, les variables (Yt)t∈N sont indépendantes ;

- Conditionnellement à (Xt)t∈N, la loi de Yt dépend uniquement de Xt.

Les deux derniers points se traduisent par :

L
(
(Yt)t∈N | (Xt)t∈N

)
=
⊗
t∈N
L (Yt | Xt)

où L(.) désigne la loi.

Dans cette thèse, nous nous intéressons aux chaînes de Markov homogènes à espace
d’états fini. Voir Cappé et al. [2005] pour des modèles de Markov cachés plus généraux.Dans
le cas où la chaîne de Markov cachée est homogène et prend un nombre fini de valeurs, la
définition précédente s’énonce ainsi.

Définition 1.1.3 (Modèle de Markov caché homogène à espace d’états fini). Soit X un
ensemble fini et (Y,Y) un espace mesurable. Soient (νx)x∈X une distribution de probabilité
sur X, Q = (Qx,x′)x,x′∈X une matrice de transition, et F = (Fx)x∈X un vecteur de lois de
probabilité sur (Y,Y). Le processus (Xt, Yt)t∈N suit un modèle de Markov caché (HMM)
avec paramètres θ = (K, ν,Q, f) si :

- Le processus (Xt)t∈N est une chaîne de Markov homogène à valeurs dans X, de loi
initiale ν et noyau de transition Q, avec |X| = K ;

- Conditionnellement à (Xt)t∈N, les variables (Yt)t∈N sont indépendantes ;

- Pour tout t ∈ N, conditionnellement à {Xt = x}, Yt suit la loi Fx.

L’ensemble X est appelé espace d’états du HMM, et Y l’espace des observations. Enfin,
la famille de distributions (Fx)x∈X est appelée lois d’émission.

Le modèle HMM permet de modéliser une dépendance entre les observations grâce à
la structure markovienne des variables cachées (Xt)t∈N. Il est à noter que dans le cas où
toutes les lignes de la matrice de transition Q sont identiques et où la distribution initiale
ν est la distribution stationnaire, la structure de dépendance disparaît et le modèle se
ramène au modèle de mélange défini à la Définition 1.1.1. Introduits dans les travaux
pionniers de Leonard E. Baum et de ses collaborateurs dans les années 1960 Baum and
Petrie [1966], comme cadre mathématique pour analyser les séquences générées par des
processus stochastiques sous-jacents non observables, les HMM ont ensuite été largement
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étudiés d’un point de vue théorique et utilisés dans de nombreuses applications : de la
reconnaissance vocale Rabiner [1989] à la modélisation climatique Khiatani and Ghose
[2017], en passant par la génomique Scharpf et al. [2008], Qin et al. [2010] et la finance
Guo et al. [2023], Pakštaitė et al. [2025]. Leur succès repose sur leur simplicité, leur
flexibilité, leur interprétabilité et leur facilité de mise en œuvre. Rabiner and Juang [1986]
propose une introduction simple aux modèles de Markov cachés. Pour un traitement plus
approfondi et moderne, le livre Cappé et al. [2005] offre une vue d’ensemble complète des
aspects théoriques et pratiques.

ν X1 X2 X3

Y1 Y2 Y3

Q Q

f f f

(a) Modèle de Markov caché avec paramètres (ν,Q, f)

Figure 1.2: Graphe acyclique dirigé représentant un modèle de Markov caché. Les éti-
quettes des arêtes indiquent les noyaux de transition.

La principale distinction entre les modèles de mélange et les modèles de Markov cachés
découle de leur structure de dépendance sous-jacente. Bien que cette différence puisse
sembler simple, elle a des implications importantes pour l’analyse de divers problèmes
d’inférence dans les deux contextes. Une partie de cette thèse est consacrée à l’exploration
de certains problèmes d’inférence dans ces deux cadres.

1.2 Identifiabilité : Une condition préalable pour une in-
férence bien posée

Une question naturelle à poser avant de réaliser toute tâche d’inférence sur un modèle à
variable latente est : étant donné un processus observé (Yt)t∈N, est-il possible de définir de
manière unique le modèle à variable latente qui le génère ? Autrement dit, dans quelles
conditions peut-on garantir l’unicité, au sens où le paramètre qui produit ce processus est
unique ? Si une telle unicité existe, on dit que le modèle est identifiable. Avant de définir
l’identifiabilité, définissons la notion de modèle statistique.

Définition 1.2.1 (Modèle statistique). Un modèle statistique est une famille paramétrée
de distributions de probabilités P = {Pθ | θ ∈ Θ} définie sur un espace mesurable commun.

Nous définissons d’abord l’identifiabilité dans le cas général.

Définition 1.2.2. Un modèle statistique P = {Pθ | θ ∈ Θ} est identifiable quand l’application
θ 7→ Pθ est injective.

1.2.1 Identifiabilité dans le modèle de mélange

Tout d’abord, on observe que dans le modèle de mélange, la distribution des observations
reste inchangée sous toute permutation des états cachés. Plus précisément, soit σ une per-
mutation de l’espace latent X, c’est-à-dire une bijection de X sur lui-même. Pour un tuple
de paramètres θ = (K, ν, F ), définissons la version permutée θ′ =

(
K, (νσ(x))x∈X, (Fσ(x))x∈X

)
.
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Les paramètres θ et θ′ génèrent le même mélange puisque
∑

x∈X νxFx =
∑

x∈X νσ(x)Fσ(x)
et ainsi, les labels des composantes du mélange ne peuvent jamais être récupérées. C’est la
raison pour laquelle l’identifiabilité dans le modèle de mélange est définie à une permuta-
tion près des labels. Nous définissons l’identifiabilité dans les modèles de mélange comme
suit.

Définition 1.2.3 (Identifiabilité dans les modèles de mélange). Nous identifions X avec
[K] := {1, . . . ,K} lorsque |X| = K. Définissons le modèle de mélange

PΘ :=

∑
x∈[K]

νxFx

∣∣∣∣∣∣ θ = (K, ν, F ) ∈ Θ

 .

Le modèle PΘ est dit identifiable (à une permutation des labels près) si pour tous θ =
(K, ν, F ) et θ′ = (K ′, ν ′, F ′) dans Θ∑

x∈[K]

νxFx =
∑
x∈[K′]

ν ′xF
′
x =⇒ θ = σ(θ′)

pour une permutation σ de [K], où

σ(θ′) =
(
K ′, (ν ′σ(x))x∈[K′], (F

′
σ(x))x∈[K′]

)
.

Notez que l’identifiabilité des modèles de mélange est définie en utilisant uniquement
la distribution marginale d’une seule observation. Cela est dû au fait que les données sont
i.i.d. dans le modèle de mélange, ce qui implique que la distribution jointe de plusieurs
observations ne porte aucune information supplémentaire pour l’identifiabilité. Elle cor-
respond simplement au produit de distributions marginales identiques. Un inconvénient
fondamental des modèles de mélange est que, sans hypothèses supplémentaires sur les com-
posants du mélange, le modèle n’est pas identifiable. Par exemple, on peut dupliquer un
composant en le divisant en deux composants avec des distributions identiques et la moitié
du poids d’origine, ce qui donne un mélange statistiquement indiscernable de l’original,
mais avec des paramètres différents et même un nombre de composants différent. En
l’absence d’hypothèses supplémentaires sur les composants du mélange, l’analyse de tout
problème d’inférence devient mal posée, car les paramètres du modèle ne sont pas définis
de manière unique. Bien que l’identifiabilité ne puisse pas être attendue en général, des
travaux récents ont établi l’identifiabilité pour certaines classes structurées de modèles.
Nous passons en revue ci-dessous certains contextes où l’identifiabilité est garantie et où
l’inférence statistique est donc significative.

Mélange fini de distributions paramétriques

Considérons les mélanges de la forme ∑
x∈[K]

νxFx,

où les distributions (Fx)x∈[K] appartiennent à une famille paramétrique. Teicher [1963]
démontre l’identifiabilité de tous les mélanges finis de lois Gamma et gaussiennes. Dans
la continuité de ce travail, Barndorff-Nielsen [1965] montre qu’un mélange de distributions
appartenant à la même famille exponentielle paramétrique est identifiable sous de faibles
conditions de régularité. Yakowitz and Spragins [1968] étend ces résultats d’identifiabilité
à plusieurs familles, incluant la famille des produits de n lois exponentielles, la famille
gaussienne multivariée, leur union, la famille des lois de Cauchy unidimensionnelles, ainsi
que d’autres.
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Translation d’une densité symétrique

Nous considérons ici les mélanges de la forme∑
x∈[K]

νx F ( · − µx),

où F est une fonction de répartition symétrique, c’est-à-dire telle que

∀x ∈ R, F (−x) + F (x) = 1.

Bordes et al. [2006] établissent l’identifiabilité non paramétrique du modèle dans le cas
K = 2. Pour un nombre plus élevé de composantes, Hunter et al. [2007] donnent une
condition garantissant l’identifiabilité des paramètres du modèle

(
νx
)
x∈[K]

et
(
µx
)
x∈[K]

.
Plus précisément, le théorème suivant est démontré.

Théorème 1.2.1 (Hunter et al. [2007]). Les paramètres
(
(νx)x∈[K] , (µx)x∈[K]

)
peuvent

être identifiés si et seulement si l’équivalence suivante est vraie :
Pour tous (η′x)x∈[K], (ν ′x)x∈[K], la convolution∑

x∈[K]

νxδµx ⋆
∑
x∈[K]

ν ′xδ−µ′x

est symétrique si et seulement si∑
x∈[K]

ν ′xδ−µ′x =
∑
x∈[K]

νxδ−µx .

Ils en déduisent que, lorsque K = 2, l’identifiabilité des paramètres est assurée si et
seulement si ν1 /∈ {0, 1/2, 1}. Bien que la classe des densités symétriques soit adaptée dans
certains contextes, elle s’avère souvent trop restrictive pour rendre compte de la complexité
de nombreux modèles pratiques. Il apparaît en revanche que l’introduction d’une forme
spécifique de dépendance entre les observations permet de rétablir l’identifiabilité pour
les mélanges de translations, à condition de considérer la loi jointe de deux observations
consécutives. Voir la Remarque 1.2.5.

Mélanges multidimensionnels

Nous considérons à présent les modèles de mélange multidimensionnels, où les variables ob-
servées sont réparties en au moins d ≥ 3 blocs. Dans ce cadre, la loi jointe des observations
peut s’écrire ∑

x∈[K]

νx

d⊗
j=1

Fx,j , (1.1)

où, pour chaque x ∈ [K], les distributions (Fx,j)j∈[d] sont des mesures de probabilité définies
sur d espaces éventuellement distincts.

Les premiers résultats d’identifiabilité sont apparus dans la littérature pour des cas
de faible dimension, tels que K = 2 et d = 2 ou d = 3 Hall and Zhou [2003]. D’autres
travaux ont ensuite considéré la situation où K est inconnu et d ≥ 2 Hall et al. [2005].
Un résultat fondateur de Kruskal [1977] établit que le modèle (1.1) est identifiable lorsque
d = 3, sous l’hypothèse que les mesures de probabilité ont un support fini. Dans la
continuité, Allman et al. [2009] ont montré que l’identifiabilité est assurée pour tout d ≥
3, à condition que, pour chaque j = 1, . . . , d, la famille de mesures F1,j , . . . , FK,j soit
linéairement indépendante. Enfin, certains arguments spectraux jouent un rôle central
dans la démonstration de l’identifiabilité pour d’autres modèles Anandkumar et al. [2012],
Gassiat et al. [2016], ainsi que dans la construction d’estimateurs Abraham et al. [2025,
2022].
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1.2.2 Identifiabilité dans le modèle de Markov caché

Tout d’abord, il est important de noter que, comme dans les modèles de mélange, la loi
des observations reste inchangée par une permutation des états cachés. Plus précisément,
soit θ = (K, ν,Q, F ) et soit θ′ = (K, ν ′, Q′, F ′) où(

∀(x, x′) ∈ X
)

ν ′x = νσ(x), Q′
x,x′ = Qσ(x),σ(x′), F ′

x = Fσ(x).

Alors, en notant P(n)
θ la loi jointe de (Yi)i∈[n] et en utilisant les propriétés du modèle de

Markov caché, on peut montrer facilement que

(∀y1:n ∈ Yn) P(n)
θ (y1:n) =

∑
x1:n∈Xn

νx1Qx1,x2 · · ·Qxn−1,xn

n∏
i=1

Fxi(yi). (1.2)

D’après l’expression ci-dessus, on a directement (∀y1:n ∈ Yn) P(n)
θ (y1:n) = P(n)

θ′ (y1:n). Cela
signifie que, même en utilisant la loi de plusieurs observations, les labels des composantes ne
peuvent pas être identifiés. Par conséquent, les résultats d’identifiabilité doivent toujours
être interprétés modulo ces permutations des états cachés, sauf si un étiquetage canonique
est disponible. Ainsi, dans ce qui suit, lorsque |X| = K, nous supposerons sans perte de
généralité que X = [K]. Nous définissons l’identifiabilité dans le modèle de Markov caché
comme suit.

Définition 1.2.4 (Identifiabilité dans les modèles de Markov cachés). Nous identifions X
avec [K] := {1, . . . ,K} lorsque |X| = K. On définit le modèle de Markov caché

PΘ :=
{
P(n)
θ

∣∣∣ θ = (K, ν,Q, F ) ∈ Θ
}
.

où P(n)
θ est la loi jointe de Y1:n sous le HMM de paramètre θ. On dit que PΘ est identifiable

(à une permutation des labels près) à partir de la loi de n observations si, pour tout θ =
(K, ν,Q, F ) et θ′ = (K ′, ν ′, Q′, F ′) dans Θ,

P(n)
θ = P(n)

θ′ =⇒ (∃σ ∈ SK) θ = σ(θ′)

où
σ(θ′) :=

(
K,
(
ν ′σ(x)

)
x∈[K]

,
(
Q′
σ(x),σ(x′)

)
x,x′∈[K]

,
(
F ′
σ(x)

)
x∈[K]

)
.

Il est important de noter que notre intérêt porte sur l’identifiabilité à partir de la loi
jointe de plusieurs observations, car la structure markovienne cachée ne devient utile que
dans ce contexte. Lorsqu’on considère une seule observation, aucun résultat d’identifiabilité
au-delà de ceux des modèles de mélange n’est à attendre.

Les résultats fondateurs sur l’identifiabilité des modèles de Markov cachés (HMM) re-
montent aux travaux de Baum and Petrie [1966], Petrie [1969], qui ont établi l’identifiabilité
pour les HMM discrets. Ils ont montré que, lorsque le nombre d’états cachés K est connu et
que les distributions d’émission sont linéairement indépendantes, le modèle est identifiable.
Cependant, ces résultats étaient limités au cas des alphabets d’observation finis.

Une avancée majeure est intervenue avec l’application des méthodes de décomposition
tensorielle, en particulier le théorème de Kruskal Kruskal [1977] à l’identifiabilité des HMM.
Allman et al. [2009] ont appliqué ce théorème afin de démontrer l’identifiabilité de certains
HMM discrets (dans un sens légèrement différent de la définition 2.2.5), sous des conditions
de rang modérées. Cette approche a introduit un cadre algébrique puissant pour l’étude de
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l’identifiabilité, consistant à traiter la loi jointe sur un nombre fini d’observations comme un
tenseur de faible rang, et à exploiter l’unicité des décompositions tensorielles pour identifier
les paramètres.

Des travaux ultérieurs ont étendu les résultats d’identifiabilité au cadre non paramétrique.
En particulier, Gassiat et al. [2016] ont démontré l’identifiabilité du HMM non paramétrique
sous l’hypothèse que les distributions d’émission sont distinctes et linéairement indépen-
dantes. Ils ont établi le théorème suivant.

Théorème 1.2.2 (Gassiat et al. [2016]). Soit (Xt, Yt)t∈N un HMM de paramètre θ ∈ Θ.
On suppose que Θ est l’ensemble des paramètres θ tels que :

• (∀x ∈ [K]) νx > 0,

• Q est inversible,

• Les mesures de probabilité (Fx)x∈[K] sont linéairement indépendantes,

alors, le modèle PΘ =
{
P(3)
θ

∣∣∣ θ = (K, ν,Q, F ) ∈ Θ
}

est identifiable, où P(3)
θ désigne la loi

de (Y1, Y2, Y3).

Autrement dit, sous des hypothèses de régularité légères, les paramètres du HMM peu-
vent être identifiés à partir de la loi jointe de trois observations consécutives. L’hypothèse
d’indépendance linéaire peut être relâchée à la condition plus simple que les lois d’émission
soient distinctes entre elles, au prix de considérer la loi jointe de plus de trois observations,
comme détaillé dans le théorème suivant.

Théorème 1.2.3 (Alexandrovich et al. [2016b]). Soit (Xt, Yt)t∈N un HMM de paramètre
θ ∈ Θ. On suppose que Θ est l’ensemble des paramètres θ tels que :

• Q est inversible, irréductible et apériodique (Voir Norris [1997] pour une définition
formelle),

• Les mesures de probabilité (Fx)x∈[K] sont distinctes entre elles,

alors, le modèle PΘ =

{
P((2K+1)(K2−2K+2)+1)
θ

∣∣∣∣ θ = (K, ν,Q, F ) ∈ Θ

}
est identifiable au

sens de la définition 1.2.4.

Remark 1.2.5. Il est important de noter que l’identifiabilité est également assurée dans
d’autres modèles qui ne relèvent pas du cadre des modèles de mélange ni des modèles de
Markov cachés. Considérons par exemple des observations de loi marginale

∑
x∈[K] νxF ( ·−

mx) mais qui ne sont pas indépendantes. Plus précisément, supposons que les observations
soient issues du modèle

Yi = mXi + εi, (1.3)

où (εi)i∈N est une suite de variables aléatoires i.i.d. à valeurs réelles, et (mj)j∈[K] sont des
réels.

Dans Gassiat and Rousseau [2016], les auteurs montrent que, lorsque les variables
latentes (Xi)i∈N ne sont pas indépendantes, le modèle (1.3) est identifiable sans aucune
hypothèse sur F . Plus précisément, si le processus (Xi)i∈N prend K valeurs distinctes et si
F est une loi de probabilité quelconque, alors, à condition que les paramètres de translation
soient distincts et que la matrice Q représentant la loi jointe de (X1, X2) soit de rang plein,
il est possible de retrouver

(
K,Q, (νx)x∈[K] , (mx)x∈[K] , F

)
à partir de la loi de (Y1, Y2).

Bien entendu, les centres (mx)x∈[K] ne sont identifiables qu’à une translation près, sauf
si l’un des centres est fixé à l’avance. Notons également qu’aucune hypothèse n’est imposée
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sur F . La seule hypothèse structurelle requise est que Q soit de rang plein. Enfin, dans le
cas où il n’y a que deux états latents (K = 2), l’hypothèse que Q soit de rang plein revient
à supposer que les variables X1 et X2 sont dépendantes, ce qui constitue une condition
très simple d’identifiabilité.

Les conditions classiques d’identifiabilité pour les modèles de mélange et les modèles
de Markov cachés étant désormais établies, le problème de l’inférence des paramètres est
bien posé. La section suivante présente un panorama des méthodes d’estimation et des
algorithmes développés pour ces deux classes de modèles.

1.3 Estimation dans les modèles de mélange et les modèles
de Markov cachés

Dans cette section, nous passons en revue les principales techniques d’estimation utilisées
pour le modèle de mélange fini et le modèle de Markov caché.

1.3.1 L’algorithme d’Espérance-Maximization (EM)

Soit θ ∈ Θ le paramètre du modèle et P(n)
θ la loi jointe des observations Y = (Yi)i∈[n].

Soit X = (Xi)i∈[n] les variables latentes associées. On note la vraisemblance des données
observées sous le paramètre θ par Ln(θ;Y ). Un estimateur naturel de θ dans le cadre
paramétrique est l’estimateur du maximum de vraisemblance. L’algorithme d’Espérance-
Maximization (EM), introduit par Dempster et al. [1977], est une procédure itérative
largement utilisée pour approximer l’estimateur du maximum de vraisemblance lorsque
la maximisation directe de la vraisemblance n’est pas réalisable. Cela est généralement le
cas dans les modèles à variables latentes, incluant les modèles de mélange et les modèles
de Markov cachés. L’estimateur du maximum de vraisemblance (MLE) est défini par :

θ̂n ∈ argmax
θ∈Θ

Ln(θ, Y ).

Comme les variables latentes X ne sont pas observées, la maximisation directe est en
général difficile. L’algorithme EM contourne cette difficulté en maximisant itérativement
l’espérance de la log-vraisemblance complète, définie à travers les étapes suivantes à partir
d’un point initial θ(0) ∈ Θ :

• E-step (Espérance) : Calculer la quantité intermédiaire :

R(θ, θ(j)) = Eθ(j) [logLn(θ, (X,Y )) | Y ],

qui est l’espérance conditionnelle de la log-vraisemblance complète étant donné les
données observées Y , sous l’estimation courante du paramètre θ(j).

• M-step (Maximization) : Mettre à jour le paramètre en maximisant cette es-
pérance :

θ(j+1) ∈ argmax
θ∈Θ

R(θ, θ(j)).

Ces étapes sont répétées jusqu’à convergence, typiquement lorsque l’augmentation rel-
ative de la vraisemblance devient inférieure à une tolérance ε > 0 :

Ln(θ
(j), Y )− Ln(θ(j−1), Y )

Ln(θ(j−1), Y )
< ε.
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La sortie de l’algorithme est alors θ(j). Wu [1983] démontre que, sous certaines condi-
tions de régularité, la suite des itérés converge vers un point stationnaire de la fonction de
vraisemblance. Cependant, l’algorithme EM ne garantit pas la convergence vers un maxi-
mum global. Il peut se bloquer dans des maxima locaux sous-optimaux, en particulier dans
des espaces de grande dimension ou des problèmes mal conditionnés. Puisque l’algorithme
est déterministe, son résultat dépend fortement du paramètre initial θ(0). Une stratégie pra-
tique courante consiste à exécuter l’algorithme EM plusieurs fois à partir d’initialisations
différentes et à conserver la solution ayant la vraisemblance la plus élevée. Pour les lois
paramétriques usuelles, les étapes E et M admettent souvent des expressions simplifiées,
permettant une implémentation efficace via des mises à jour récursives explicites. Dans le
cas des HMM, les deux étapes de l’algorithme EM admettent une formule explicite. Toute-
fois, ces formules récursives dépendent de la loi a posteriori des états cachés, qui peut être
calculée à l’aide du célèbre algorithme Forward-Backward Cappé et al. [2005]. Pour des
garanties théoriques rigoureuses sur la convergence de cet algorithme, voir Balakrishnan
et al. [2017].

1.3.2 Estimation spectrale

Les algorithmes spectraux constituent une classe de méthodes qui estiment les paramètres
des modèles à variables latentes en exploitant la structure algébrique des tenseurs ou ma-
trices de moments d’ordre faible, tels que les moments d’ordre deux et trois. Ces méthodes
évitent généralement l’optimisation non convexe en s’appuyant sur des outils d’algèbre
linéaire, tels que les décompositions en valeurs propres, en valeurs singulières, et la décom-
position tensorielle. Des développements récents, en particulier dans Anandkumar et al.
[2012], ont utilisé cette technique pour l’estimation des paramètres de certains modèles de
Markov cachés paramétriques. Cette technique a ensuite été affinée afin de couvrir égale-
ment l’estimation dans le cadre des modèles de Markov cachés non-paramétriques. Plus
précisément, considérons un HMM non-paramétrique de paramètres θ = (K, ν,Q, F ) et
supposons que ν est la loi stationnaire de la matrice de transition Q de la chaîne de Markov
cachée et que les lois d’émission admettent des densités par rapport à une mesure domi-
nante commune L sur (Y,Y). Soit F = (Fk)k∈[K] où Fk = fkdL. Notons

(
L2 (Y,Y,L) , ∥.∥

)
l’espace de Hilbert des fonctions à carré intégrable sur Y par rapport à la mesure L, muni
du produit scalaire usuel ⟨., .⟩ sur L2 (Y,Y,L). Soit (φa)a∈N une base orthonormée de
L2 (Y,Y,L). Pour a, b, c ∈ N, considérons :

L(a) = E [φa(Y1)]

N(a, b) = E [φa(Y1)φb(Y2)]

P(a, c) = E [φa(Y1)φc(Y3)]

M(a, b, c) = E [φa(Y1)φb(Y2)φc(Y3)]

En utilisant l’Équation (1.2), on peut exprimer les quantités ci-dessus en termes de la
loi initiale ν, de la matrice de transition Q et des coordonnées des projections des lois
d’émission sur la base (φa)a∈N. À l’aide d’opérations algébriques simples telles que les
diagonalisation et décomposition en valeurs singulières, et en exploitant les hypothèses
d’identifiabilité, ces expressions peuvent être inversées et les paramètres du modèle ex-
primés en fonction de L, N, P et M. L’estimation est alors obtenue en remplaçant les lois
jointes par leurs contreparties empiriques dérivées des données. Cette approche présente
l’avantage majeur d’être non itérative, évitant ainsi les optima locaux et la sensibilité à
l’initialisation propres aux méthodes de type EM. Ce cadre constitue la base des procédures
d’estimation développées dans Anandkumar et al. [2012], Gassiat et al. [2016], Abraham
et al. [2022], De Castro et al. [2017], où la consistance de l’estimation est assurée par des
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techniques spectrales et algébriques. Plus récemment, Abraham et al. [2022] ont intro-
duit un estimateur spectral à noyau qui affine les méthodes spectrales précédentes afin de
contrôler l’erreur d’estimation en norme suprême plutôt qu’en norme L2. Ce raffinement
vise spécifiquement le cas des modèles de Markov cachés à deux états latents. Les auteurs
établissent le théorème suivant.

Theorem 1.3.1. Sous des hypothèses standards garantissant l’identifiabilité du HMM et
en supposant que les densités d’émission soient s-Hölder régulières, il existe un estimateur(
f̂j

)
j∈[K]

et une permutation τ tels que, pour une constante C suffisamment grande,

Pθ

(
∥f̂j − fτ(j)∥∞ ≥ C

(
log(n)

n

) s
2s+1

)
−−−−−→
n→+∞

0.

De plus, la convergence en espérance est également vérifiée : pour une constante C ′ > 0,

E
[
∥f̂j − fτ(j)∥∞

]
≤ C ′

(
log(n)

n

) s
2s+1

.

Une version raffinée de cet estimateur sera utilisée au Chapitre 3 pour la construction
d’une procédure de regroupement par substitution (plug-in). Dans le même cadre des HMM
non paramétriques à deux états latents, Abraham et al. [2025] ont proposé un estimateur
par seuillage en blocs d’ondelettes, montré comme étant adaptatif à la régularité de chaque
densité.

1.3.3 Estimation des moindres carrés pénalisés

Le paradigme des moindres carrés permet la construction de procédures d’estimation min-
imax adaptatives dans un cadre non-paramétrique. Dans cette section, nous décrivons une
méthode d’estimation des paramètres du Modèle de Markov Caché (HMM) en utilisant
l’approche des moindres carrés pénalisés. Définissons :

(∀k ∈ [K]) (∀M ∈ N⋆) fM,k =

M∑
m=1

⟨fk, φm⟩φm

Soit θ = (K, ν,Q, (fk)k∈[K]) l’ensemble des paramètres d’un HMM. Notons gθ la densité
jointe d’un triplet d’observations (Y1, Y2, Y3) :

gθ(y1, y2, y3) =

K∑
k1,k2,k3=1

πk1Qk1,k2Qk2,k3fk1(y1)fk2(y2)fk3(y3)

Pour toute fonction de carré intégrable t ∈ L2 (Y,Y,L), on définit la fonctionnelle de
contraste :

C(t) = ∥t− gθ∥22 = ∥t∥22 − 2⟨t, gθ⟩+ ∥gθ∥22.

qui est minimale pour t = gθ. Comme ∥gθ∥22 est constante en t, minimiser C(t) revient
à minimiser ∥t∥22 − 2⟨t, gθ⟩. Étant donné un échantillon (Ys)s∈[N+2] d’observations d’un
HMM, on considère donc la fonction de contraste empirique :

γN (t) = ∥t∥22 −
2

N

N∑
s=1

t(Ys, Ys+1, Ys+2),

Supposons que l’on dispose d’un estimateur Q̂ de Q. Par exemple, on peut utiliser
l’estimateur spectral de la section précédente. En se basant sur Q̂, on considère S(Q̂,M),
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la collection des fonctions gθ telles que θ =
(
K, ν̂, Q̂, fM

)
, où ν̂ est la loi stationnaire de

Q̂ et fM = (fM,k)k∈[K]. On définit alors

ĝM = argmin
t∈S(Q̂,M)

γN (t)

Pour choisir la valeur optimale de M , on cherche à minimiser l’erreur quadratique ∥ĝM −
g⋆∥22. Comme ∥g⋆∥22 est fixée, cela revient approximativement à minimiser γN (ĝM ). Toute-
fois, pour prendre en compte les fluctuations stochastiques du processus empirique γN , on
introduit une fonction de pénalisation pen(N,M). On sélectionne alors :

M̂ = argmin
M=1,...,N

{γN (ĝM ) + pen(N,M)} .

Avec ce choix, l’estimateur final des moindres carrés pénalisés est défini par :

ĝ := ĝM̂ .

Il est important de noter que cette procédure suppose la connaissance préalable de l’ordre
K du HMM. Dans Lehéricy [2019], l’auteur améliore cette approche en introduisant un es-
timateur consistant de l’ordre K. Outre l’établissement de la consistance pour l’estimation
de l’ordre, la méthode proposée fournit également des estimateurs des paramètres du HMM
qui sont minimax adaptatifs, à un facteur logarithmique près, par rapport à la régularité
globale du modèle. Une approche plus fine, permettant une estimation minimax adaptative
état par état, est présentée dans Lehéricy [2018].

1.3.4 Estimateur du maximum de vraisemblance pénalisé

Dans le cadre des modèles de Markov cachés (HMM), l’estimateur du maximum de vraisem-
blance (MLE) est défini comme la valeur du paramètre qui maximise la vraisemblance des
observations, à savoir la fonction

Ln : (θ, y1:n) 7−→ P(n)
θ (y1:n),

où θ = (K, ν,Q, F ) désigne le paramètre du modèle et P(n)
θ est la loi jointe de Y1:n sous

θ. La construction du MLE dans ce cadre suit les étapes suivantes. On considère tout
d’abord une famille de modèles paramétriques

(
MM

)
M∈I , où chaque MM est constitué

de produits de n mesures de probabilité sur l’espace d’observation (Y,Y). Pour chaque
M ∈ I, on définit

ΘK,M = {θ = (K, ν,Q, F ) : F ∈MM} .

Soit y1:n une réalisation fixée du vecteur aléatoire Y1:n. Pour des valeurs fixées de K et M ,
le maximiseur de la vraisemblance est donné par

θ̂n,K,M ∈ argmax
θ∈ΘK,M

Ln(θ, y1:n) .

Afin de sélectionner un modèle, on introduit un terme de pénalisation penn(K,M) et on
choisit

(K̂n, M̂n) ∈ argmax
(K,M)∈N∗×I

{
1

n
logLn

(
θ̂n,K,M , y1:n

)
− penn(K,M)

}
.

L’estimateur final est alors
θ̂ = θ̂n,K̂n,M̂n

.
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Les premières garanties théoriques pour cet estimateur ont été établies dans Vernet [2015],
où la consistance postérieure et les vitesses de concentration d’un MLE non paramétrique
bayésien sont démontrées. Alexandrovich et al. [2016a] ont prouvé la consistance d’un
MLE non paramétrique construit à partir de HMM à espace d’états fini et de mélanges
non paramétriques de densités paramétriques. Dans le cas non spécifié, Lehéricy [2021] ont
étudié les HMM non paramétriques et montré que le MLE retrouve la meilleure approxi-
mation de la loi véritable.

1.4 Quelques problèmes d’inférence dans les HMMs et les
modèles de mélange

1.4.1 Regroupement (Clustering)

Le regroupement est formellement défini comme la tâche consistant à retrouver la partition
aléatoire Πn = {A1, . . . , Am} de l’ensemble d’indices {1, . . . , n}, où la partition est induite
par les états latents X1:n = (X1, . . . , Xn), de sorte que pour k ∈ J1,mK, i, j ∈ Ak si et
seulement si Xi = Xj . L’objectif du problème de regroupement est d’inférer cette partition
uniquement à partir des données observées Y1:n = (Y1, . . . , Yn).

Définition 1.4.1. Un n-regroupeur g est une application mesurable de l’espace des données
observées Yn vers l’ensemble des partitions de [n], noté P[n] :

g : Yn → P[n].

L’ensemble de tous les n-regroupeurs est noté Gn.

Nous présentons ci-dessous un aperçu de plusieurs algorithmes de regroupement large-
ment utilisés. Pour une discussion approfondie et des garanties théoriques sur le risque
de regroupement de ces procédures, nous renvoyons le lecteur au Chapitre 12 de Giraud
[2021].

Regroupement des K-moyennes

Définition 1.4.2 (Regroupement des K-moyennes). Soient Y1, . . . , Yn ∈ Rd et soit K ≥ 1
un entier. Le regroupement des K-moyennes cherche une partition {C1, . . . , CK} de J1, nK
et des centroïdes {µ1, . . . , µK} ⊂ Rd qui minimisent la variance intra-groupe totale :

K∑
k=1

∑
j∈Ck

∥Yj − µk∥2, où µk =
1

|Ck|
∑
j∈Ck

Yj .

L’algorithme des K-moyennes optimise un objectif non convexe et est NP-difficile en
général. En pratique, on utilise l’algorithme de Lloyd. Celui-ci assigne itérativement les
points à leurs centroïdes les plus proches et met à jour les centroïdes.

Définition 1.4.3 (Algorithme de Lloyd). Soient Y1, . . . , Yn ∈ Rd n observations et soit
K ∈ N un nombre prédéfini de groupes. L’algorithme de Lloyd met à jour itérativement un
ensemble de centres de groupes {µ1, . . . , µK} et une fonction d’affectation φ : {1, . . . , n} →
{1, . . . ,K} comme suit :
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Algorithm 1: Algorithme de Lloyd
Input: Observations Y1, . . . , Yn ∈ Rd, nombre de groupes K
Output: Affectations de groupes φ(t) et centres µ(t)1 , . . . , µ

(t)
K

1 Initialisation : Choisir des centres initiaux µ(0)1 , . . . , µ
(0)
K ;

2 repeat
3 Étape d’affectation :
4 for i = 1 to n do
5 φ(t)(i)← arg min

k∈{1,...,K}
∥Yi − µ(t)k ∥

2

6 Étape de mise à jour :
7 for k = 1 to K do
8 µ

(t+1)
k ← 1

|{i:φ(t)(i)=k}|
∑

i:φ(t)(i)=k

Yi

9 until Convergence atteinte;

L’algorithme s’arrête lorsque les affectations φ(t) ne changent plus ou lorsque la diminu-
tion de la somme des carrés intra-groupes devient inférieure à un seuil fixé. Lu and H. Zhou
[2016] établissent des garanties théoriques pour les performances de cet algorithme sur
des observations sous-gaussiennes. Des garanties théoriques pour d’autres variantes de
l’algorithme des K-moyennes ont également été établies. Nous renvoyons à Ndaoud [2022]
pour une variante de l’algorithme de Lloyd initialisée par l’algorithme de regroupement
spectral, et à Giraud and Verzelen [2018] pour une version relâchée de l’algorithme des
K-moyennes.

Regroupement spectral

Le regroupement spectral est un algorithme largement utilisé pour découvrir des structures
latentes de groupes dans les données. Dans le contexte des modèles de mélange gaussiens
(GMMs), il offre une procédure simple mais puissante pour estimer les groupes uniquement
à partir des données observées. L’algorithme spectral sert généralement d’étape initiale de
regroupement, produisant une affectation grossière des groupes, laquelle peut ensuite être
affinée à l’aide d’une méthode plus spécialisée.

Soient Y1, . . . , Yn ∈ Rd des observations i.i.d. issues d’un GMM avec K composantes.
On note Y = [Y1, . . . , Yn]

⊤ ∈ Rn×d la matrice de données. L’idée centrale de l’algorithme
spectral est de calculer les K plus grands vecteurs propres de la matrice de Gram YY⊤ ∈
Rn×n, puis d’utiliser ces vecteurs propres pour définir une nouvelle représentation des
données qui révèle la structure de regroupement. La justification théorique provient du fait
que, sous un GMM bien séparé, l’espérance de la matrice de Gram admet la décomposition
suivante :

E[YY⊤] = AΘΘ⊤A⊤ + Γ,

où :

• A ∈ Rn×K est la matrice d’appartenance, définie parAik = 1{i∈Gk} avecGk l’ensemble
des indices appartenant au groupe k,

• Θ ∈ RK×d contient les moyennes des composantes gaussiennes,

• Γ ∈ Rn×n est une matrice diagonale représentant la covariance intra-groupe.
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Ainsi, E[YY⊤] se compose d’une matrice signal de rang faible (rang K) structurée
par l’affectation aux groupes et d’un terme de bruit additif. Cela motive l’utilisation de
la meilleure approximation de rang-K de YY⊤ comme approximation de la structure de
regroupement.

Soit YY⊤ =
∑n

i=1 λiviv
⊤
i la décomposition spectrale de la matrice de Gram, avec

λ1 ≥ λ2 ≥ · · · ≥ λn. On définit l’approximation de rang-K par :

(
YY⊤

)
(K)

=

K∑
k=1

λkvkv
⊤
k .

L’embedding spectral des données consiste à extraire les K premiers vecteurs propres
v1, . . . , vK ∈ Rn. Ces vecteurs propres peuvent être empilés en colonnes pour former une
matrice V ∈ Rn×K , où chaque ligne correspond à une représentation de faible dimension
d’une observation. Un algorithme de regroupement, tel que les K-moyennes, est ensuite
appliqué aux lignes de V pour retrouver la structure de groupe. L’algorithme suivant
résume cette procédure de regroupement :

Algorithm 2: Regroupement spectral sous un modèle de mélange gaussien
Input: Matrice de données Y ∈ Rn×d, nombre de groupes K
Output: Affectations des groupes pour les n observations

1 Étape 1 : Calcul de la matrice de Gram
2 G← YY⊤

3 Étape 2 : Décomposition spectrale de la matrice de Gram
4 Calcul des valeurs et vecteurs propres :
5 G =

∑n
i=1 λiviv

⊤
i où λ1 ≥ λ2 ≥ · · · ≥ λn

6 Étape 3 : Construction de l’approximation de rang-K
7 G(K) ←

∑K
k=1 λkvkv

⊤
k

8 Étape 4 : Construction de l’embedding spectral
9 V ← [v1 v2 · · · vK ] ∈ Rn×K

10 Étape 5 : Regroupement des points projetés
11 Appliquer l’algorithme des K-moyennes aux lignes de V pour obtenir les

étiquettes de groupes
12 return Affectation de chaque observation à son groupe

Löffler et al. [2021] établissent des garanties théoriques sur la performance de l’algorithme
de clustering spectral dans les modèles de mélange gaussiens à covariance isotrope. Il est
montré que l’algorithme atteint des performances minimax optimales, à condition que le
nombre de classes soit fixé et que le rapport signal-bruit soit suffisamment élevé.

Regroupement basé sur les modèles

Le regroupement basé sur les modèles McNicholas [2016] est une approche statistique
qui repose sur les modèles de mélange finis pour effectuer le regroupement. Soit Y =
[Y1, . . . , Yn]

⊤ ∈ Rn×d un ensemble de n observations, supposées indépendamment issues
d’une loi de mélange fini de densité

f(y) =
K∑
k=1

πkfk(y, αk),

où ∀k ∈ [K], πk > 0 et
∑K

k=1 πk = 1. Dans les applications typiques de regroupement,
les densités des composantes fk(y, αk) partagent la même forme fonctionnelle, de sorte
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que fk(y, αk) = f(y, αk) pour tout k ∈ [K], où f est une famille paramétrique connue.
L’ensemble complet des paramètres du modèle est noté θ =

(
π, (αk)k∈[K]

)
. Sous cette

formulation, la vraisemblance des données observées s’écrit :

Ln(θ;Y) =
n∏
i=1

K∑
k=1

πkf(Yi, αk).

Une fois les paramètres estimés — généralement via l’algorithme Espérance-Maximisation
(EM) — chaque observation est assignée à la composante maximisant la probabilité a
posteriori :

∀i ∈ [n], ẑi := arg max
k∈[K]

π̂kf(Yi, α̂k)∑K
j=1 π̂jf(Yi, α̂j)

.

Le regroupement est alors effectué sur la base de la partition définie par les étiquettes
estimées ẑi.
Cette méthodologie s’étend naturellement aux modèles de Markov cachés (HMM). Une
fois les paramètres du modèle estimés, le calcul des lois postérieures des variables latentes
devient plus complexe en raison des dépendances temporelles entre les états cachés, qui
compliquent la structure de la vraisemblance. Néanmoins, l’algorithme Forward–Backward
Cappé et al. [2005] fournit un moyen efficace d’évaluer ces postérieures. Cela permet
alors d’adopter une approche de regroupement analogue à celle des modèles de mélange
paramétriques, en utilisant la partition induite par les états cachés estimés. Concrètement,
les variables latentes sont estimées par

∀i ∈ [n], ẑi := arg max
k∈[K]

ϕθ̂,i|1:n(k),

où θ̂ désigne l’estimateur des paramètres du HMM et ϕθ̂,i|1:n est la loi postérieure de
l’état caché associé à la i-ème observation, étant donné la séquence observée Y1:n sous le
paramètre θ̂. Puisqu’un algorithme de regroupement (clusterer) peut être obtenu à partir
d’un classifieur en ne conservant que la partition induite, il est naturel d’utiliser pour le
regroupement la partition générée par (ẑi)i∈[n]. Cependant, cette pratique courante parmi
les utilisateurs de HMM ne repose pas sur une justification rigoureuse en termes de théorie
de la décision : elle imite en réalité le classifieur bayésien (minimiseur du risque en clas-
sification) plutôt que le regroupement bayésien (minimiseur du risque en clustering). Des
définitions formelles sont données au Chapitre 3. La question est d’importance pratique,
dans la mesure où le classifieur bayésien possède une expression en forme fermée et est en
général plus facile à calculer. Chaque fois que le regroupement bayésien peut être dérivé
du classifieur bayésien, cela représente un avantage computationnel évident. Or, la relation
entre le regroupement bayésien et le classifieur bayésien n’avait encore jamais été étudiée.
Une partie essentielle du Chapitre 3 est consacrée à l’examen et à l’éclaircissement de ce
lien.

1.4.2 Autres problèmes d’inférence

En plus des tâches classiques telles que l’estimation, la classification et le regroupement,
plusieurs autres problèmes d’inférence apparaissent dans le cadre des modèles de mélanges
et des modèles de Markov cachés (HMM). Une tâche centrale d’inférence dans les HMM
est de retrouver la séquence des états cachés X1, . . . , Xn à partir de la séquence observée
Y1, . . . , Yn. Contrairement au classifieur de Bayes, qui assigne à chaque observation l’état
caché le plus probable via le classifieur marginal Maximum a posteriori, la récupération de
la séquence entière des états cachés requiert une approche différente.
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En effet, en raison de la structure de dépendance imposée par la chaîne de Markov
cachée, la loi a posteriori jointe L(X1:n | Y1:n) n’est pas simplement le produit des lois
postérieures individuelles L(Xt | Y1:n). En conséquence, une séquence formée en choisissant
à chaque instant l’état le plus probable peut ne pas correspondre à un chemin valide du
modèle, en particulier lorsque certaines transitions d’état sont interdites. Pour pallier ce
problème, on utilise l’algorithme de Viterbi, qui permet d’identifier, via une programmation
dynamique, la séquence qui maximise la distribution a posteriori jointe des états cachés
donnés les observations. Voir Cappé et al. [2005].

Cet algorithme diffère du Maximum a posteriori dans le type d’optimalité recherchée.
Le classifieur de Bayes maximise la loi postérieure marginale de chaque état caché indépen-
damment, tandis que l’algorithme de Viterbi identifie la séquence d’états la plus probable
dans son ensemble en maximisant la loi postérieure jointe. Ce dernier aspect est partic-
ulièrement important dans les applications où la cohérence temporelle et les contraintes
du modèle doivent être respectées, car il garantit que le chemin inféré est valide au regard
de la dynamique de transition du HMM. Voir Rabiner [1989], Forney [1973].

1.5 Contributions au problème de regroupement

Dans les Chapitres 3 et 4, nos contributions concernent principalement le problème du
regroupement. Nous aborderons plusieurs questions fondamentales, qui seront traitées
dans les cadres i.i.d. et HMM. Bien que notre étude se concentre surtout sur le cadre non-
paramétrique, nous examinerons également le cadre gaussien afin d’identifier la dépendance
exacte du risque de Bayes de regroupement par rapport aux paramètres du modèle, ainsi
que le gain permis par la structure de dépendance en termes de performance de regroupe-
ment (voir Chapitre 4).

Dans le Chapitre 3, nous supposerons qu’il existe une constante absolue δ telle que
minx,x′ Qx,x′ ≥ δ et minx νx ≥ δ, où Q désigne la matrice de transition de la chaîne cachée
et ν la loi initiale, ce qui garantit que le processus caché explore suffisamment tous les
états. Cette hypothèse sera relâchée dans le Chapitre 4. Nos contributions au problème
du regroupement se résument comme suit :

1. Lien entre classifieur de Bayes et regroupeur de Bayes : Le classifieur de
Bayes et le regroupeur de Bayes sont définis comme les minimiseurs des risques de
classification et de regroupement, respectivement. Une question centrale est de savoir
s’il existe un lien clair entre ces deux objets et, si oui, sous quelles hypothèses struc-
turelles sur les données ce lien peut être précisé. Cette question est d’un grand intérêt
pratique : le classifieur de Bayes admet souvent une expression simple, et est donc
beaucoup plus facile à calculer, tandis que le regroupeur de Bayes est souvent plus ab-
strait et moins directement accessible. Ainsi, chaque fois que le regroupeur de Bayes
peut être déduit du classifieur de Bayes, cela apporte non seulement un éclairage
conceptuel mais aussi un avantage algorithmique concret. Notre analyse révèle un
résultat frappant : le regroupement induit par le classifieur de Bayes coïncide avec
celui du regroupeur de Bayes si et seulement si les observations sont i.i.d. issues d’un
mélange à exactement deux composantes. Dans tous les autres cas—mélanges à plus
de deux composantes ou données dépendantes générées par un HMM—il existe tou-
jours une configuration de paramètres pour laquelle le regroupement produit par le
classifieur de Bayes diffère de celui du regroupeur de Bayes avec probabilité positive.
Ces résultats sont établis rigoureusement dans les Théorèmes 3.3.1, 3.3.4, 3.3.6 et
3.3.8 du Chapitre 3.

2. Ordre de grandeur des risques de Bayes : Sous quelles conditions le risque de
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Bayes du regroupement est-il comparable à celui de la classification ? Cette ques-
tion est particulièrement importante car le risque de Bayes de classification admet
une expression en forme simple, ce qui le rend analysable de manière fine. Cette
tractabilité suggère que, chaque fois que les deux risques sont comparables, toute
borne théorique établie pour la classification peut être transférée au regroupement.
Nos résultats montrent que cette comparabilité n’a lieu que dans deux régimes :
soit lorsque le nombre de classes est limité à deux, soit lorsque le risque de Bayes
de classification ne décroît pas à une vitesse exponentielle en fonction de la taille
de l’échantillon n. En dehors de ces scénarios, les deux risques se comportent de
manière fondamentalement différente. Voir les Théorèmes 3.3.2, 3.3.5, 3.3.7, 3.3.9 et
le Corollaire 1.

3. Dépendance aux paramètres du modèle : Un aspect central de notre analyse
réside dans la compréhension de la dépendance des risques de Bayes aux paramètres
du modèle, et en particulier aux densités de population qui caractérisent les distri-
butions des observations. Nous identifions la quantité clé qui gouverne la difficulté
intrinsèque des problèmes de classification et de regroupement :

Λ :=

∫
Y
min
x0∈X

∑
x̸=x0

fx(y)

 dL(y),

où les fx désignent les densités par rapport à une mesure dominante L. Dans le cas
particulier de deux populations (J = 2), on obtient

Λ = 1− ∥F1 − F2∥TV,

où ∥ · ∥TV désigne la distance en variation totale.

4. Apprentissage du regroupement : Est-il possible de construire un regroupeur,
sans connaissance des paramètres réels, dont l’excès de risque tend vers zéro quand
n croît ? Nous apportons une réponse positive à cette question en construisant
une procédure de regroupement (clustering) qui atteint des performances quasi op-
timales. Plus précisément, nous montrons que, lorsque les densités d’émission sont
s-Hölder régulières et sous des hypothèses de régularité supplémentaires, il existe une
procédure de regroupement g̃ telle que

Rclust
n (θ, g̃)− inf

g
Rclust
n (θ, g) = O

((
log(n)

n

) s
2s+1

)
.

Ce résultat établit une justification théorique de l’utilisation du classifieur de Bayes
par plug-in dans la pratique. Pour les praticiens travaillant avec des modèles de
Markov cachés (HMM), le message clé est que, malgré la différence conceptuelle
entre le classifieur de Bayes et le regroupeur de Bayes, le classifieur de Bayes peut
être utilisé en toute confiance comme substitut pour le regroupement. Pour renforcer
cette conclusion, nous présentons des expériences numériques dans un cadre non
paramétrique, qui illustrent clairement que les procédures de regroupement basées
sur les HMM sont capables de révéler des structures latentes même dans des situations
où les méthodes conventionnelles échouent.

5. Caractérisation précise du risque de Bayes : Comment la structure de dépen-
dance du modèle de Markov caché améliore-t-elle les performances du clustering?
Nous illustrerons la valeur ajoutée de la dépendance dans le régime où la chaîne
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de Markov cachée mélange lentement et où les densités d’émission sont gaussiennes.
Cela repose sur une caractérisation précise de la dépendance du risque de Bayes en
clustering par rapport aux paramètres du modèle. Nous construirons également des
procédures de clustering optimales. C’est le sujet du chapitre 4.

À la suite de cette étude sur le regroupement, nous avons été naturellement amenés
à explorer d’autres problèmes d’inférence dans les modèles de mélanges et HMM, en par-
ticulier la détection de ruptures et la segmentation. Au cours de cette exploration, nous
avons rencontré une conjecture formulée dans Bet et al. [2025] concernant la détection de
rupture dans un cadre totalement différent : les graphes aléatoires à attachement préféren-
tiel. Cette rencontre inattendue a suscité notre intérêt et nous a conduits à étudier ce
problème.

1.6 Le modèle de graphe aléatoire à attachement préférentiel

Le modèle d’attachement préférentiel (PA), avec ses nombreuses variantes, constitue l’un
des cadres les plus utilisés pour modéliser des graphes aléatoires en science des réseaux.
Ces modèles permettent d’étudier des réseaux réels tels que les réseaux sociaux, les réseaux
de citations ou le Web, où les nouveaux sommets ont tendance à se connecter à ceux déjà
bien connectés. Depuis deux décennies, des travaux approfondis ont permis d’établir des
résultats solides sur leurs propriétés structurelles, notamment la distribution des degrés, la
structure locale, etc. Voir van der Hofstad [2016, 2024]. Introduit par Barabási and Albert
[1999a], le modèle d’attachement préférentiel a suscité une attention considérable en raison
de son mécanisme de croissance local simple et de sa capacité à générer naturellement
des distributions de degrés en loi de puissance, comme souvent observé dans les réseaux
réels. Le mécanisme d’attachement préférentiel définit une suite de multigraphes aléatoires
(Gt)t≥1 sur les ensembles de sommets {1, . . . , t}. Il n’y a aucune perte de généralité à
supposer que ces graphes sont orientés, en adoptant la convention selon laquelle les flèches
vont des sommets portant les plus grands labels vers ceux portant les plus petits labels.
Pour être un peu plus précis, dans ce qui suit, un graphe étiqueté renvoie à la définition
suivante.

Définition 1.6.1 (Graphe étiqueté). Un (multi)graphe étiqueté g est un couple (V, E) où
V est l’ensemble des sommets et E ⊂ V2 est le multiensemble des arêtes orientées, sans
boucle. Pour une arête (u, v) ∈ E, on adopte la convention que la flèche va de u vers v, et
on note pour simplifier u→g v.

Rappelons que dans un multigraphe, deux sommets peuvent être reliés par plusieurs
arêtes. Il existe de nombreuses variantes du mécanisme d’attachement préférentiel. Le
modèle le plus simple est le modèle de Barabási–Albert Barabási and Albert [1999a], qui
est défini ci-dessous.

Définition 1.6.2 (Modèle de Barabási–Albert). On construit la suite de graphes (Gt)t≥1

de la façon suivante :

- G1 est le graphe réduit à un sommet 1.

- Le sommet 2 se connecte à 1 pour former G2.

- Pour n ≥ 3, on construit Gn à partir de Gn−1 en reliant le nouveau sommet n à un
sommet v ∈ {1, . . . , n− 1} choisi avec probabilité proportionnelle à son degré :

P (n→Gn v | Gn−1) =
dv(Gn−1)∑n−1
j=1 dj(Gn−1)

.
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où dv(Gn−1) est le degré du sommet v dans le graphe Gn−1.

Alors que le modèle canonique est le modèle de Barabási–Albert (BA), plusieurs vari-
antes ont été développées afin de capturer des propriétés plus nuancées observées dans les
réseaux réels. Par exemple, le modèle de Barabási–Albert peut naturellement être adapté
pour générer des multigraphes, où plusieurs arêtes entre deux sommets sont autorisées. Le
mécanisme central reste inchangé ; la différence principale réside dans le fait qu’à chaque
étape, le sommet nouvellement ajouté forme m arêtes au lieu d’une seule. Ces m con-
nexions sont établies en sélectionnant les sommets existants — soit simultanément, soit
successivement — selon la même règle d’attachement préférentiel. Cela permet des arêtes
multiples et reflète des schémas de connectivité plus complexes observés dans les réseaux
réels. Le modèle suivant est couramment utilisé à cette fin.

Définition 1.6.3 (Modèle d’attachement préférentiel avec degré sortant m). Le modèle
d’attachement préférentiel (AP) avec degré sortant m et fonction d’attachement f génère
une suite de graphes (Gt)t∈N⋆ sur les ensembles de sommets Vt = {1, . . . , t}, définie induc-
tivement comme suit :

- Initialiser G1 comme étant le graphe constitué d’un unique sommet 1 sans arêtes.

- Soit G2 le graphe formé de deux sommets 1 et 2, reliés par m arêtes.

- Pour t ≥ 3 et étant donné Gt−1, définir une suite de graphes intermédiaires :

Gt,0, Gt,1, . . . , Gt,m

où :

– Gt,0 est le graphe Gt−1 auquel on ajoute un nouveau sommet isolé noté t.

– Pour chaque i ∈ [m], construire Gt,i à partir de Gt,i−1 en ajoutant une arête
entre vt et un sommet existant v ∈ Vt−1, tiré selon la loi :

P(vt,i = v | Gt,i−1) =
f(dv(Gt,i−1))∑t−1
j=0 f(dj(Gt,i−1))

où dv(G) désigne le degré du sommet v dans le graphe G.

- Définir Gt := Gt,m.

Lorsque f(x) = x, on parle d’attachement préférentiel linéaire avec degré sortant m.
Lorsque f(x) = x+ δ, on parle d’attachement préférentiel affine avec degré sortant m.
Lorsque f est constante, on parle d’attachement uniforme (UA).

Notons que lorsque f n’est pas linéaire, le modèle est plus difficile à analyser car, con-
trairement aux modèles linéaires où le dénominateur dans la probabilité d’attachement est
déterministe et peut être calculé explicitement, le dénominateur n’admet ici pas d’expression
fermée simple. C’est la raison pour laquelle une grande partie de la littérature sur le sujet
se concentre sur le modèle d’attachement préférentiel linéaire. Le modèle d’attachement
préférentiel affine généralise le modèle de Barabási–Albert en introduisant un degré de
liberté supplémentaire qui permet d’ajuster le biais en faveur des sommets de haut degré
grâce à un paramètre ajustable δ. Plus précisément, la probabilité d’attachement devient
:

P (n→Gn v | Gn−1) =
dv(Gn−1) + δ∑n−1

j=1 (dj(Gn−1) + δ)
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Par exemple, des valeurs élevées de δ atténuent l’effet préférentiel car elles garantissent que
même les sommets de faible degré ont une chance non négligeable de recevoir de nouvelles
arêtes. Lorsque δ devient très grand, la propriété préférentielle disparaît, ce qui revient
à un modèle d’attachement uniforme où chaque sommet est sélectionné avec la même
probabilité à chaque étape. D’autres variantes du modèle permettent que le paramètre δ
varie au cours du temps, c’est-à-dire que sa valeur peut changer pendant la construction
du graphe.

Une des propriétés caractéristiques des graphes à attachement préférentiel est la pro-
priété d’invariance d’échelle (scale-free). Cela signifie que la distribution asymptotique
des degrés suit une loi de puissance : la probabilité qu’un sommet ait un degré k décroît
comme k−γ pour γ > 1. Ce comportement est une caractéristique distinctive de nom-
breux réseaux réels, et constitue l’une des raisons principales pour lesquelles le modèle
d’attachement préférentiel est devenu central en science des réseaux. Des preuves em-
piriques montrent que des structures d’invariance d’échelle apparaissent dans une large
gamme de systèmes complexes. Par exemple : le Web présente une loi de puissance sur le
nombre d’hyperliens par page ; les réseaux de citation sont dominés par quelques articles
très cités ; les réseaux sociaux comprennent des individus exceptionnellement connectés ; et
dans les systèmes biologiques, comme les réseaux d’interaction protéine–protéine, un petit
nombre de protéines participent à de nombreuses interactions. Le modèle d’attachement
préferentiel capture cette large hétérogénéité grâce à un mécanisme simple mais puissant de
type rich-get-richer : les sommets ayant un degré plus élevé ont plus de chances d’attirer
de nouvelles arêtes. Cela est illustré à la Figure 1.3 avec différents choix de la fonction
d’attachement. Pour des exemples supplémentaires et des discussions, voir le Chapitre 1
de van der Hofstad [2016].

1.7 Problèmes d’inférence sous le modèle de graphes aléa-
toires à attachement préférentiel

Dans cette section, nous passons en revue les principaux problèmes d’inférence qui sont
habituellement étudiés dans le cadre du modèle de graphe aléatoire par attachement
préférentiel. Nous supposons que l’on n’observe que le graphe aléatoire par attachement
préférentiel non étiqueté. Voir la Définition 5.2.3 pour une définition formelle du graphe
non étiqueté.

1.7.1 Distribution asymptotique des degrés

Une des propriétés clés du modèle d’attachement préférentiel est son comportement asymp-
totique : la distribution des degrés des sommets converge vers une distribution à queue
épaisse, souvent de type loi de puissance. Cette section passe en revue les bases math-
ématiques de ce phénomène et met en évidence comment différents choix de la règle
d’attachement influencent la distribution asymptotique.

Il convient de noter que la distribution des degrés de type loi de puissance n’apparaît
pas dans d’autres modèles de graphes aléatoires standards tels que l’attachement uniforme
et les graphes d’Erdős–Rényi (voir Figure 1.4), modèle que nous définissons ci-dessous.

Définition 1.7.1 (Modèle de graphe aléatoire d’Erdős–Rényi). Un graphe aléatoire d’Erdős–
Rényi (ER) G(n, p) est un graphe non orienté aléatoire à n sommets où, pour chaque paire
de sommets distincts i, j ∈ {1, . . . , n}, une arête {i, j} est présente avec probabilité p,
indépendamment de toutes les autres arêtes.
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γ = 0.5 γ = 0.8

γ = 1 γ = 1.3

γ = 1.6 γ = 2

Figure 1.3: Graphes à attachement préférentiel avec fonction d’attachement f(x) = xγ .
Chaque graphe contient 250 sommets.
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Erdős-RényiőGraph UniformőAttachmentőGraph

Figure 1.4: Graphe Erdős–Rényi avec paramètre p = 0.05 et graphe à attachement uni-
forme. Chaque graphe contient n = 150 sommets.

Soit Pk(n) la proportion de sommets dans Gn ayant un degré k. La question centrale
est de savoir si cette quantité se stabilise lorsque n → ∞, et si oui, sous quelle forme. Le
théorème suivant identifie cette distribution limite pour le modèle d’attachement préféren-
tiel linéaire avec degré sortant m (correspondant à la fonction d’attachement f(x) = x, voir
Définition 1.6.3) et est dû à Bollobás et al. [2001]. La distribution limite présente claire-
ment une queue de type loi de puissance avec un exposant γ = 3, une évidence empirique
initialement rapportée dans Barabási and Albert [1999b].

Théorème 1.7.1 (Bollobás et al. [2001]). Pour k ≥ m et lorsque n −→ +∞, Pk(n) −→ pk
en probabilité, où

pk =
2m(m+ 1)

k(k + 1)(k + 2)
.

Pour un attachement sous-linéaire (c’est-à-dire f(x) ≪ x), le mécanisme du rich-get-
richer est plus faible. Dans ce cas, la distribution des degrés décroît plus rapidement
qu’une loi de puissance, typiquement selon une loi exponentielle étirée Krapivsky et al.
[2000], Dereich and Mörters [2009] :

pk ≍ exp(−c · kα),

avec α ∈ (0, 1). Ce régime produit des graphes plus homogènes, où les hubs sont rares et la
plupart des sommets ont des degrés comparables. Dans le régime sur-linéaire (c’est-à-dire
f(x) ≫ x), un phénomène de condensation apparaît : un sommet dominant émerge, se
connectant à presque tous les autres sommets, tandis que tous les autres sommets ont des
degrés finis. Ce phénomène est formalisé et démontré rigoureusement dans Oliveira and
Spencer [2005]. La dérivation de ces résultats utilise plusieurs techniques clés : relations
récursives pour suivre le nombre attendu de sommets de degré k, méthodes de décompo-
sition en martingales, et immersion du processus discret d’attachement préférentiel dans
des processus de branchement ou de naissance en temps continu.

1.7.2 Diamètre

Définition 1.7.2 (Diamètre d’un graphe). Soit G = (V, E) un graphe connexe. Le di-
amètre de G, noté diam(G), est défini comme la distance maximale sur les plus courts
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chemins entre toutes paires de sommets :

diam(G) = max
u,v∈V

dG(u, v),

où dG(u, v) est la distance du plus court chemin (c’est-à-dire le nombre minimal d’arêtes)
entre les sommets u et v. Lorsque G n’est pas connexe, son diamètre est celui de sa plus
grande composante connexe.

1.7.3 Degré maximal

Le degré maximal d’un graphe aléatoire correspond au plus haut degré parmi tous les
degrés des sommets du graphe. Il reflète la présence de hubs et l’hétérogénéité du réseau.
Son étude permet de comprendre à quel point un réseau est centralisé ou déséquilibré.
Dans le Tableau 1.1 ci-dessous, nous résumons les propriétés clés de certains modèles de
graphes usuels. Soit

pk(m, δ) = (2 + δ/m)
Γ(k + δ)Γ(m+ 2 + δ + δ/m)

Γ(m+ δ)Γ(k + 3 + δ + δ/m)
.

Remarquons que pour k grand, pk(m, δ) ≈ C(m, δ)k−(3+δ/m).

Modèle Dist. des degrés asymp. Degré maximal Diamètre

ER(n, λ/n) (λ > 1) Poisson(λ) Θ
(

logn
log logn

)
Móri [2005]

Θ(log n)
Durrett [2006]

UA
(
2−k
)
k≥1

Janson [2005]

Θ(logn)
Devroye and Lu

[1995]

Θ(log n)
Pittel [1994]

BA
(

4
k(k+1)(k+2)

)
k≥1

Θ(n1/2)

Θ(log n)
Bollobás and

Riordan [2004]

PA linéaire (m > 1)
(

2m(m+1)
k(k+1)(k+2)

)
k≥m

Θ(n1/2)
Θ
(

logn
log logn

)
Bollobás and Riordan

[2004]

PA affine (m, δ > 0) (pk(m, δ))k≥m Θ(n
1

2+δ/m )

Θ(log n)
Dommers et al.

[2010]

Table 1.1: Propriétés asymptotiques de certains modèles de graphes aléatoires.

Les résultats sans références dans le tableau ci-dessus, ainsi que leurs démonstrations
correspondantes, se trouvent dans van der Hofstad [2016].

1.7.4 Archéologie des réseaux dans les graphes aléatoires récursifs

Dans les graphes aléatoires récursifs, tels que les graphes d’attachement préférentiel et
d’attachement uniforme, l’archéologie du graphe désigne le problème consistant à identifier
l’ordre d’arrivée des sommets (ou d’une partie des sommets) du graphe final observé. Bien
entendu, cela suppose que le graphe final observé n’est pas étiqueté, car sinon l’ordre peut
être déduit des étiquettes. Ce problème comprend :

• Recherche de la racine : Cela correspond à identifier le premier sommet (souvent
noté sommet 1) ajouté au graphe lors de sa construction. Comme l’identification
exacte de la racine est généralement impossible, l’idée est d’identifier le plus petit
ensemble de confiance contenant la racine avec grande probabilité. Ce problème a été
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étudié dans Bubeck et al. [2017] pour les cas d’attachement préférentiel et uniforme.
Pour les graphes d’attachement préférentiel, une taille minimale de l’ensemble de
confiance pour la recherche de la racine a été identifiée dans Bubeck et al. [2017] et
un algorithme optimal a été proposé dans Contat et al. [2024]. Khim and Loh [2016]
ont étudié la recherche de la racine dans le cas où l’arbre est obtenu par diffusion
sur un arbre régulier infini, et Brandenberger et al. [2022] dans le cas d’un arbre de
Galton-Watson de taille conditionnée.

• Estimation des temps d’arrivée : Identifier le premier sommet fournit seule-
ment une vision partielle de l’évolution du graphe. Reconstituer l’ordre complet
d’arrivée des sommets peut être beaucoup plus informatif. Cette information est
particulièrement utile pour suivre la propagation de désinformation, de rumeurs ou
même de virus à travers un réseau. Dans Crane and Xu [2021], un cadre général pour
l’archéologie des réseaux est développé et peut être appliqué au problème d’inférence
des temps d’arrivée. Plus récemment, ce problème a été étudié dans Briend et al.
[2025] dans le cas de l’attachement uniforme et de l’attachement préférentiel linéaire,
où un estimateur d’ordre a été introduit et montré optimal par rapport à une famille
de mesures de risque.

1.7.5 Détection et localisation des ruptures

Tout d’abord, notez que ce problème ne peut pas être formalisé sous l’attachement uniforme
ou linéaire, car le mécanisme d’attachement reste le même durant tout le processus de
construction du graphe. Un modèle simple où ce problème peut être étudié est le modèle
d’attachement préférentiel affine (voir Définition 1.6.3). Dans ce modèle, à chaque étape,
un nouveau sommet rejoint le graphe et forme m arêtes vers des sommets existants, avec
une probabilité d’attachement influencée par une fonction δ(t) qui modifie la préférence
linéaire en fonction du degré du sommet. Plus formellement, la probabilité qu’un nouveau
sommet au temps t se connecte à un sommet existant v est proportionnelle à dGt−1(v)+δ(t),
où dGt−1(v) est le degré de v dans Gt−1.

Pour analyser ce modèle rigoureusement, on introduit un processus ((Gt,i)
m
i=1)t≥1, où

chaque Gt,i correspond à l’état intermédiaire du graphe après que i des m nouvelles arêtes
du sommet t ont été ajoutées. Cette formulation permet de modéliser précisément la règle
probabiliste d’attachement pour chaque ajout d’arête. Le graphe final Gt est alors obtenu
en posant Gt = Gt,m. Une des questions statistique qui peut-être étudiée dans ce contexte
est de savoir si le mécanisme d’attachement, codé par δ(t), reste constant au fil du temps
ou subit un changement structurel. Le problème de détection des ruptures peut être défini
comme un problème de test d’hypothèse, qu’on rappelle ci-dessous.

Définition 1.7.3 (Test d’hypothèse). Soit (Y,Y) un espace mesurable et soit P0 et P1

deux mesures de probabilité sur Y correspondant respectivement à l’hypothèse nulle H0 et
à l’hypothèse alternative H1. Un test statistique est une fonction mesurable

ϕ : Y→ {0, 1},

où ϕ(y) = 1 indique le rejet de l’hypothèse nulle H0 basé sur l’observation y ∈ Y.

• L’erreur de type I (faux positif) est la probabilité de rejeter H0 par le test ϕ lorsque
celle-ci est vraie :

α(ϕ) := P0(ϕ = 1).

• L’erreur de type II (faux négatif) est la probabilité d’accepter H0 par le test ϕ lorsque
H1 est vraie :

β(ϕ) := P1(ϕ = 0).
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Le problème de détection de ruptures peut ainsi être formulé comme suit :

(H0) : δ(t) = δ0, pour tout t, (H1) : δ(t) = δ01{t≤τn} + δ11{t>τn}, pour tout t,

où τn désigne le point de changement inconnu, et δ0, δ1 sont des paramètres dans (−m,+∞).
L’objectif est de déterminer, à partir du graphe final non étiqueté uniquement, si
un changement a eu lieu dans le mécanisme d’attachement et, le cas échéant, d’identifier
le moment τn où la transition de δ0 à δ1 s’est produite. Ce problème a des implications
importantes pour comprendre l’évolution temporelle des réseaux, notamment pour identi-
fier des moments de changements abrupts de comportement, tels que des variations dans
la dynamique de croissance ou les préférences d’attachement.

Dans Banerjee et al. [2023], les auteurs ont étudié la détection des ruptures précoces.
Cela correspond à la situation où τn = ⌊cnγ⌋ avec γ ∈ (0, 1) et c > 0, où n est le nombre
de nœuds du graphe. Il est montré que les propriétés structurelles du graphe aléatoire
obtenu, telles que la queue de la distribution des degrés, sont déterminées uniquement
par les paramètres du modèle avant le point de rupture. Le test utilisé dans ce régime
se base plutôt sur le degré maximal du graphe, puisque sa distribution dépend encore
asymptotiquement de γ.

La détection tardive du point de changement a été étudiée dans Bet et al. [2025], où
les auteurs ont construit un test basé sur les sommets de faible degré. Il a été montré que
le test détecte le changement uniquement lorsque

n− τn
n1/2

−−−→
n→∞

+∞.

Conjecture 1. Soit τn = n− cnγ avec c > 0 et γ < 1/2. Alors :

- Aucun test basé sur la séquence des degrés n’est puissant.

- Aucun test basé sur le graphe final non étiqueté n’est puissant.

Contrairement à la démonstration de la possibilité de détection, qui repose sur la con-
struction d’un test unique dont les erreurs de Type I et II peuvent être rendues arbi-
trairement petites, la preuve de la conjecture de l’impossibilité de détection nécessite une
affirmation beaucoup plus forte : il faut montrer que pour tout test basé sur le graphe ob-
servé, il est impossible de rendre simultanément petites les erreurs de Type I et II. Dans ce
contexte, le concept de contiguïté est particulièrement important, car il fournit un critère
selon lequel aucun test statistique ne peut distinguer de manière fiable entre deux suites
de distributions.

Définition 1.7.4 (Contiguïté des mesures de probabilité). Soit (Ωn,Fn) une suite d’espaces
mesurables, et soient (Pn) et (Qn) des suites de mesures de probabilité définies sur ces es-
paces. On dit que (Qn) est contiguë par rapport à (Pn), noté Qn ◁ Pn, si pour toute suite
d’ensembles mesurables An ∈ Fn,

Pn(An)→ 0 =⇒ Qn(An)→ 0.

Appliqué au contexte de la détection de ruptures dans les graphes aléatoires à attache-
ment préférentiel, si Pn et Qn correspondent respectivement à la distribution du graphe
final non étiqueté sous l’hypothèse nulle et sous l’alternative, alors la contiguïté implique
(par le premier lemme de Le Cam [Vaart, 1998, Section 6.2]) qu’aucun test (éventuelle-
ment randomisé) basé sur le graphe final non étiqueté ne peut contrôler simultanément les
erreurs de Type I et II : si (ϕn)n≥1 est une suite de tests basée sur le graphe observé telle
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que EPn(ϕn)→ 0, alors EQn(ϕn)→ 0 également.

Dans de nombreux problèmes concrets, une technique classique peut être utilisée pour
prouver la contiguïté. Cette méthode repose sur le calcul du second moment du rapport de
vraisemblance sous l’hypothèse nulle. Supposons que l’on teste entre une hypothèse nulle
Pn et une hypothèse alternative Qn, toutes deux définies sur le même espace mesurable
(Ωn,Fn). Si Qn est absolument continue par rapport à Pn, alors pour tout An, Bn ∈ Fn :

Qn(An) ≤ Qn(B
c
n) + Pn(An)1/2EPn

[(
dQn

dPn

)2

1Bn

]1/2
.

Ainsi, si l’on construit une suite d’événements (Bn)n≥1 dans Fn telle que

Qn(B
c
n)→ 0, et lim sup

n→∞
EPn

[(
dQn

dPn

)2

1Bn

]
< +∞,

alors la contiguïté de Qn par rapport à Pn est vérifiée et aucun test puissant n’existe.
L’un des principaux avantages de cette technique est qu’elle évite la nécessité de vérifier
directement la définition de la contiguïté, qui pourrait impliquer de raisonner sur tous les
ensembles mesurables. À la place, le problème se réduit à un calcul de moment gérable
sous l’hypothèse nulle.

1.8 Contribution au problème de détection de ruptures

Dans le Chapitre 5, nous tentons de résoudre la conjecture soulevée dans Bet et al. [2025]
tout en répondant à d’autres questions liées au problème de détection et de localisation
des ruptures. Plus précisément, à la lumière du cadre proposé dans Bet et al. [2025], le
Chapitre 5 poursuit deux objectifs : (i) Prouver que la conjecture est vérifiée au moins pour
n− τn = o(n1/3), où τn désigne le moment où la rupture a lieu, et (ii) Étudier le problème
de détection de ruptures dans le cas où le graphe étiqueté est observé. Ci-dessous, nous
présentons une énonciation informelle de nos principaux résultats.

Théorème 1.8.1 (Informel). En utilisant le graphe aléatoire à attachement préférentiel
non étiqueté, la détection de la rupture n’est pas possible lorsque n− τn = o(n1/3).

Théorème 1.8.2 (Informel). En utilisant le graphe aléatoire à attachement préférentiel
étiqueté, la détection de la rupture est possible si et seulement si n− τn →∞.

Les énoncés formels de ces théorèmes sont fournis au Chapitre 5. Lorsque seul le
graphe non étiqueté est observé, l’application directe de la méthode du second moment
est difficile en raison de l’intractabilité du rapport de vraisemblance : son calcul nécessite
de marginaliser sur tous les étiquetages possibles du graphe observé, ce qui est computa-
tionnellement irréalisable. Pour surmonter cette difficulté, nous adoptons une stratégie de
réduction consistant à supposer qu’un sous-ensemble des étiquettes est révélé. Cet étique-
tage partiel simplifie l’analyse et permet d’obtenir des bornes tractables sur le rapport de
vraisemblance. Dans le cas où le graphe étiqueté est observé, nous avons également étudié
les problèmes d’estimation des paramètres et de localisation de la rupture. Plus précisé-
ment, nous avons montré que l’estimateur du maximum de vraisemblance des paramètres
du modèle est consistant et asymptotiquement normal (voir Théorème 5.3.7). Nous avons
également montré que la rupture peut être localisé avec une erreur d’ordre polylogarith-
mique (voir Proposition 5.3.9).
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This thesis addresses two relatively independent statistical inference problems, both
centered around the theme of inference on dependent data. This thesis is divided into
two main parts. The first part focuses on the problem of clustering in parametric and
non-parametric mixture models and includes Chapter 3 and Chapter 4. The second part
deals with the problem of change-point detection under the preferential attachment random
graph model and includes Chapter 5.

Latent variable models are statistical models that assume the presence of unobserved
variables that influence the observed data. A formal definition is given below.
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Definition 2.0.1. A latent variable model is a bivariate stochastic process (Xt, Yt)t∈N
where only the observations (Yt)t∈N are accessible. The random variables (Xt)t∈N, are
called hidden (or latent) variables and are not observed.

2.1 Mixture Models and Hidden Markov Models

Mixture models are a particular family of latent variable models where it is assumed that
each observation is generated from one of several latent components, each associated with a
specific distribution. Mixture models naturally arise when observations come from several
groups, each with its own specific features. The latent variable then identifies the group to
which an individual belongs. In this thesis, we study models in which the latent variables
take a finite number of values. This is the case for finite mixture models we are interested
in, which we define as follows.

Definition 2.1.1 (Finite Mixture Model). Let X be a finite space and (Y,Y) a measurable
space. Let ν be a probability distribution over X and F = (Fx)x∈X a vector of probability dis-
tributions over Y. A process (Yt)t∈N follows a mixture model with parameter θ = (K, ν, F )
if there exists a sequence of (non-observed) random variables (Xt)t∈N such that:

• (Xt)t∈N are i.i.d. observations following ν, with values in X such that |X| = K.

• Conditionally on (Xt)t∈N, the variables (Yt)t∈N are independent;

• For all t ∈ N, conditionally on {Xt = x}, Yt follows the law Fx.

In this case, the random variables (Yt)t∈N are i.i.d. following the distribution Pθ =
∑

x∈X νxFx
where νx = ν ({x}).

Xt

Yt

Xt+1

Yt+1

ν ν

F F

(b) Mixture model with parameter (ν, F )

Figure 2.1: Directed acyclic graph representation of a mixture model. Edge labels indicate
the transition kernels.

Beyond their descriptive power, mixture models form a general-purpose tool in statisti-
cal inference, underpinning problems such as parameter estimation, unsupervised cluster-
ing, supervised classification, change-point detection, and segmentation. Their versatility
has led to widespread applications in domains such as bioinformatics, econometrics, and
signal processing. Foundational references include McLachlan and Peel [2000] for classical
theory, Frühwirth-Schnatter [2006] for Bayesian approaches, and McLachlan and Basford
[1988] for clustering applications. Recent developments are synthesized in the Handbook of
Mixture Analysis Frühwirth-Schnatter et al. [2019], which highlights their role in modern
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inference.

Another latent variable model of particular importance in this thesis is the Hidden
Markov Model.

Definition 2.1.2 (Hidden Markov Model). We say that a bivariate process (Xt, Yt)t∈N
follows a Hidden Markov Model if:

• The process (Xt)t∈N is a Markov chain,

• Conditionally on (Xt)t∈N, the random variables (Yt)t∈N are independent,

• Conditionally on (Xt)t∈N, the distribution of Yt depends only on Xt.

The last two points can be summarized as

L
(
(Yt)t∈N | (Xt)t∈N

)
=
⊗
t∈N
L (Yt | Xt)

where L(.) denotes the law.

In this thesis, we will be interested mainly in homogeneous Markov chains with finite
state space. See Cappé et al. [2005] for more general Hidden Markov Models. When
the hidden Markov chain is homogeneous and takes only a finite number of values, the
definition above translates into the following.

Definition 2.1.3 (Homogeneous finite state space HMM). Let X be a finite set and (Y,Y)
a measurable space. Let ν be a probability distribution on X, Q = (Qx,x′)x,x′∈X a transition
matrix and F = (Fx)x∈X a vector of probability measures on (Y,Y). The process (Xt, Yt)t∈N
follows a Hidden Markov Model (HMM) with parameter θ = (K, ν,Q, f) if

• The process (Xt)t∈N is a homogeneous Markov chain with values in X, initial distri-
bution ν, and transition kernel Q, such that |X| = K,

• Conditionally on (Xt)t∈N, the variables (Yt)t∈N are independent,

• For all t ∈ N, conditionally on {Xt = x}, Yt follows the law Fx.

The set X is called the state space of the HMM, and Y is the observation space. Finally,
the family of probability distributions (Fx)x∈X is referred to as the emission laws.

The HMM model allows for the modeling of dependence between the observations
thanks to the Markovian structure between the hidden variables (Xt)t∈N. Note that in
the case where all the lines of the transition matrix Q are equal and the initial distribu-
tion ν is the stationary distribution, the dependence structure is lost and the model boils
down to the mixture model we defined in Definition 2.1.1. First introduced in the seminal
work of Leonard E. Baum and his collaborators in the 1960s Baum and Petrie [1966], as
a mathematical framework for analyzing sequences generated by underlying, unobservable
stochastic processes, HMMs have subsequently been extensively studied from a theoreti-
cal point of view and have been used in numerous applications, from speech recognition
Rabiner [1989] to climate modeling Khiatani and Ghose [2017], genomics Scharpf et al.
[2008], Qin et al. [2010] and finance Guo et al. [2023], Pakštaitė et al. [2025]. They owe
their success to their simplicity, flexibility, interpretability, and ease of implementation.
Rabiner and Juang [1986] provide a simple introduction to Hidden Markov Models. For a
more in-depth and modern treatment, the book Cappé et al. [2005] offers a comprehensive
overview of both theoretical and practical aspects.
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ν X1 X2 X3

Y1 Y2 Y3

Q Q

f f f

(a) Hidden Markov model with parameter (ν,Q, f)

Figure 2.2: Directed acyclic graph representation of a hidden Markov model. Edge labels
indicate the transition kernels.

The primary distinction between mixture models and hidden Markov models stems
from their underlying dependence structure. Although this difference may seem simple, it
has significant implications for the analysis of various inference problems in both settings.
Part of this thesis is dedicated to exploring some inference problems under both settings.

2.2 Identifiability: A precondition for well-posed inference

A natural question to ask before performing any inference task on any latent variable model
is: given an observed process (Yt)t∈N, is it possible to define uniquely the latent variable
model that generates it? In other words, under what conditions can we guarantee the
uniqueness, in some sense, of the parameter that produces this process? If such uniqueness
holds, the model is said to be identifiable. Before defining identifiability, we define the
notion of statististical model.

Definition 2.2.1 (Statistical model). A statistical model is a parameterized family of
probability distributions P = {Pθ | θ ∈ Θ} defined on a common measurable space.

We first define identifiability in the general case.

Definition 2.2.2. A statistical model P = {Pθ | θ ∈ Θ} is identifiable when the map θ 7→
Pθ is one-to-one.

2.2.1 Identifiability under the mixture model

First, observe that in the mixture model, the distribution of the observations remains
unchanged under any permutation of the hidden states. More precisely, let σ be a permu-
tation of the latent space X, that is, a bijection from X to itself. For a parameter tuple
θ = (K, ν, F ), define the permuted version θ′ =

(
K, (νσ(x))x∈X, (Fσ(x))x∈X

)
. Then, the

parameters θ and θ′ generate the very same mixture since
∑

x∈X νxFx =
∑

x∈X νσ(x)Fσ(x)
and thus, the components labels can not be recovered. This is the reason why identifiabil-
ity under the mixture model is defined up to label permutation. We define identifiability
under the mixture model in what follows.

Definition 2.2.3 (Identifiability in mixture models). We identify X with [K] := {1, . . . ,K}
when |X| = K. Define the mixture model

PΘ :=

∑
x∈[K]

νxFx

∣∣∣∣∣∣ θ = (K, ν, F ) ∈ Θ

 .
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We say that PΘ is identifiable (up to a permutation of the labels) if for any θ = (K, ν, F )
and θ′ = (K ′, ν ′, F ′) in Θ∑

x∈[K]

νxFx =
∑
x∈[K′]

ν ′xF
′
x =⇒ θ = σ(θ′)

for some permutation σ of [K], where

σ(θ′) =
(
K ′, (ν ′σ(x))x∈[K′], (F

′
σ(x))x∈[K′]

)
.

Observe that the identifiability of mixture models is defined using only the marginal
distribution of a single observation. This is because the data are i.i.d. under the mixture
model; hence, the joint distribution of multiple observations carries no additional informa-
tion for identifiability. It is merely the product of identical marginals. A basic drawback of
mixture models is that, without additional assumptions on the mixture components, the
model fails to be identifiable. For instance, one can duplicate a component by splitting it
into two components with identical distributions and half the original weight, yielding a
mixture that is statistically indistinguishable from the original, yet has different parame-
ters and even a different number of components. In the absence of additional assumptions
on the mixture components, the analysis of any inference problem becomes ill-posed, as
the model parameters are not uniquely defined. While identifiability cannot be expected
in full generality, recent work has established identifiability for certain structured classes
of models. We survey below some settings where identifiability holds and where statistical
inference is thus meaningful.

Finite mixture of parametric distributions

Consider the mixtures of the form
∑

x∈[K] νxFx where the distributions (Fx)x∈[K] belong
to a parametric family. Teicher [1963] proves the identifiability of all finite mixtures of
Gamma and normal distributions. Following this work, Barndorff-Nielsen [1965] shows
that a mixture of distributions that belong to the same parametric exponential family is
identifiable under mild regularity conditions. Yakowitz and Spragins [1968] extend these
identifiability results to several families, including the family of n products of exponential
distributions, the multivariate Gaussian family, their union, the family of one-dimensional
Cauchy distributions, and others.

Translation of a symmetric density

We consider here the mixtures of the form
∑

x∈[K] νxF (. − µx) where F is a symmetric
distribution function, in the sense that (∀x ∈ R)F (−x) + F (x) = 1. Bordes et al. [2006]
prove the nonparametric identifiability of the model for K = 2. For a higher number of
components, Hunter et al. [2007] provide a condition that ensures the identifiability of the
model parameters (νx)x∈[K] and (µx)x∈[K]. More precisely, the following theorem is proved.

Theorem 2.2.4 (Hunter et al. [2007]). The parameters
(
(νx)x∈[K] , (µx)x∈[K]

)
can be

identified if and only if the following equivalence holds:
For all (µ′x)1≤x≤K , (ν ′x)1≤x≤K , the convolution∑

x∈[K]

νxδµx ⋆
∑
x∈[K]

ν ′xδ−µ′x

is symmetric if and only if ∑
x∈[K]

ν ′xδ−µ′x =
∑
x∈[K]

νxδ−µx .
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They deduce that when K = 2, identifiability of the parameters holds if and only if
ν1 /∈ {0, 1/2, 1}. Although the class of symmetric densities is suitable in certain contexts, it
is often too restrictive to capture the complexity of many practical models. It turns out that
introducing a specific form of dependence between observations can restore identifiability
for translation mixtures, provided one considers the joint distribution of two consecutive
observations. See Remark 2.2.8.

Multidimensional Mixtures

We consider now multidimensional mixture models where the observed variables are divided
into at least d ≥ 3 blocks. In this context, the joint distribution of the observations can
be written as: ∑

x∈[K]

νx

d⊗
j=1

Fx,j , (2.1)

where, for each x ∈ [K], the distributions (Fx,j)j∈[d] are probability measures over d
possibly distinct spaces. Initial identifiability results appeared in the literature for low-
dimensional cases such as K = 2 and d = 2 or d = 3 (see Hall and Zhou [2003]). Further
results have considered the case where K is unknown and d ≥ 2 (see Hall et al. [2005]). A
foundational result from Kruskal [1977] shows that model (2.1) is identifiable when d = 3,
assuming the probability measures are supported on finite sets. Building on this, All-
man et al. [2009] showed that identifiability holds for all d ≥ 3 provided that for each
j = 1, . . . , d, the family of measures F1,j , . . . , FK,,j are linearly independent. Some spectral
arguments will be at the heart of the proof of identifiability for other models (see Anand-
kumar et al. [2012], Gassiat et al. [2016]) and the construction of estimators (see Abraham
et al. [2025, 2022]).

2.2.2 Identifiability under the Hidden Markov Model

To begin with, note that the distribution of a single observation in a HMM can be repre-
sented as a mixture model. Consequently, any conditions that guarantee identifiability in
mixture models also ensure identifiability of at least the emission distributions and mixing
proportions in the HMM. However, recovering the transition matrix requires information
from the joint distribution of more than one single observation, which is the focus of this
section. Importantly, the HMM structure makes it possible to relax the identifiability con-
ditions that are necessary under the mixture model setting. It is also important to note that
as in mixture models, the distribution of the observations remains unchanged under a rela-
beling of the hidden states. More precisely, let θ = (K, ν,Q, F ) and let θ′ = (K, ν ′, Q′, F ′)
where (

∀(x, x′) ∈ X
)

ν ′x = νσ(x), Q′
x,x′ = Qσ(x),σ(x′), F ′

x = Fσ(x).

Then, denoting by P(n)
θ the joint distribution of (Yi)i∈[n] and using the properties of the

HMM, one can easily show that

(∀y1:n ∈ Yn) P(n)
θ (y1:n) =

∑
x1:n∈Xn

νx1Qx1,x2 ...Qxn−1,xn

n∏
i=1

Fxi(yi). (2.2)

From the expression above, it is straightforward that (∀y1:n ∈ Yn) P(n)
θ (y1:n) = P(n)

θ′ (y1:n).
This means that even if we make use of the joint distribution of more than one observation,
the labels of the components can not be identified. As a result, the identifiability results
one can hope to obtain must always be interpreted modulo a permutation of the labels,
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unless a canonical labeling is available. Therefore, in what follows, when |X| = K, we will
assume without loss of generality that X = [K]. We define identifiability under the Hidden
Markov Model as follows.

Definition 2.2.5 (Identifiability in Hidden Markov Models). We identify X with [K] :=
{1, . . . ,K} when |X| = K. Define the Hidden Markov Model

PΘ :=
{
P(n)
θ

∣∣∣ θ = (K, ν,Q, F ) ∈ Θ
}
.

where P(n)
θ is the joint distribution of Y1:n under the HMM with parameter θ. We say that

PΘ is identifiable (up to a permutation of the labels) from the distribution of n observations
if for any θ = (K, ν,Q, F ) and θ′ = (K ′, ν ′, Q′, F ′) in Θ

P(n)
θ = P(n)

θ′ =⇒ (∃σ ∈ SK) θ = σ(θ′)

where
σ(θ′) :=

(
K,
(
ν ′σ(x)

)
x∈[K]

,
(
Q′
σ(x),σ(x′)

)
x,x′∈[K]

,
(
F ′
σ(x)

)
x∈[K]

)
.

It is important to note that our focus is on identifiability from the joint distribution of
multiple observations, as the hidden Markov structure becomes useful only in this context.
When considering a single observation, no identifiability results beyond those of mixture
models can be expected.

The foundational results for HMM identifiability trace back to the works Baum and
Petrie [1966], Petrie [1969], who established identifiability for discrete HMMs. They showed
that if the number of hidden states K is known and the emission distributions are linearly
independent, then the model is identifiable. However, these results were restricted to finite
observation alphabets. A major breakthrough came with the application of tensor decom-
position methods, particularly Kruskal’s theorem in Kruskal [1977] to HMM identifiability.
Allman et al. [2009] applied this theorem to prove the identifiability of some discrete HMMs
(in a sense that is slightly different from definition 2.2.5) under mild rank conditions. This
approach introduced a powerful algebraic framework for identifiability, treating the joint
distribution over a finite number of observations as a low-rank tensor and using uniqueness
of tensor decompositions to identify parameters. Subsequent work extended identifiability
results beyond the parametric setting. Notably, Gassiat et al. [2016] proved identifiability
for nonparametric HMMs under the assumption that the emission distributions are distinct
and linearly independent. They have proved the following theorem.

Theorem 2.2.6 (Gassiat et al. [2016]). Let (Xt, Yt)t∈N be a HMM with parameter θ ∈ Θ.
Assume Θ is the set of parameters θ such that:

• (∀x ∈ [K]) νx > 0,

• Q is invertible,

• The probability measures (Fx)x∈[K] are linearly independent,

then, the model PΘ =
{
P(3)
θ

∣∣∣ θ = (K, ν,Q, F ) ∈ Θ
}

is identifiable, where P(3)
θ stands for

the distribution of (Y1, Y2, Y3).

In other words, under mild regularity assumptions, the HMM parameters can be identi-
fied from the joint distribution of three consecutive observations. The assumption of linear
independence can be relaxed to the simpler condition that the emission distributions are
distinct from one another, at the price of considering the joint distribution of more than
three observations, as detailed in the next theorem.
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Theorem 2.2.7 (Alexandrovich et al. [2016b]). Let (Xt, Yt)t∈N be a HMM with parameter
θ ∈ Θ. Assume Θ is the set of parameters θ such that:

• Q is invertible, irreducible and aperiodic (see Norris [1997] for a formal definition),

• The probability measures (Fx)x∈[K] are distinct from one another,

then, the model PΘ =

{
P((2K+1)(K2−2K+2)+1)
θ

∣∣∣∣ θ = (K, ν,Q, F ) ∈ Θ

}
is identifiable in the

sense of definition 2.2.5.

Remark 2.2.8. It is important to note that identifiability is also ensured in other models
that do not belong to the framework of mixture models and HMMs. Consider for example
observations with marginal distribution

∑
x∈[K] νxF (.−mx) but that are not independent.

More precisely, assume the observations are derived of the model

Yi = mXi + εi (2.3)

where (εi)i∈N is a sequence of i.i.d. R−valued random variables and (mj)j∈[K] are real
numbers. In Gassiat and Rousseau [2016], the authors show that in case the latent vari-
ables (Xi)i∈N are not independent, model (2.3) is identifiable without any assumption on
F . More precisely, if the process (Xi)i∈N takes K distinct values and if F is any prob-
ability distribution, then, provided that the translation parameters are distinct and the
matrix Q representing the joint distribution of (X1, X2) has full rank, one may recover(
K,Q, (νx)x∈[K] , (mx)x∈[K] , F

)
from the distribution of (Y1, Y2). Of course, the centers

(mx)x∈[K] are identifiable up to a translation, unless one of the centers is specified in ad-
vance. Note also that no assumption is put on F . The only structural assumption is that
Q has full rank. Notice that, with only two latent states (that is, K = 2), assuming that
Q has full rank is the same as assuming that the variables X1 and X2 are dependent which
is a very simple condition for identifiability.

With the standard conditions for the identifiability of mixture models and Hidden
Markov Models now established, the problem of parameter inference is well-posed. The
following section presents a review of estimation methods and algorithms developed for
these two classes of models.

2.3 Estimation in Mixture Models and Hidden Markov Mod-
els

In this section, we survey the principal estimation techniques used for the finite mixture
model and the Hidden Markov Model.

2.3.1 Expectation-Maximization (EM) Algorithm

Let θ ∈ Θ be the model parameter and P(n)
θ the joint distribution of the observations

Y = (Yi)i∈[n]. Let X = (Xi)i∈[n] the associated latent variables. Denote the likelihood
of the observed data under parameter θ by Ln(θ, Y ). A natural estimator of θ in the
parametric setting is the Maximum Likelihood estimator. The Expectation-Maximization
(EM) algorithm, introduced by Dempster et al. [1977], is a widely used iterative procedure
for approximating the maximum likelihood estimator when a direct maximization of the
likelihood is not feasible. This is done usually in latent variable models including mixture
and Hidden Markov Models. The maximum likelihood estimator (MLE) is defined as:

θ̂n ∈ argmax
θ∈Θ

Ln(θ, Y ).
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Because the latent variables X are unobserved, direct maximization is usually challenging.
The EM algorithm addresses this by iteratively maximizing the expected complete-data
log-likelihood, defined through the following steps starting from an initial point θ(0) ∈ Θ:

• E-step (Expectation): Compute the intermediate quantity:

R(θ, θ(j)) = Eθ(j) [logLn(θ, (X,Y )) | Y ],

which is the conditional expectation of the complete-data log-likelihood given the
observed data Y , under the current parameter estimate θ(j).

• M-step (Maximization): Update the parameter by maximizing this expectation:

θ(j+1) ∈ argmax
θ∈Θ

R(θ, θ(j)).

These steps are repeated until convergence, typically when the relative increase in the
likelihood is smaller than a tolerance ε > 0:

Ln(θ
(j), Y )− Ln(θ(j−1);Y )

Ln(θ(j−1), Y )
< ε.

The output of the algorithm is then θ(j). Wu [1983] proved that, under mild regularity con-
ditions, the sequence of iterates converges to a stationary point of the likelihood function.
However, EM algorithm does not guarantee convergence to a global maximum. It can get
stuck in suboptimal local maxima, particularly in high-dimensional spaces or poorly con-
ditioned problems. Since the algorithm is deterministic, its output depends heavily on the
initial parameter θ(0). A common practical strategy is to run the EM algorithm multiple
times from different initializations and retain the solution with the highest likelihood. For
standard parametric distributions, the E- and M-steps often admit closed-form expressions,
allowing the algorithm to be implemented efficiently through explicit recursive updates. In
the case of HMMs, the two steps of the EM algorithm admit a closed formula. However,
these recursive formula depend on the a posteriori distribution of the hidden states which
can be computed using the celebrated Forward-Backward algorithm Cappé et al. [2005].
For rigorous theoretical guarantees on the convergence of this algorithm, see Balakrishnan
et al. [2017].

2.3.2 Spectral estimation

Spectral algorithms are a class of algorithms that estimate the parameters of latent variable
models by exploiting the algebraic structure of low-order moment tensors or matrices, such
as second and third order moments. These methods typically avoid non-convex optimiza-
tion by relying on linear algebra tools, such as eigenvalue and singular value decomposi-
tions, and tensor decomposition. Recent developments, particularly in Anandkumar et al.
[2012], have used this technique for the estimation of the parameters of some paramet-
ric Hidden Markov Models. This technique was then refined to cover also the estimation
under nonparametric Hidden Markov Models. More precisely, consider a nonparametric
HMM with parameter θ = (K, ν,Q, F ) and assume ν is the stationary distribution of the
transition matrix Q of the hidden Markov chain and that the emission distributions have
densities with respect to a common dominating measure L on (Y,Y). Let F = (Fk)k∈[K]

where Fk = fkdL. Denote by
(
L2 (Y,Y,L) , ∥.∥

)
the Hilbert space of square integrable

functions on Y with respect to the measure L equipped with the usual inner product ⟨., .⟩
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on L2 (Y,Y,L). Let (φa)a∈N be an orthonormal basis of L2 (Y,Y,L). For a, b, c ∈ N,
consider:

L(a) = E [φa(Y1)]

N(a, b) = E [φa(Y1)φb(Y2)]

P(a, c) = E [φa(Y1)φc(Y3)]

M(a, b, c) = E [φa(Y1)φb(Y2)φc(Y3)]

Using Equation (2.2), one can express the quantities above in terms of the initial distri-
bution ν, the transition matrix Q and the coordinates of the projections of the emission
distributions on the basis (φa)a∈N. Using simple algebraic operations such as diagonaliza-
tions and singular value decompositions and exploiting the assumptions of identifiability,
these expressions can be inverted and the model parameters can be expressed in terms of
L, N, P and M. Estimation is then achieved by substituting the true joint distributions
with their empirical counterparts derived from the data. This approach has the key ad-
vantage of being non-iterative, avoiding local optima and initialization sensitivity inherent
in EM-like methods. This framework underlies the estimation procedures developed in
Anandkumar et al. [2012], Gassiat et al. [2016], De Castro et al. [2017], where consistent
estimation is ensured through spectral and algebraic techniques.
More recently, Abraham et al. [2022] introduced a spectral kernel density estimator that
refines earlier spectral methods to control the estimation error in the supremum norm
rather than the L2 norm. This refinement specifically targets the case of Hidden Markov
Models with two hidden states. The authors establish the following theorem.

Theorem 2.3.1. Under standard assumptions ensuring identifiability of the HMM and
assuming the emission densities to be s−Hölder regular, there exists an estimator

(
f̂j

)
j∈[K]

and a permutation τ such that for C large enough

Pθ

(
∥f̂j − fτ(j)∥∞ ≥ C

(
log(n)

n

) s
2s+1

)
−−−−−→
n→+∞

0

Convergence in expectation also holds: for some C ′ > 0,

E
[
∥f̂j − fτ(j)∥∞

]
≤ C ′

(
log(n)

n

) s
2s+1

A refined version of this estimator will be used in Chapter 3 for the construction of
a plug-in clustering procedure. Under the same setting of nonparametric HMM with two
hidden states, Abraham et al. [2025] proposed a wavelet block thresholding estimator that
was shown to be adaptive to the smoothness of each density.

2.3.3 Penalized least squares estimation

The least squares paradigm allows the construction of minimax adaptive estimation pro-
cedures in the nonparametric setting. In this section, we describe a method for estimating
the parameters of the Hidden Markov Model using the penalized least-squares approach.
Define :

(∀k ∈ [K]) (∀M ∈ N⋆) fM,k =

M∑
m=1

⟨fk, φm⟩φm
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Let θ = (K, ν,Q, (fk)k∈[K]) be the parameters of a Hidden Markov Model. Let gθ denote
the joint density of a triple of observations (Y1, Y2, Y3):

gθ(y1, y2, y3) =
K∑

k1,k2,k3=1

πk1Qk1,k2Qk2,k3fk1(y1)fk2(y2)fk3(y3)

For any square-integrable function t ∈ L2 (Y,Y,L), define the contrast functional:

C(t) = ∥t− gθ∥22 = ∥t∥22 − 2⟨t, gθ⟩+ ∥gθ∥22.

which is minimal for t = gθ. Since ∥gθ∥22 is constant with respect to t, minimizing C(t) is
equivalent to minimizing ∥t∥22 − 2⟨t, gθ⟩. Given a sample (Ys)s∈[N+2] of observations of a
HMM, we thus consider the empirical contrast function:

γN (t) = ∥t∥22 −
2

N

N∑
s=1

t(Ys, Ys+1, Ys+2),

Assume we are given an estimator Q̂ of Q. For example, one may use the spectral estimator
of the previous section. Based on Q̂, we consider S(Q̂,M) the collection of functions gθ such
that θ =

(
K, ν̂, Q̂, fM

)
where ν̂ is the stationary distribution of Q̂ and fM = (fM,k)k∈[K].

We then define
ĝM = argmin

t∈S(Q̂,M)

γN (t)

To choose the optimal value of M , we seek to minimize the squared error ∥ĝM − g⋆∥22.
Since ∥g⋆∥22 is fixed, this is approximately equivalent to minimizing γN (ĝM ). However, to
account for the stochastic fluctuations of the empirical process γN , we introduce a penalty
function pen(N,M). We then select:

M̂ = argmin
M=1,...,N

{γN (ĝM ) + pen(N,M)} .

With this selection, the final penalized least-squares estimator is defined by:

ĝ := ĝM̂ .

It is important to note that this procedure assumes prior knowledge of the HMM order K.
In Lehéricy [2019], the author improves upon this approach by introducing a consistent
estimator for the order K. Beyond establishing consistency for the order estimation, the
proposed method also yields estimators for the HMM parameters that are minimax adap-
tive, up to a logarithmic factor, with respect to the global regularity of the model A more
refined approach that achieves state-by-state minimax adaptive estimation is presented in
Lehéricy [2018].

2.3.4 Penalized Maximum Likelihood Estimator

Under the HMM framework, the maximum likelihood estimator (MLE) is defined as the
parameter value maximizing the likelihood of the observations, namely the function

Ln : (θ, y1:n) 7−→ P(n)
θ (y1:n),

where θ = (K, ν,Q, F ) denotes the model parameter and P(n)
θ is the joint distribution

of Y1:n under θ. The construction of the MLE under the HMM framework follows the
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following steps. First, consider a collection of parametric models
(
MM

)
M∈I , where each

MM consists of n-fold product measures on the observation space (Y,Y). For each M ∈ I,
define

ΘK,M = {θ = (K, ν,Q, F ) : F ∈MM} .

Let y1:n denote a fixed realization of the random vector Y1:n. For fixed K and M , the
likelihood maximizer is given by

θ̂n,K,M ∈ argmax
θ∈ΘK,M

Ln(θ, y1:n) .

To select among models, introduce a penalization term penn(K,M) and choose

(K̂n, M̂n) ∈ argmax
(K,M)∈N∗×I

{
1

n
logLn

(
θ̂n,K,M , y1:n

)
− penn(K,M)

}
.

The final estimator is then θ̂ = θ̂n,K̂n,M̂n
.

The first theoretical guarantees for this estimator were established in Vernet [2015],
where posterior consistency and concentration rates of a Bayesian nonparametric MLE
are derived. Alexandrovich et al. [2016a] proved the consistency of a nonparametric MLE
constructed from hidden Markov models with finite state space and nonparametric mix-
tures of parametric densities. In the misspecified setting, Lehéricy [2021] showed that the
nonparametric MLE under the hidden Markov model recovers the best approximation of
the underlying misspecified distribution.

2.4 Some inference problems in HMMs and Mixture Models

2.4.1 Clustering

Clustering is defined as the task of recovering the random partition Πn = {A1, . . . , Am}
of the index set {1, . . . , n}, where the partition is induced by the latent states X1:n =
(X1, . . . , Xn), such that for k ∈ J1,mK, i, j ∈ Ak if and only if Xi = Xj . The goal is to
infer this partition based solely on the observed data Y1:n = (Y1, . . . , Yn).

Definition 2.4.1. A n-clusterer g is a measurable map from the space of observed data
Yn to the set of partitions of [n], denoted by P[n]:

g : Yn → P[n].

The set of all n-clusterers is denoted by Gn.

Below, we provide an overview of several widely used clustering algorithms. For an in-
depth discussion and theoretical guarantees on the risk of clustering of these procedures,
we direct the reader to Chapter 12 of Giraud [2021].

K-means clustering

Definition 2.4.2 (K-means Clustering). Let Y1, . . . , Yn ∈ Rd and let K ≥ 1 an integer.
K-means clustering seeks a partition {C1, . . . , CK} and centroids {µ1, . . . , µK} ⊂ Rd that
minimize the total within-cluster variance:

K∑
k=1

∑
j∈Ck

∥Yj − µk∥2, where µk =
1

|Ck|
∑
j∈Ck

Yj .
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K-means optimizes a non-convex objective and is NP-hard in general. In practice,
Lloyd’s algorithm is used. It assigns iteratively the points to their nearest centroids and
updates the centroids.

Definition 2.4.3 (Lloyd’s Algorithm). Let Y1, . . . , Yn ∈ Rd and let K ∈ N a prede-
fined number of clusters. Lloyd’s algorithm iteratively updates a set of cluster centers
{µ1, . . . , µK} and an assignment function φ : {1, . . . , n} → {1, . . . ,K} as follows:

Algorithm 3: Lloyd’s Algorithm
Input: Observations Y1, . . . , Yn ∈ Rd, number of clusters K
Output: Cluster assignments φ(t) and centers µ(t)1 , . . . , µ

(t)
K

1 Initialize: Choose initial centers µ(0)1 , . . . , µ
(0)
K ;

2 repeat
3 Assignment step:
4 for i = 1 to n do
5 φ(t)(i)← arg min

k∈{1,...,K}
∥Yi − µ(t)k ∥

2

6 Update step:
7 for k = 1 to K do
8 µ

(t+1)
k ← 1

|{i:φ(t)(i)=k}|
∑

i:φ(t)(i)=k

Yi

9 until Convergence is reached;

The algorithm terminates when the assignments φ(t) no longer change or the decrease
in the within-cluster sum of squares falls below a fixed threshold. Lu and H. Zhou [2016]
establish theoretical guarantees for the performance of this algorithm on Sub-Gaussian
observations. Theoretical guarantees for other variants of the K-means algorithm have also
been established. We refer to Ndaoud [2022] for a variant of Lloyd algorithm initialized by
the spectral clustering algorithm and Giraud and Verzelen [2018] for a relaxed version of
the K-means algorithm.

Spectral clustering

Spectral clustering is a widely used algorithm for uncovering latent group structures in
data. In the context of Gaussian mixture models, it offers a simple yet powerful procedure
for estimating clusters based solely on the observed data. The spectral algorithm typically
serves as a first-stage clustering step that produces a coarse group assignment, which can
later be refined using a more specialized method.

Let Y1, . . . , Yn ∈ Rd be i.i.d. observations from a GMM with K components. Denote
by Y = [Y1, . . . , Yn]

⊤ ∈ Rn×d the data matrix. The core idea of the spectral algorithm
is to compute the top K eigenvectors of the Gram matrix YY⊤ ∈ Rn×n, and then use
these eigenvectors to define a new representation of the data that reveals the clustering
structure. The theoretical justification stems from the fact that, under a well-separated
GMM, the expectation of the Gram matrix admits the following decomposition:

E[YY⊤] = AΘΘ⊤A⊤ + Γ,

where:

• A ∈ Rn×K is the membership matrix, defined by Aik = 1{i∈Gk} with Gk being the
set of indices belonging to cluster k,
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• Θ ∈ RK×d contains the means of the Gaussian components,

• Γ ∈ Rn×n is a diagonal matrix accounting for the within-cluster covariance.

Thus, E[YY⊤] consists of a low-rank (rank K) signal matrix structured by the clus-
ter assignment and an additive noise term. This motivates the use of the best rank-K
approximation of YY⊤ as a proxy for the clustering structure.

Let YY⊤ =
∑n

i=1 λiviv
⊤
i be the eigendecomposition of the Gram matrix, with λ1 ≥

λ2 ≥ · · · ≥ λn. Define the rank-K approximation by:

(
YY⊤

)
(K)

=

K∑
k=1

λkvkv
⊤
k .

The spectral embedding of the data consists of the top K eigenvectors v1, . . . , vK ∈ Rn.
These eigenvectors can be stacked column-wise to form a matrix V ∈ Rn×K , where each row
corresponds to a low-dimensional representation of an observation. A clustering algorithm,
such as K-means, is then applied to the rows of V to recover the group structure. The
following algorithm summarizes this clustering procedure:

Algorithm 4: Spectral Clustering under a Gaussian Mixture Model
Input: Data matrix Y ∈ Rn×d, number of clusters K
Output: Group affectation of each observation

1 Step 1: Compute Gram matrix
2 G← YY⊤

3 Step 2: Eigendecomposition of Gram matrix
4 Compute eigenvalues and eigenvectors:
5 G =

∑n
i=1 λiviv

⊤
i where λ1 ≥ λ2 ≥ · · · ≥ λn

6 Step 3: Construct rank-K approximation
7 G(K) ←

∑K
k=1 λkvkv

⊤
k

8 Step 4: Form spectral embedding
9 V ← [v1 v2 · · · vK ] ∈ Rn×K

10 Step 5: Cluster embedded points
11 Apply K-means clustering to the rows of V to obtain cluster labels
12 return Affectation of each observation to its group

Löffler et al. [2021] establish theoretical guarantees on the performance of the spectral
clustering algorithm in Gaussian mixture models with isotropic covariance. It is shown that
the algorithm achieves minimax optimal performance, provided the number of clusters is
fixed and the signal-to-noise ratio is sufficiently high.

Model-based clustering

Model-based clustering McNicholas [2016] is a statistical approach that relies on finite
mixture models to perform clustering. Let Y = [Y1, . . . , Yn]

⊤ ∈ Rn×d denote a collection
of n observations, assumed to be independently drawn from a finite mixture distribution
with density

f(y) =

K∑
k=1

πkfk(y, αk),

where ∀k ∈ [K], πk > 0 and
∑K

k=1 πk = 1. In typical clustering applications, the
component densities fk(y, αk) are assumed to share the same functional form, so that
fk(y, αk) = f(y, αk) for all k ∈ [K], where f is a known parametric family. The full set of
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model parameters is denoted by θ =
(
π, (αk)k∈[K]

)
. Under this formulation, the likelihood

function of the observed data is

Ln(θ;Y) =
n∏
i=1

K∑
k=1

πkf(Yi, αk).

Once the parameters are estimated, typically via the Expectation-Maximization (EM) algo-
rithm, each observation is assigned to the component maximizing the posterior probability:

∀i ∈ [n], ẑi := arg max
k∈[K]

π̂kf(Yi, α̂k)∑K
j=1 π̂jf(Yi, α̂j)

.

Clustering is then performed based on the partition defined by the estimated labels ẑi.
This methodology extends naturally to Hidden Markov Models (HMMs). Once the

model parameters have been estimated, computing the posterior distributions of the latent
variables becomes more challenging because of the temporal dependencies among hidden
states, which complicate the likelihood structure. Nevertheless, the Forward–Backward
algorithm Cappé et al. [2005] offers an efficient way to evaluate these posteriors. This in
turn allows one to adopt a clustering approach analogous to that of parametric mixture
models, by using the partition induced by the inferred hidden states. Concretely, the latent
variables are estimated as

∀i ∈ [n], ẑi := arg max
k∈[K]

ϕθ̂,i|1:n(k),

where θ̂ denotes the estimator of the HMM parameters and ϕθ̂,i|1:n is the posterior distri-
bution of the hidden state associated with the i-th observation given the observed sequence
Y1:n under parameter θ̂. Since a clusterer can be obtained from a classifier by retaining
only the induced partition, it is natural to use the partition generated by (ẑi)i∈[n] for
clustering. However, this widespread practice among HMM practitioners lacks rigorous
decision-theoretic justification: it essentially imitates the Bayes classifier (the risk mini-
mizer for classification) rather than the Bayes clusterer (the risk minimizer for clustering).
Formal definitions are provided in Chapter 3. The issue is practically important, since the
Bayes classifier has a closed-form expression and is generally more tractable computation-
ally. Whenever the Bayes clusterer can be derived from the Bayes classifier, this yields
a clear computational advantage. Yet, the relationship between the Bayes clusterer and
the Bayes classifier has not been studied before. A key part of Chapter 3 is devoted to
investigating and clarifying this connection.

2.4.2 Other inference problems

In addition to classical tasks such as estimation, classification, and clustering, several other
inference problems arise in the context of mixture models and Hidden Markov Models. A
central inference task in HMMs is to recover the sequence of hidden states X1, . . . , Xn

given the observed sequence Y1, . . . , Yn. Unlike the Bayes classifier, which assigns to each
observation the most likely hidden state via the marginal Maximum a posteriori classifier,
recovering the full sequence of hidden states requires a different approach. Due to the de-
pendence structure imposed by the hidden Markov chain, the joint posterior distribution
L(X1:n | Y1:n) is not simply the product of the individual posteriors L(Xt | Y1:n). As a
result, a sequence formed by taking the most probable state at each time point may not
correspond to a valid path under the model, especially when certain state transitions are
not allowed. To address this, the Viterbi algorithm is used and which allows identifying,
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through dynamic programming, the sequence maximizing the a posteriori distribution of
the joint distribution of the hidden states given the observations. See Cappé et al. [2005].
The algorithm differs from the Maximum a posteriori in the type of optimality that is
sought. The Maximum a posteriori classifier maximizes the marginal posterior for each
hidden state independently, while the Viterbi algorithm identifies the most probable entire
sequence of states by maximizing the joint posterior distribution. The latter is particu-
larly important in applications where temporal consistency and model constraints must be
respected, as it ensures the inferred path is valid under the HMM’s transition dynamics.
See Rabiner [1989], Forney [1973].

2.5 Contributions to the problem of clustering

In Chapters 3 and 4, our contributions concern mainly the problem of clustering. We will
tackle several fundamental questions which will be answered under the I.I.D and HMM
model. While our primary focus is the nonparametric setting, we will also study the
Gaussian case in order to identify the exact dependence of the Bayes risk of clustering
with respect to the model parameters and the improvement allowed by the dependence
structure in terms of the clustering performance (See Chapter 4). In Chapter 3, it will be
assumed that there exists δ absolute constant such that minx,x′ Qx,x′ ≥ δ and minx νx ≥ δ
where Q is the transition matrix of the hidden chain and ν is the initial distribution, which
guarantees that the hidden process sufficiently explores all states. This assumption will be
relaxed in Chapter 4. Our contribution to the problem of clustering can be summarized in
what follows:

1. Relationship between Bayes classifier and Bayes clusterer: The Bayes classi-
fier and the Bayes clusterer are defined as the minimizers of the risks of classification
and clustering, respectively. A central question that arises is whether there exists a
clear relationship between these two objects, and if so, under which structural as-
sumptions on the data this relationship can be made precise. Addressing this question
is of practical relevance: the Bayes classifier often enjoys a closed-form expression
and is therefore significantly easier to compute, while the Bayes clusterer may be
more abstract and less directly accessible. Consequently, whenever the Bayes clus-
terer can be recovered from the Bayes classifier, this not only provides conceptual
insight but also yields concrete computational advantages. Our analysis reveals a
rather striking result. Clustering induced by the Bayes classifier coincides with that
of the Bayes clusterer if and only if the observations are i.i.d. samples from a mixture
distribution with exactly two components. In every other setting—namely mixtures
with more than two components or dependent data generated by Hidden Markov
Models—there always exists a parameter configuration under which the clustering
produced by the Bayes classifier differs from that of the Bayes clusterer with positive
probability. These findings are rigorously established in Theorems 3.3.1, 3.3.4, 3.3.6,
and 3.3.8 of Chapter 3.

2. Magnitude of Bayes risks: Under what conditions is the Bayes risk of clustering
comparable to the Bayes risk of classification? This question is of particular signifi-
cance because the Bayes risk of classification admits a closed-form expression, which
makes it amenable to thorough analysis. This analytic tractability suggests that,
whenever the Bayes risks of classification and clustering are of comparable order,
any theoretical bound established for the former can be directly transferred to the
latter. Such a connection would allow us to leverage the relatively simpler structure
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of the classification problem in order to gain insights into the more intricate clus-
tering problem. Our results show that this comparability holds only in two distinct
regimes: either when the number of clusters is restricted to two, or when the Bayes
risk of classification does not decay at an exponential rate with respect to the sample
size n. Outside of these scenarios, the two risks behave in fundamentally different
ways, and extrapolation is no longer valid. These findings are established rigorously
for both i.i.d. and Hidden Markov model (HMM) observations. See Theorems 3.3.2,
3.3.5, 3.3.7, 3.3.9 and Corollary 1.

3. Dependence on the model parameters: A central aspect of our analysis lies
in understanding how the Bayes risks depend on the underlying model parameters,
and in particular on the population densities that characterize the distributions of
the observations. Such an understanding is crucial because it allows us to isolate
the correct notion of separation between distributions that effectively captures the
intrinsic difficulty of the inference problem at hand. From a practical standpoint, this
perspective is highly valuable: once the Bayes risk can be expressed in terms of this
separation measure, ensuring that the risk stays within a desired magnitude amounts
to verifying a simple condition on how well-separated the underlying distributions
are. This provides a direct and intuitive bridge between abstract risk bounds and
concrete conditions on the model. In Theorem 3.3.10 and Corollary 4, we succeed
in identifying the fundamental quantity that governs the difficulty of both clustering
and classification problems, in the settings of i.i.d. mixtures as well as Hidden Markov
models (HMMs). This key quantity is given by

Λ :=

∫
Y
min
x0∈X

∑
x̸=x0

fx(y)

 dL(y),

where (fx)x∈X denote the population densities of the distributions (Fx)x∈X with re-
spect to a dominating measure L on the observation space Y, i.e., dFx = fxdL. In
particular, we will show that in our regime of interest,

inf
h∈Hn

Rclass
n (θ, h) ≈ inf

g∈Gn

Rclust
n (θ, g) ≍ Λ.

See Corollary 4 of Chapter 3. This expression reveals, in a unified way, how the
structure of the problem and the overlap between population densities dictate the
Bayes risks. In the special case of two populations (J = 2), the formula simplifies to

Λ = 1− ∥F1 − F2∥TV,

where ∥F1−F2∥TV denotes the total variation distance between the two distributions.

4. Learnability of clustering: Is it possible to design a clusterer—without knowledge
of the true model parameters—whose excess risk vanishes as the number of observa-
tions grows? That is, can such a method achieve clustering performance comparable
to that of the Bayes clusterer asymptotically? We provide a positive answer to this
question by constructing a clustering procedure that achieves near-optimal perfor-
mance. Specifically, we show that when the emission densities are s-Hölder regular
and under additional regularity assumptions, there exists a clustering procedure g̃
such that

Rclust
n (θ, g̃)− inf

g
Rclust
n (θ, g) = O

((
log(n)

n

) s
2s+1

)
.
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This result establishes a rigorous theoretical justification for employing the plug-in
Bayes classifier in practice. For practitioners dealing with Hidden Markov Models
(HMMs), the key message is that, despite the conceptual difference between the
Bayes classifier and the Bayes clusterer, the Bayes classifier can be confidently used
as a surrogate for clustering. Its excess risk is not only theoretically bounded but
also remains negligible in relevant regimes, ensuring that the performance loss com-
pared to the Bayes clusterer is limited. To reinforce this conclusion, we present
numerical experiments in a nonparametric framework, which clearly illustrate that
clustering procedures based on HMMs are capable of uncovering latent structures
even in situations where conventional methods fail to do so.

5. Tight characterization of the Bayes risk: How does the dependence structure
of the Hidden Markov Model improve the performance of clustering? We will illus-
trate the added value of dependence in the regime where the hidden Markov chain
is slowly mixing and the emission densities are Gaussian. This is due to a tight
characterization of the dependence of the Bayes risk of clustering with respect to the
model parameters. We will also build Bayes optimal clustering procedures. This is
the subject of Chapter 4.

Following our study of clustering, we were naturally led to explore other inference problems
in mixture models and HMMs, mainly change-point detection and segmentation. As we
were delving into the literature on this subject, we came across a conjecture posted on the
arXiv paper Bet et al. [2025] concerning change-point detection in a completely different
setting: preferential attachment random graphs. This unexpected encounter triggered our
interest in solving the conjecture and we consequently managed to study the problem of
change-point detection under the preferential attachment random graph model.

2.6 The preferential attachment random graph model

The preferential attachment (PA) model, along with its various extensions, has become
one of the most widely used frameworks for modeling randomly growing graphs in net-
work science. These models are widely used to study real-world networks such as social
networks, citation networks, and the World Wide Web, where new nodes tend to connect
to previous ones. Over the past two decades, extensive research has rigorously analyzed
the structural properties of PA models, resulting in well-established findings regarding
asymptotic degree distributions, the local structure, and more. We refer readers to the
comprehensive books van der Hofstad [2016, 2024]. First introduced by Barabási and Al-
bert [1999a], the PA model has attracted significant theoretical and practical attention due
to its straightforward, local growth process and its ability to naturally produce power-law
degree distributions, a feature commonly observed in real-world networks.
The preferential attachment mechanism defines a sequence of random multigraphs (Gt)t≥1

on vertex sets {1, . . . , t}. There is no loss of generality in assuming that these graphs
are directed, using the convention that the arrows go from vertices with largest labels to
vertices with smallest labels. To be somewhat more precise, in the next, a labeled graph
refers to the following definition.

Definition 2.6.1 (Labeled graph). A labeled (multi)graph g is a couple (V, E) where V is
the set of vertices and E ⊂ V2 is the multiset of directed edges, with no loop allowed. For
an edge (u, v) ∈ E, we use the convention that the arrow goes from u to v, and we write
for simplicity u→g v for (u, v) ∈ E.
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We recall that in a multigraph, two vertices can be connected by more than one edge.
Many versions of the preferential attachment mechanism exist. The simplest model is the
Barabási–Albert model which is defined below.

Definition 2.6.2 (Barabási–Albert model). The Barabási–Albert (BA) model is a model
for generating preferential attachment random graphs as follows:

• Start from G1 the graph with one single vertex labeled 1.

• A vertex labelled 2 attaches to vertex 1 to form G2.

• For n ≥ 3, Gn is obtained from Gn−1 inductively, by attaching the newly added
vertex n to a random vertex of label v ∈ {1, . . . , n− 1} with probability proportional
to di(Gn−1), the degree of node i in Gn−1:

P (n→Gn v | Gn−1) =
dv(Gn−1)∑n−1
j=1 dj(Gn−1)

While the canonical model is the Barabási–Albert (BA) model, several variants have
been developed to capture more nuanced properties observed in real-world networks. For
example, the Barabási–Albert model can naturally be adapted to generate multigraphs,
where multiple edges between two nodes are allowed. The core mechanism remains un-
changed; the key difference is that, at each time step, the newly added node forms m edges
instead of just one. These m connections are made by selecting existing nodes—either
simultaneously or one after another—according to the same preferential attachment rule.
This allows for repeated edges and reflects more complex connectivity patterns observed
in real-world networks. The following model is commonly used for this purpose.

Definition 2.6.3 (Preferential Attachment Model with Out-Degree m ). The preferential
attachment (PA) model with out-degree m and attachment function f generates a sequence
of graphs (Gt)t∈N⋆ on vertex sets Vt = {1, . . . , t}, defined inductively as follows:

• Initialize G1 to be a graph on a single vertex 1 with no edges.

• Let G2 be the graph with two vertices 1 and 2 attached by m edges.

• For t ≥ 3 and given Gt−1, define a sequence of intermediate graphs:

Gt,0, Gt,1, . . . , Gt,m

where:

• Gt,0 is the graph Gt−1 with a new isolated vertex labeled t.
• For each i ∈ [m], construct Gt,i from Gt,i−1 by adding an edge between vt and

an existing vertex v ∈ Vt−1, sampled according to the distribution:

P(vt,i = v | Gt,i−1) =
f(dv(Gt,i−1))∑t−1
j=0 f(dj(Gt,i−1))

where dv(G) denotes the degree of vertex v in graph G.

• Define Gt := Gt,m.

When f(x) = x, we talk about the linear preferential attachment with out-degree m.
When f(x) = x+ δ, we talk about the affine preferential attachment with out-degree m.
When f is constant, we talk about uniform attachment (UA).
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Note that when f is not linear, the model is more challenging to analyze because, unlike
linear models, where the denominator in the attachment probability is deterministic and
can be computed explicitly, the denominator here does not admit a simple closed-form
expression. This is the reason why the major part of the literature on the subject focuses
on the linear preferential attachment model. The affine preferential attachment model
generalizes the Barabási–Albert model by providing an additional degree of freedom that
allows adjusting the bias toward high-degree nodes thanks to a tunable parameter δ. More
precisely, the probability of attachment becomes:

P (n→Gn v | Gn−1) =
dv(Gn−1) + δ∑n−1

j=1 (dj(Gn−1) + δ)

For example, high values of δ mitigate the preferential effect because they ensure that even
low-degree nodes have a non-trivial chance of receiving new links. When δ is very large,
the preferential property disappears, resulting in a uniform attachment model where each
node is selected with equal probability at every step. Other variants of the model allow the
parameter δ to vary over time, meaning its value can change during the graph construction
process.

One of the properties of preferential attachment graphs is the scale-free property. This
refers to the fact that the asymptotic degree distribution of the resulting network follows
a power-law, meaning the probability that a node has degree k decays like k−γ for γ > 1.
This heavy-tailed behavior is a distinctive feature of many real-world networks, and it
is one of the main reasons the preferential attachment model has gained prominence in
network science. Empirical evidence shows that scale-free structures appear in a wide
range of complex systems. For instance, the World Wide Web exhibits a power-law in
the number of hyperlinks per page; citation networks are dominated by a few highly cited
papers; social networks include individuals with exceptionally high connectivity; and in
biological systems, such as protein–protein interaction networks, a small number of proteins
participate in many interactions. The PA model captures this broad heterogeneity through
a simple yet powerful rich-get-richer mechanism: nodes with higher degrees are more likely
to attract new links. We illustrate this in Figure 2.3 with different choices of the attachment
function. For additional examples and discussion, see Chapter 1 of van der Hofstad [2016].

2.7 Inference problems under the preferential attachment ran-
dom graph model

In this section, we review the main inference problems that are usually studied under the
preferential attachment random graph model. We assume one observes only the unlabeled
preferential attachment random graph. See Definition 5.2.3 for a formal definition of the
unlabeled graph.

2.7.1 Asymptotic degree distribution

One of the key properties of the PA model is its asymptotic behavior: the degree distribu-
tion of the nodes converges to a heavy-tailed, often power-law form. This section reviews
the mathematical foundation behind this phenomenon and highlights how different choices
in the attachment rule influence the asymptotic distribution.
It is worth noting that the power-law degree distribution does not typically arise in other
standard random graph models such as uniform attachment and Erdős–Rényi graphs (see
Figure 2.4), a usual model we recall below.
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γ = 0.5 γ = 0.8

γ = 1 γ = 1.3

γ = 1.6 γ = 2

Figure 2.3: Preferential Attachment Graphs with attachment function f(x) = xγ . Each
graph contains 250 nodes.
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Definition 2.7.1 (Erdős–Rényi Random Graph Model). The Erdős–Rényi (ER) random
graph model G(n, p) is a random undirected graph on n vertices where, for each pair of
distinct vertices i, j ∈ {1, . . . , n}, an edge {i, j} is present in the graph with probability p,
independently of all other edges.

Erdős-RényiőGraph UniformőAttachmentőGraph

Figure 2.4: Erdős–Rényi graph with parameter p = 0.05 and Uniform Attachment graph.
Each graph contains n = 150 nodes.

Let Pk(n) denote the proportion of nodes in Gn with degree k. The key question is
whether this quantity stabilizes as n → ∞, and if so, what form it takes. The following
theorem identifies this limiting distribution for the linear preferential attachment model
with out-degree m (this corresponds to the attachment function f(x) = x. See Definition
2.6.3) and is due to Bollobás et al. [2001]. Clearly, the limiting distribution exhibits a
power-law tail with exponent γ = 3, an empirical evidence that was first reported in
Barabási and Albert [1999b].

Theorem 2.7.2 (Bollobás et al. [2001]). For k ≥ m and as n −→ +∞, Pk(n) −→ pk in
probability, where

pk =
2m(m+ 1)

k(k + 1)(k + 2)

For sublinear attachment (that is f(x)≪ x), the rich-get-richer mechanism is weaker.
The degree distribution in this case decays faster than any power law, typically as a
stretched exponential Krapivsky et al. [2000], Dereich and Mörters [2009]:

pk ≍ exp(−c · kα).

with α ∈ (0, 1). This regime produces more homogeneous graphs, where hubs are rare
and most nodes have comparable degrees. In the superlinear regime (that is f(x) ≫ x),
a condensation phenomenon happens: one dominant vertex emerges, connecting to nearly
every other vertex, while all other vertices have only finite degrees. This phenomenon
is rigorously formalized and proven in Oliveira and Spencer [2005]. The derivation of
these results employs several key techniques: recursive relations for tracking the expected
number of nodes of degree k, martingale decomposition methods, embedding the discrete
preferential attachment process into continuous-time branching or birth processes.
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2.7.2 Diameter

Another property that has been extensively studied is that of diameter.

Definition 2.7.3 (Diameter of a Graph). Let G = (V, E) be a connected graph. The
diameter of G, denoted by diam(G), is defined as the maximum shortest-path distance
between any pair of vertices:

diam(G) = max
u,v∈V

dG(u, v),

where dG(u, v) is the shortest-path distance (i.e., the minimal number of edges) between
nodes u and v. When G is not connected, its diameter is that of its largest connected
component.

2.7.3 Maximal degree

The maximal degree in a random graph refers to the highest degree of any node in the
network. It captures the presence and influence of hubs and is a key indicator of hetero-
geneity. Studying it helps understand how centralized or uneven a network is. In Table
2.1 below, we summarize the key properties of the usual graph models. Let

pk(m, δ) = (2 + δ/m)
Γ(k + δ)Γ(m+ 2 + δ + δ/m)

Γ(m+ δ)Γ(k + 3 + δ + δ/m)

Note that for k large, pk(m, δ) ≈ C(m, δ)k−(3+
δ
m).

Model Asymp. Deg. Dist. Maximal Degree Diameter

ER(n, λ/n) (λ > 1) Poisson(λ) Θ
(

logn
log logn

)
Móri [2005]

Θ(log n)
Durrett [2006]

UA
(
2−k
)
k≥1

Janson [2005]

Θ(logn)
Devroye and Lu

[1995]

Θ(log n)
Pittel [1994]

BA
(

4
k(k+1)(k+2)

)
k≥1

Θ(n1/2)

Θ(log n)
Bollobás and

Riordan [2004]

Linear PA (m > 1)
(

2m(m+1)
k(k+1)(k+2)

)
k≥m

Θ(n1/2)
Θ
(

logn
log logn

)
Bollobás and Riordan

[2004]

Affine PA (m, δ > 0) (pk(m, δ))k≥m Θ(n
1

2+δ/m )

Θ(log n)
Dommers et al.

[2010]

Table 2.1: Asymptotic properties of some random graph models.

The results with no references in the table above, together with their corresponding
proofs, can be found in van der Hofstad [2016].

2.7.4 Network archaeology in recursive random graphs

In recursive random graphs, such as PA graphs and UA graphs, network archaeology refers
to the problem of identifying the order of arrival of the nodes (or part of the nodes) of
the observed final graph. Of course, this assumes the observed final graph is unlabeled,
because otherwise, the order can be inferred from the labels. This problem includes:
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• Root finding: This corresponds to identifying the first vertex (often denoted as
vertex 1) added to the graph during its construction. Since exact root identification
is usually impossible, the idea is to identify the smallest confidence set that contains
the root with high probability. This problem was studied in Bubeck et al. [2017] in
the case of UA and PA. For PA graphs, a minimal size of the confidence set for root
finding was identified in Bubeck et al. [2017] and an optimal algorithm was proposed
in Contat et al. [2024] and shown to be optimal. Khim and Loh [2016] have studied
root finding in the case where the tree is obtained by diffusion on an infinite regular
tree and Brandenberger et al. [2022] in the case of a size-conditionned Galton-Watson
tree.

• Arrival time estimation: While identifying the first vertex offers only partial
insight into the graph’s evolution, reconstructing the entire arrival order of nodes
can be far more informative. This information is particularly valuable for tracing
the spread of misinformation, rumors, or even viruses through a network. In Crane
and Xu [2021], a general framework for network archaeology is developped and it
can be applied to the problem of inferring arrival times. More recently, this problem
was studied in Briend et al. [2025] in the case of UA and linear PA where an order
estimator was introduced and was shown to be optimal with respect to a family of
risk measures.

2.7.5 Change-point detection and localization

First, note that this problem can not be formalised under the uniform attachment mech-
anism or the linear attachment mechanism because the attachment mechanism remains
the very same during the process of graph construction. A simple model where this prob-
lem can be studied is the affine preferential attachment (PA) model (see Definition 2.6.3).
Under this model, at each time step, a new vertex joins the graph and forms m edges
to existing vertices, with the attachment probability influenced by a function δ(t) that
modifies the linear preference based on vertex degree. More formally, the probability that
a new vertex at time t connects to an existing vertex v is proportional to dGt−1(v) + δ(t),
where dGt−1(v) is the degree of v in Gt−1. To analyze this rigorously, one introduces an
intermediate process ((Gt,i)

m
i=1)t≥1, where each Gt,i corresponds to the intermediate state

of the graph after i of the m new edges from vertex t have been added. This formulation al-
lows precise modeling of the probabilistic attachment rule at each edge addition. The final
graph Gt is then obtained by setting Gt = Gt,m. The central statistical question addressed
in this setting is whether the attachment mechanism, encoded in δ(t), remains constant
over time or undergoes a structural change. The problem of change-point detection can be
defined as a hypothesis testing problem, which we recall below:

Definition 2.7.4 (Hypothesis test). Let (Y,Y,P) be a measurable sample space and let P0

and P1 be two probability measures on Y corresponding to the null hypothesis H0 and the
alternative hypothesis H1, respectively. A statistical test is a measurable function

ϕ : Y→ {0, 1},

where ϕ(y) = 1 indicates rejection of the null hypothesis H0 based on observation y ∈ Y.

• The Type I error (false positive) is the probability of rejecting H0 when it is true:

α(ϕ) := P0(ϕ = 1).
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• The Type II error (false negative) is the probability of accepting H0 when H1 is true:

β(ϕ) := P1(ϕ = 0).

The change-point detection problem can be formulated as a hypothesis testing problem:

(H0) : δ(t) = δ0, for all t, (H1) : δ(t) = δ01{t≤τn} + δ11{t>τn}, for all t

where τn denotes the unknown change-point, and δ0, δ1 are parameters in (−m,+∞). The
objective is to determine, using only the final unlabeled graph, whether a change has
taken place in the attachment mechanism, and if so, to identify the point in time τn at
which the transition from δ0 to δ1 occurred. This problem has significant implications for
understanding the temporal evolution of networks, particularly in identifying moments of
abrupt behavioral shifts, such as changes in growth dynamics or preferential tendencies.
In Banerjee et al. [2023], the authors studied early change-detection. It corresponds to
the situation where τn = ⌊cnγ⌋ with γ ∈ (0, 1) and c > 0 where n is the number of nodes
on the graph. It is shown that the structural properties of the resulting random graph,
such as the degree distribution tail, are determined solely by the model parameters prior
to the change-point. The test used in this regime is based rather on the maximal degree of
the graph, since its distribution still depends on γ asymptotically (see 2.1). Late change-
point detection was studied in Bet et al. [2025], where the authors built a test based on
low-degree vertices. The test was shown to detect the change only when

n− τn
n1/2

−−−→
n→∞

+∞.

The authors also conjectured the following.

Conjecture 2. Let τn = n− cnγ with c > 0 and γ < 1
2 . Then,

• All tests based on the sequence of degrees are powerless.

• All tests based on the unlabeled final graph are powerless.

Unlike the proof of possibility of detection, which relies on constructing a single test
whose Type I and Type II errors can both be made arbitrarily small, the proof of the
conjecture of the impossibility of detection requires a much stronger claim: one must show
that for every test based on the observation, it is not possible to simultaneously make both
Type I and Type II errors small. In this context, the concept of contiguity is particularly
important, as it provides a criterion under which no statistical test can reliably distinguish
between two sequences of distributions.

Definition 2.7.5 (Contiguity of Probability Measures). Let (Ωn,Fn) be a sequence of
measurable spaces, and let (Pn) and (Qn) be sequences of probability measures defined on
these spaces. We say that (Qn) is contiguous with respect to (Pn), written Qn ◁ Pn, if for
every sequence of measurable sets An ∈ Fn,

Pn(An)→ 0 =⇒ Qn(An)→ 0.

Applying this to the context of change-point detection in preferential attachment ran-
dom graphs, if Pn and Qn correspond respectively to the distribution of the observed
unlabeled graph under the null hypothesis and under the alternative, then contiguity im-
plies (by Le Cam’s first lemma [Vaart, 1998, Section 6.2]) that no (eventually randomized)
test made on the basis of the observed unlabeled graph is capable of controlling both Type
I and Type II error rates simultaneously: if (ϕn)n≥1 is a sequence of tests based on the
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observed unlabeled graph such that EPn(ϕn)→ 0, then EQn(ϕn)→ 0 as well.

In many concrete problems, a usual technique known as the second moment trick can
be used for the proof of contiguity. The second moment trick is based on computing the
second moment of the likelihood ratio under the null distribution. Suppose we are testing
between a null hypothesis Pn and an alternative hypothesis Qn, both defined on the same
measurable space (Ωn,Fn). If Qn is absolutely continuous with respect to Pn, then for any
An, Bn ∈ Fn

Qn(An) ≤ Qn(B
c
n) + Pn(An)1/2EPn

[(
dQn

dPn

)2

1Bn

]1/2
.

Hence, if we build a sequence of events (Bn)n≥1 in Fn such that

Qn(B
c
n)→ 0, and, lim sup

n→∞
EPn

[(
dQn

dPn

)2

1Bn

]
< +∞,

then contiguity of Qn with respect to Pn holds and thus, no powerful test exists. One
of the main advantages of the second moment trick is that it avoids the need to verify
the definition of contiguity directly, which may involve reasoning about all measurable
sets. Instead, it reduces the problem to a manageable moment computation under the null
distribution.

2.8 Contribution to the problem of change-point detection

In Chapter 5, we try to solve the conjecture raised in Bet et al. [2025] together with
answering other questions related to the problem of change-point detection and localization.
More precisely, in light of the framework of Bet et al. [2025], Chapter 5 has two goals: (i)
Prove the conjecture holds at least for n − τn = o(n1/3) where τn is the moment where
change occurs, and (ii) Study the problem of change-point detection in the situation where
the labeled graph is observed. More precisely, below is an informal statement of our main
results.

Theorem 2.8.1 (Informal). Using the unlabeled preferential attachment random graph,
detection of the change-point is not possible when n− τn = o(n1/3).

Theorem 2.8.2 (Informal). Using the labeled preferential attachment random graph, de-
tection of the change-point is possible if and only if n− τn →∞.

The formal statements of these theorems are provided in Chapter 5. When only the
unlabeled graph is observed, directly applying the second moment trick is challenging due
to the intractability of the likelihood ratio: computing it requires marginalizing over all
possible labellings of the observed graph, which is computationally infeasible. To overcome
this difficulty, we adopt a reduction strategy in which we assume that a subset of the labels
is revealed. This partial labeling simplifies the analysis and allows us to obtain tractable
bounds on the likelihood ratio. In the setting where the labeled graph is observed, we
also studied the problems of parameter estimation and change-point localization. More
precisely, we have shown that the maximum likelihood estimator of the model parameters
is consistent and asymptotically normal (see Theorem 5.3.7). We have also shown that
the change-point can be localized with an error of polylogarithmic order (see Proposition
5.3.9).
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Chapter 3

Clustering and Classification risks in
non-parametric Hidden Markov
Models

We conduct an in-depth analysis of the Bayes risk of clustering in the context of Hidden
Markov and i.i.d. models. In both settings, we identify the situations where this risk is
comparable to the Bayes risk of classification and those where its minimizer, the Bayes
clusterer, can be derived from the Bayes classifier. While we demonstrate that clustering
based on the Bayes classifier does not always match the optimal Bayes clusterer, we show
that this difference is primarily theoretical and that the Bayes classifier remains nearly op-
timal for clustering. A key quantity emerges, capturing the fundamental difficulty of both
classification and clustering tasks. Furthermore, by leveraging the identifiability of HMMs,
we establish bounds on the clustering excess risk of a plug-in Bayes classifier in the general
nonparametric setting, offering theoretical justification for its widespread use in practice.
Simulations further illustrate our findings.

This chapter is based on the paper Gassiat et al. [2025], co-authored with Elisabeth
Gassiat and Zacharie Naulet and which will appear in Annals of Statistics.
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3.1 Introduction

Clustering is the problem of organizing a collection of objects into groups, ensuring that
elements within each group exhibit greater similarity to each other than to those in other
groups. Clustering plays a crucial role in various domains such as machine learning, pattern
recognition and image processing, helping to reveal the hidden structure of data without
requiring prior labels of the observations. In contrast, classification, while closely related
to clustering, seeks not only to group similar objects together but also to assign class labels
to them.

Mixture models are a common framework in which the two problems can be formally
defined. In these models, observations Y = (Y1, Y2, . . . ) are independent conditional on
unobserved random variables X = (X1, X2, . . . ) taking values in X = {1, . . . , J} that
represent the labels of the classes in which observations originated, with J being the total
number of classes. In this work, we consider the settings where the latent variables X are
i.i.d. or form a Markov Chain. Since the i.i.d. setting is a strict subcase of the Markovian
case, without loss of generality we consider the general model

Yi | X
ind∼ FXi i = 1, 2, . . .

X ∼ Markov(ν,Q)
(3.1)

with parameter θ = (ν,Q, (Fx)x∈X) where ν is the initial distribution of the chain (in the
next identified with probability vectors on X), Q the transition matrix of the hidden chain
and (Fx)x∈X are the emission distributions (aka. populations). In particular, the case of
i.i.d. latent variables is obtained by restricting the parameters of the previous model to
transition matrices Q having identical lines equal to ν. The reason why we emphasize
the i.i.d. subcase in the paper is not only because of its wide use, but also because some
interesting phenomena emerge only in the absence of dependencies. More details on the
model are given in Section 3.2.2.

In this context, clustering is the task of recovering the partition {A1, . . . , Am} of
{1, . . . , n} induced by the labels (aka. groups), namely i, j ∈ Ak ⇐⇒ Xi = Xj . Measur-
ing the loss incured by a clusterer g requires defining a notion of similiarity between two
partitions, which can be achieved in many ways. Here we make the choice of using the
misclassification error metric Meilă and Heckerman [2001], Meilă [2005] which is based on
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measuring the best overlap achievable by matching the elements of the two partitions. A
formal definition of the loss is stated later in Section 3.2.3. Pursuing the goal of establishing
solid decision-theoretic foundations for clustering, we aim at characterizing the Bayes clus-
terer, namely the oracle clusterer gθ that minimizes the risk of clustering g 7→ Rclust

n (θ, g)
when the parameter θ is known. The Bayes clusterer remains relatively unexplored, com-
putationally demanding, and generally does not have an explicit formula. A widely held
belief among statisticians is that using the Bayes classifier for clustering is a reasonnable
approach. The Bayes classifier solves the seemingly related problem of minimizing the risk
of classification h 7→ Rclass

n (θ, h), defined using the loss function that counts the number
of missclassified observations. Note that classification aims at completely identifying the
hidden variables X1, . . . , Xn based on the observed variables Y1, . . . , Yn, which is infeasible
without prior knowledge of some labels (supervised learning). In contrast with the Bayes
clusterer, though, the Bayes classifier has a well-defined closed-form solution and has been
extensively studied Devroye et al. [1996]. Since a clusterer can be obtained from a classifier
by retaining only the partition induced by the groups, it is common-sense to use the Bayes
classifier as a clusterer. This practice, however, while common amongst HMM practic-
tionners, does not have solid decision-theoretic grounds. To the best of our knowledge,
the relation between Bayes clusterer and Bayes classifier has never been investigated in
the past. We fill this gap in the literature, by establishing somewhat curious results. In
particular, we address the following questions:

1. Is there any clear link between the Bayes classifier and the Bayes clusterer? If so,
under what condition?

2. When can the Bayes risk of clustering be comparable to that of classification? What
is the proper measure of separation that quantifies the difficulty of both classification
and clustering problems in a general nonparametric context?

3. Given that practitioners of Hidden Markov Models commonly use the plug-in Bayes
classifier for clustering, is there any theoretical justification for this approach?

We answer these questions in the context of the model (3.1) with a focus on both the i.i.d.
and dependent subcases. We voluntary establish a dichotomy between those two cases, to
emphasize certain phenomena that occur only in the dependent case.

To answer Question 1, we show that surprisingly, the clustering using the Bayes classifier
equals that of the Bayes clusterer if and only if observations are i.i.d. from a mixture of
two components. In the remaining situations (more than two components or dependent
HMMs), there is always a set of parameters for which the clusterer obtained from the
Bayes classifier and the Bayes clusterer differ with non-zero probability. See Theorems
3.3.1, 3.3.4, 3.3.6 and 3.3.8. Below is an informal statement of these theorems:

Theorem 3.1.1 (Informal). The Bayes classifier and clusterer coincides in the i.i.d. set-
ting with J = 2. If J ≥ 3 or the labels are dependent, then there exist distributions for
which Bayes classifier and Bayes clusterer differ.

The Question 2 is of interest because, thanks to the closed formula of the Bayes risk of
classification, it can be easily analyzed and when the two risks are comparable, any bound
on the risk of classification can be extrapolated to the risk of clustering. We show that
surprisingly, the Bayes risk of clustering is comparable to the Bayes risk of classification in
only two situations: when there are two clusters or when the risk of classification does not
decrease exponentially fast in n. These results are proved for i.i.d. and HMM observations.
See Corollary 1 and Theorem 3.3.5 for the i.i.d. model, Theorem 3.3.7 and Theorem
3.3.9 for the HMM model. Thanks to this relationship between the risks studied, we can
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perform a precise analysis of the Bayes risk of clustering based on the simpler Bayes risk
of classification. Understanding the dependence of the Bayes risks with respect to the
model parameters (mainly the population densities) is important because this will clearly
identify the appropriate notion of separation measuring the difficulty of each problem.
From a practical point of view, guaranteeing that the Bayes risk is of a certain magnitude
will therefore translate into a simple condition on the separation between densities, which
is easily interpretable. In Theorem 3.3.10 and Corollary 4, we identify the key quantity
driving the difficulty of clustering and classification which turns out to be

Λ :=

∫
Y
min
x0∈X

∑
x̸=x0

fx(y)

 dL(y)

in both HMMs and i.i.d. models. Here, (fx)x∈X are the population densities of the dis-
tributions (Fx)x∈X with respect to a dominating measure L over the observation space Y,
that is dFx = fxdL. Notice that when J = 2, Λ = 1 − ∥F1 − F2∥TV, where ∥F1 − F2∥TV

is the total variation distance between the two distributions, unsurprisingly showing that
the difficulty of the clustering tasks is governed by the difficulty of the hypothesis testing
between F0 and F1. An informal answer to Question 2 can be summarized in the following
theorem:

Theorem 3.1.2 (Informal). In both the i.i.d. and the HMM settings, when J = 2 or when
J > 2 and Λ ≳ e−cn for a positive constant c:

inf
g
Rclust
n (θ, g) ≈ inf

h
Rclass
n (θ, h) ≍ Λ

where infg∈Gn Rclust
n (θ, g) and infh∈Hn Rclass

n (θ, h) are respectively the Bayes risks of clus-
tering and classification.

Finally, we turn our attention to Question 3. As it will be shown in Theorem 3.3.6 and
Theorem 3.3.8, the Bayes clusterer can not always be derived from the Bayes classifier.
Nevertheless, the plug-in Bayes classifier remains the most commonly used method for
clustering under Hidden Markov Models (HMMs); see Khiatani and Ghose [2017], Schliep
et al. [2003], Ghassempour et al. [2014]. Despite its popularity, this approach lacks theo-
retical justification. Such a substitution is not justified unless the Bayes clusterer can be
derived from the Bayes classifier or if the clustering risk of the Bayes classifier is compa-
rable to the Bayes risk of clustering. This highlights the need for theoretical guarantees
on the performance of this procedure. We show in Corollaries 2 and 3 that the cluster-
ing risk incurred by the Bayes classifier closely approximates the Bayes risk of clustering,
showing thus the near optimality of the Bayes classifier for clustering. Furthermore, in
Theorem 3.3.11, we establish that the clustering excess risk of a plug-in Bayes classifier
decreases at the nonparametric estimation rate when using an appropriate estimator of the
model parameters. This result provides a theoretical foundation for the practical use of the
plug-in Bayes classifier. The main takeaway for practitioners working with HMMs is that,
although a conceptual distinction exists between the Bayes classifier and the Bayes clus-
terer, in practice, the Bayes classifier is a reliable choice for clustering, with its excess risk
provably controlled. We support this claim with numerical experiments in the nonpara-
metric setting, demonstrating that HMM-based clustering can successfully recover latent
structures in scenarios where standard methods fail. These results can be summarized in
the following informal theorem.

Theorem 3.1.3 (Informal). Let gθ be the clustering procedure built using the Bayes clas-
sifier. The Bayes classifier is nearly optimal:

Rclust
n (θ, gθ) ≈ inf

g∈Gn

Rclust
n (θ, g).
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Furthermore, under the hidden Markov Model, when the emission densities are s-Hölder
regular, and under some additional regularity conditions, there exists an estimator θ̂ of θ
such that:

Rclust
n (θ, gθ̂)− inf

g
Rclust
n (θ, g) = O

((
log(n)

n

) s
2s+1

)
.

Note that unlike specific cases such as parametric or translation models where many
clustering algorithms can be proposed, the general nonparametric setting lacks a clear
alternative to the plug-in procedure. This is why the excess risk reflects the nonparametric
estimation rate.

The assumptions of the model and the definitions of the various risks we shall use in
this work are described in Section 3.2. We state our main results in Section 3.3, the proofs
of which are detailed in Section 3.6. Section 3.4 is devoted to simulation experiments, and
Section 3.5 to possible further work.

3.2 Setting and definitions

3.2.1 Notations

We note for i ≤ j Xi:j := (Xi, . . . , Xj) and Yi:j := (Yi, . . . , Yj). We denote [n] := {1, . . . , n}
and P[n] is the set of partitions of [n]. The set of permutations of [J ] will be denoted by SJ ,
and for any τ ∈ SJ , we consider θτ , the model parameter when labels are permuted with
τ , that is θτ =

(
ντ , Qτ , (fτ(x))x∈X

)
where ντ = (ντ(x))x∈X and Qτ = (Qτ(x),τ(x′))x,x′∈X.

For h a measurable function, ∥h∥∞ denotes the essential supremum of h, possibly infinite.
Frobenius norm is denoted by ∥.∥F and ∥.∥ stands for the operator norm. Given two
sequences of positive numbers (an)n and (bn)n, an ≳ bn means that there exists an absolute
constant c > 0 and n0 ∈ N such that (∀n ≥ n0) an ≥ cbn. In the HMM modeling, for
any parameter θ and any τ ∈ SJ , the distribution of the observations under Pθ is the same
as under Pθτ . In other words, this distribution is invariant up to permutation of the labels
given by the hidden states. This is known as the label-switching issue.

3.2.2 The model

We consider a Hidden Markov Model with J hidden states taking value in a set of labels
X = {1, .., J}, and observations in a Polish space endowed with its Borel σ-field (Y,Y). We
denote X = (X1, X2, . . . ) and Y = (Y1, Y2, . . . ) respectively the sequence of hidden states
forming the Markov chain and the observations. We assume that the emission distributions
have densities fx, x = 1, . . . J , with respect to a dominating measure L on (Y,Y). The
HMM assumption boils down to:

X ∼ Markov(ν,Q)

Pθ(Yi ∈ · | X) = fXi(·)dL

where ν is the initial distribution of the chain and Q the transition matrix of the hidden
chain. Throughout the paper, it is assumed that only the beginning Y1:n of the sequence
Y is observed, and nothing else. We set θ =

(
ν,Q, (fx)x∈X

)
the parameter of the model

and Θ denotes the space of all valid parameters. The following assumption is made:

• Independent case. In this case we assume that all the lines ofQ are identical and equal
to the vector ν of weights forming its stationary distribution. This corresponds to the
usual mixture model with independent latent variables. The set of these parameters
will be denoted Θind.

73



• Dependent case. In this case we assume the lines of the transition matrix Q not all
equal, so that the (Xi)i≥1 are not independent. The set of these parameters will be
denoted Θdep.

Throughout this work, we shall consider the transition matrix being fixed, and we will be
interested in how the separation of populations, understood as some quantity depending
on the populations densities, drives the difficulty of the clustering task. We show that,
under the HMM modelling, it is possible to cluster general populations without assuming
they belong to some prescribed parametric family. While our primary interest is in the
dependent case in which the emission densities can be identified without any further con-
straint, we obtain, however, results that have interest also in the widely used independent
case, in particular the analysis of the Bayes risk and its minimizers. (see Section 3.3).

One main difference between the HMM and the i.i.d. situation in the analysis of the
Bayes risk of classification is that in the HMM modeling, the probability of a label Xi

given the observations Y1, . . . , Yn depends on all the observations, whereas in the i.i.d.
case it depends only on the associated observation Yi. The vector of probabilities of the
Xi’s given Y1, . . . , Yn are called the smoothing distributions, they depend on i, n and the
observations. The vectors of probabilities of the Xi’s given the observations up to time
i, Y1, . . . , Yi, are called the filtering distributions, they depend on i, n and the involved
observations. Recursive formulas verified by the filtering and smoothing distributions make
the computations tractable under the HMM modelling. See Section 3 of Cappé et al. [2005]
for details.

3.2.3 The problem of clustering

For any n ≥ 1, the finite sequence X1:n = (X1, . . . , Xn) induces a random partition Πn =
{C1, C2, . . . } of [n] whose blocks – the so-called clusters – are the equivalence classes for
the random equivalence relation i ∼ j ⇐⇒ Xi = Xj . The goal of clustering is to uncover
this partition Πn on the sole basis of the observation Y1:n = (Y1, . . . , Yn). We define a
clusterer :

Definition 3.2.1 (Clusterer). A n-clusterer is a measurable map g : Yn → P[n]. We
denote by Gn the set of all n-clusterers.

We measure the loss incurred by guessing g(Y1:n) in place of Πn via the misclassification
error distance Meilă and Heckerman [2001], Meilă [2005]. For two partitions A and B of
[n], this loss is defined by:

ℓ (A,B) = 1− 1

n
sup

M⊆E(A,B)
M is a matching

∑
{C,C′}∈M

Card(C ∩ C ′) (3.2)

where the supremum is taken over the set of matchings. To define a matching, we build
the complete bipartite graph (A,B, E(A,B)) on vertices A and B with edge set E(A,B) :=
{{C,C ′} : C ∈ A, C ′ ∈ B}. Then we recall that a matching M is a set M ⊆ E(A,B) of
edges without common vertices (i.e. each block of A and B appears in at most one edge
of the matching). An example of a matching is depicted in Figure 3.1. Then the risk of a
clusterer g can be defined as the expected loss of the partition g(Y1:n) with respect to the
true partition Πn which is summarized in the risk function Rclust

n : Θ× Gn → [0, 1]

Rclust
n (θ, g) := Eθ

[
ℓ (g(Y1:n),Πn)

]
. (3.3)

A closely related notion is that of a classifier :
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Figure 3.1: Example of a matching. Nodes on the left represent the clusters induced by
the partition of Πn; those on the right are the clusters of g(Y1:n). Edges form a matching
between the two partitions.

Definition 3.2.2 (Classifier). A n-classifier is a measurable map h : Yn → Xn. We denote
by Hn the set of all n-classifiers.

One may find our Definition 3.2.2 different from standard textbook definitions Devroye
et al. [1996]: we explain the reason of this choice later in Remark 3.2.3. A classifier differs
from a clusterer in that it not only seeks for the hidden partition, but also for the labels
of the observations. Hence, the usage of a classifier only makes sense in a supervised
framework where access to some labeled data is allowed in some way. In an unsupervised
framework such as our model, Y does not contain any information about the labels and
recovering them better than a lucky guess is impossible. It is however true that, to any
n-classifier h ∈ Hn corresponds a unique n-clusterer g ∈ Gn which can be built via the
map πn : Xn → P[n] such that

g(Y1:n) = πn ◦ h(Y1:n) = {{i : hi(Y1:n) = x} : x ∈ X}\{∅}

and any clusterer can be represented that way by choosing a specific labelling of the clusters.
For this reason, the notions of clusterer and classifier are very much often amalgamated
in the literature. We argue that it would be better to define them separately in order to
avoid confusions between the risk of clustering Rclust

n (θ, πn ◦h) and the risk of classification
Rclass
n : Θ×Hn → [0, 1] (relative to the loss counting number of misclassified observations)

Rclass
n (θ, h) := Eθ

[
1

n

n∑
i=1

1hi(Y1:n)̸=Xi

]
. (3.4)

Here again we insist that the definition of Rclass
n in Equation (3.4) – although mathemat-

ically correct – has no statistical interest in an unsupervised model where the classifier h
is not allowed to see some of the labels. An easy exercise (see Lemma 3.6.15) shows that
the risk of clustering of πn ◦ h can be rewritten as

Rclust
n (θ, πn ◦ h) = Eθ

[
min
τ∈SJ

1

n

n∑
i=1

1hi(Y1:n)̸=τ(Xi)

]
(3.5)

and differs from (3.4). Note that it does not depend on the classifier h chosen to represent
the clusterer thanks to the infimum over the permutations of the labels. Note also that
the infimum inside the expectation reflects the ease of the clustering problem compared to
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the classification problem, because unlike classification, clustering does not seek to identify
the true labels themselves.

It is customary to compare the performance of a given classifier h to the best perfor-
mance attainable by an oracle classifier, namely the Bayes risk of classification:

inf
h∈Hn

Rclass
n (θ, h).

In particular, it is well-known that the previous optimization problem is solved by the
(albeit non necessarily unique) so-called Bayes classifier h⋆θ = (h⋆θ,1, . . . , h

⋆
θ,n) such that

Pθ(Xi = h⋆θ,i(Y1:n) | Y1:n) = max
x∈X

Pθ(Xi = x | Y1:n), i = 1, . . . , n.

In an unsupervised learning context, it makes sense to compare the risk of a clusterer to
the Bayes risk of clustering :

inf
g∈Gn

Rclust
n (θ, g).

As for the classification risk, the solution to the previous optimization problem exists and
is obtained by the Bayes clusterer g⋆θ such that g⋆θ(Y1:n) is the partition that minimizes

g 7→ Eθ

[
1− 1

n
sup

M⊆E(g(Y1:n),Πn)
M is a matching

∑
{C,C′}∈M

Card(C ∩ C ′)

∣∣∣∣Y1:n
]
. (3.6)

In contrast with classification, however, the Bayes clusterer has usually no simple expres-
sion. It is to be noted that there is no reason that g⋆θ = πn ◦ h⋆θ. An analysis will be
conducted to determine when the equality g⋆θ = πn ◦ h⋆θ holds. Although the inequality
infg∈Gn Rclust

n (θ, g) ≤ infh∈Hn Rclass
n (θ, h) is true and easily proved from (3.5), it is not

guaranteed that infg∈Gn Rclust
n (θ, g) and infh∈Hn Rclass

n (θ, h) are equivalent (ie. have com-
parable magnitude). In Sections 3.3.1 and 3.3.2 we show that the equivalence holds both in
the independent and in the dependent scenarios as long as the Bayes risk of classification
is not exponentially small in n or when there are only two clusters. Though we prove the
two risks to be equivalent in some specific contexts, we provide a counter-example showing
that this is not always true.
Remark 3.2.3. It is common Devroye et al. [1996] to define a classifier as a function
h : Y → X (as opposed to Yn → Xn in our Definition 3.2.2). This usual definition is
motivated by the fact that in the independent scenario the law of Xi | Y1:n is that of
X1 | Y1. Hence if one is willing to classify the vector Y1:n, the Bayes classifier rewrites
as h⋆θ = (h⋆θ,1(Y1), . . . , h

⋆
θ,1(Yn)) with hθ,1(y) maximizing x 7→ Pθ(X1 = x | Y1 = y) and

the Bayes risk of classification equals Pθ(h⋆θ,1(Y1) ̸= X1). Thus classifying Y1 or Y1:n is
not very different. In the dependent case, however, the situation differs since X | Y is a
inhomogeneous Markov chain. This implies in particular that classifying Y1 or Y1:n are
different problems when n ≥ 2, and the optimal solution for classifying Y1:n can not be
obtained from the optimal solution of classifying Y1.
Remark 3.2.4. In Marandon et al. [2023], the authors define the risk of clustering of a
n-classifier h in a different way:

RMRSS
n (θ, h) := Eθ

[
inf
τ∈SJ

Eθ

[
1

n

n∑
i=1

1τ(Xi)̸=hi(Y1:n)

∣∣∣∣Y1:n
]]

Similarly, in Lu and H. Zhou [2016], the risk of clustering is defined by:

R̃clust
n (θ, h) := inf

τ∈SJ

Eθ

[
1

n

n∑
i=1

1τ(Xi)̸=hi(Y1:n)

]
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Their definition is mathematically convenient as one can easily show that (see Lemma 3.6.2):

inf
h∈Hn

RMRSS
n (θ, h) = inf

h∈Hn

R̃clust
n (θ, h) = inf

h∈Hn

Rclass
n (θ, h)

Hence, the Bayes clusterer relative to their risks is g⋆θ = πn ◦h⋆θ with h⋆θ the Bayes classifier
relative to the risk Rclass

n (θ, .). However, contrary to our definition, it seems that there is
no suitable statistical interpretation of these risks of clustering.

3.3 Main results

The Bayes risk of classification offers an advantage due to its closed formula, stemming from
the explicit identification of the Bayes classifier. In contrast, the Bayes risk of clustering
lacks this straightforward formulation. However, thanks to Equation (3.5), the risk of a
clustering procedure can be seen as the risk of classification of the associated classifier
up to the best random permutation (the one minimizing the sum inside the expectation
in Equation (3.5)). This is why a common idea is that risk of clustering and risk of
classification are closely related. Following this intuition, authors of Zhang and Zhou [2016],
Gao et al. [2018] propose an inequality linking the minimax (over a specific class) risk of
clustering to the minimax risk of classification, in the context of community detection
under the stochastic block model. Their inequality is applied in Ndaoud [2022] in the
context of the mixture of two Gaussian distributions and in Lu and H. Zhou [2016] for
general subGaussian mixtures. Although their argument is neat, it relies heavily on two
key ingredients: (i) in their model the latent partition is deterministic and viewed as a
parameter, and (ii) their point of view is minimax and thus, it is enough to consider some
well-chosen parameters in order to lower bound the minimax risk. Thus their argument
is not transposable to the situation where one is interested in bounding the Bayes risk of
clustering at every possible value of the parameter with random labels.

3.3.1 I.I.D. case

The following theorem shows that in the i.i.d. setting and when there are only two classes
(J = 2), the clustering resulting from the Bayes classifier coincides with that of the Bayes
clusterer, almost-everywhere.

Theorem 3.3.1. In the case of independent labels, if J = 2, then for all θ ∈ Θind and all
n ≥ 2

g⋆θ(Y1:n) = πn ◦ h⋆θ(Y1:n) Pθ-a.s.
The proof of Theorem 3.3.1 can be found in Section 3.6.1. Thanks to this result, the

difference between the two risks of clustering and classification can be bounded almost
tightly, as shown in the next theorem. Let εn,θ = 1

2 − infh∈Hn Rclass
n (θ, h).

Theorem 3.3.2. When J = 2 and θ ∈ Θind, infh∈Hn Rclass
n (θ, h) = 0 if and only if

infg∈Gn Rclust
n (θ, g) = 0. If infh∈Hn Rclass

n (θ, h) ̸= 0 then the difference between the Bayes
risks satisfies

inf
h∈Hn

Rclass
n (θ, h)− inf

g∈Gn

Rclust
n (θ, g) ≤ min

(
(1− 4ε2n,θ)

n
2

n
2 log

(
1+2εn,θ

1−2εn,θ

) , √ π

2n

)
.

Furthermore, there exists a universal constant B > 0 such that for all n ≥ 100 and all
θ ∈ Θind

inf
h∈Hn

Rclass
n (θ, h)− inf

g∈Gn

Rclust
n (θ, g) ≥ Bmin

(
(1− 4ε2n,θ)

n
2

(
1+ 6.8

1∨
√
nεn,θ

)
n
2 log

(
1+2εn,θ

1−2εn,θ

) ,
1√
n

)
.
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The proof of Theorem 3.3.2 is given in Section 3.6.2. As emphasized by the lower
bound, the upper bound on the difference between the two Bayes risks in the previous
theorem is essentially tight. The lower bound also shows that the Bayes risk of clustering
is always strictly smaller than the Bayes risk of classification, unless they are both zero
(which happens when the two emission densities have disjoint support). Also, the difference
between the risks decays super-polynomially in n as soon as εn,θ ≫

√
log(n)/n, and

polynomially if εn,θ = O(
√
log(n)/n) with worst-case rate ≍ n−1/2 when εn,θ = O(n−1/2).

A direct consequence of this result is that the Bayes risk of classification is equivalent
to the Bayes risk of clustering for n large enough as shown in the following corollary.

Corollary 1. In the case of independent labels with J = 2, for all θ ∈ Θind and all n ≥ 2

(1− αn) inf
h∈Hn

Rclass
n (θ, h) ≤ inf

g∈Gn

Rclust
n (θ, g) ≤ inf

h∈Hn

Rclass
n (θ, h)

where αn = 2min
(
2(1 + εn,θ)

(1−4ε2n,θ)
n−2
2

n log

(
1+2εn,θ
1−2εn,θ

) , 1
1−2εn,θ

√
π
2n

)
.

The following proposition shows that, contrary to Corollary 1, the two Bayes risks are
not equivalent in general.

Proposition 3.3.3. Whenever J > 2 and n ≥ 1 :

inf
θ∈Θind

infg∈Gn Rclust
n (θ, g)

infh∈Hn Rclass
n (θ, h)

= 0.

The proof of Proposition 3.3.3 is given in Section 3.6.9. It sheds light on why the pre-
viously established equivalence when there were only two classes no longer holds when the
number of classes exceeds two. The proof is based on the following intuition. The obser-
vations which are misclustered or misclassified appear only in regions of overlap between
the emission densities (cf. Theorem 3.3.10 and Corollary 4). Consider now the situation
where n observations are derived from a mixture of J = 3 densities F1, F2 and F3 with
weights ν1 = 1 − 2η, ν2 = η and ν3 = η. Assume that the support of F1 is disjoint from
that of F2 and F3 and that F2 and F3 have overlapping supports over a small region of
the space. When the weight η is small, two situations are possible: eventually only one
observation belongs to the support of F2 or F3, in which case the clustering error is null,
or more observations appear in this region of the space which happens with very small
probability because η is small. Combining these two insights, the magnitude of the risk of
clustering is shown to be negligible with respect to the risk of classification. The use of
compactly supported distributions is not essential to the previous argument. For instance,
the argument still holds modulo supplementary technicalities if one takes F1 = N (−αx, 1),
F2 = N (−α, 1) and F3 = N (α, 1) with α > 0 and x > 0 large enough.

This dichotomy between J = 2 and J > 2 concerns also the minimizers of the risks.
Contrary to Theorem 3.3.1 (when J = 2), in the i.i.d. setting with J > 2, one can always
find some model parameters for which the result of clustering using the Bayes classifier
differs from that of the Bayes clusterer with positive probability, as shown in the next
theorem.

Theorem 3.3.4. If J > 2, then for all θ ∈ Θind, if

Pθ

 J⋃
j=1

0 < max
l ̸=j

νlfl(Y ) < νjfj(Y ) ≤
∑
l ̸=j

νlfl(Y )


 > 0

then,
∀n ≥ 2, Pθ (g⋆θ(Y1:n) ̸= πn ◦ h⋆θ(Y1:n)) > 0.
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The condition above can be ensured easily for many distributions (fj)j∈X such as multi-
nomials, mixtures of Gaussians, etc. For example, it is valid when J = 3, (ν1, ν2, ν3) =
(0.4, 0.4, 0.2), and the emission densities are Gaussians with variance σ2 = 1 and means
(µ1, µ2, µ3) = (1, 2, 3). The proof of Theorem 3.3.4 is given in Section 3.6.3.

Even though the Bayes risks of clustering and classification are not equivalent uniformly
over Θind by Proposition 3.3.3, we show in the next theorem that when J > 2, they become
equivalent when infg∈Gn Rclust

n (θ, g) ≳ J2e−nβ/8 where β = minj ̸=k(νj + νk).

Theorem 3.3.5. For all θ ∈ Θind and all n ≥ 1 the following bounds hold

inf
g∈Gn

Rclust
n (θ, g) ≥ inf

h∈Hn

Rclass
n (θ, h)−

√
log(J !)

2n
,

inf
g∈Gn

Rclust
n (θ, g) ≥ (1− ξn) inf

h∈Hn

Rclass
n (θ, h)− J2e−nβ/8,

where β = minj ̸=k(νj + νk) and ξn = 4e
β [
√
log(J !)/(2n)]1−4/(nβ).

The proof of Theorem 3.3.5 is given in Section 3.6.5. Even if the second lower bound
obtained does not establish an equivalence between the Bayes risks of clustering and clas-
sification, it remains useful for analyzing phase transitions. Specifically, under a mild
assumption on β, this bound results in similar phase transitions for both risks.

Even if clustering using the Bayes classifier differs sometimes from that of the Bayes
clusterer (as shown in Theorem 3.3.4), Theorem 3.3.5 provides guarantees for the risk of
clustering using the Bayes classifier as shown by the following corollary.

Corollary 2. For all θ ∈ Θind and all n ≥ 1 the following bounds hold

inf
g∈Gn

Rclust
n (θ, g) ≤ Rclust

n (θ, πn ◦ h⋆θ) ≤
1

1− ξn

(
inf
g∈Gn

Rclust
n (θ, g) + J2e−nβ/8

)
with ξn and β as defined in Theorem 3.3.5. When there are only two classes

inf
g∈Gn

Rclust
n (θ, g) ≤ Rclust

n (θ, πn ◦ h⋆θ) ≤
1

1− αn
inf
g∈Gn

Rclust
n (θ, g)

where αn is defined in Corollary 1.

3.3.2 HMM case

The behavior of the Bayes risks under the HMM modeling exhibits similarities and differ-
ences with the i.i.d. case. As we will see, the Bayes risks keep having the same behavior
under the HMM setting, while their minimizers, on the other hand, can be different. First,
contrary to the i.i.d. case where the result of clustering using the Bayes classifier matches
that of the Bayes clusterer, it is always possible to find a set of parameters for which they
differ under the HMM setting, as shown in the next theorem.

Theorem 3.3.6. In the case of dependent labels and when J = 2, there exists a subset
Θ̃ ⊂ Θdep such that(

∀θ ∈ Θ̃
)
(∀n ≥ 2) , Pθ (g⋆θ(Y1:n) ̸= πn ◦ h⋆θ(Y1:n)) > 0.

We illustrate this in the simple situation of n = 2. Assume one observes two consecutive
observations Y1 and Y2 of a HMM with transition matrix

Q =

(
1− p p
q 1− q

)
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and emission densities f1 and f2. Denoting for simplicity p̄ = 1− p and q̄ = 1− q, one can
easily check that the Bayes clusterer puts the two observations in the same cluster when

qp̄f1(Y1)f1(Y2) + pq̄f2(Y1)f2(Y2) ≥ pq (f2(Y1)f1(Y2) + f1(Y1)f2(Y2)) (3.7)

On the other hand, the Bayes classifier puts the two observations in the same class when

(Pθ (X1 = 2 | Y1:2)− Pθ (X1 = 1 | Y1:2)) (Pθ (X2 = 2 | Y1:2)− Pθ (X2 = 1 | Y1:2)) ≥ 0,

or equivalently,

(pqf2(Y1)f1(Y2) + pq̄f2(Y1)f2(Y2)− qp̄f1(Y1)f1(Y2)− qpf1(Y1)f2(Y2))
× (qpf1(Y1)f2(Y2) + pq̄f2(Y1)f2(Y2)− qp̄f1(Y1)f1(Y2)− pqf2(Y1)f1(Y2)) ≥ 0. (3.8)

The two conditions (3.7) and (3.8) are not equivalent. In the simple situation of Bernoulli
emissions (f1, f2) = (B(α1),B(α2)), and Y1:2 = (1, 1), the Bayes clustering puts the two
observations in the same cluster when

qp̄α2
1 + pq̄α2

2 > 2pqα1α2

while the Bayes classifier puts them always in the same cluster since the corresponding
condition becomes (

pq̄α2
2 − qp̄α2

1

)2 ≥ 0.

Note that the first condition is not always ensured when p and q are chosen near 1. Note
also that in the situation where p + q = 1, the dependence structure is lost and the two
conditions become equivalent to

(qf1(Y1)− pf2(Y1))(qf1(Y2)− pf2(Y2)) ≥ 0

which is coherent with Theorem 3.3.1 in the i.i.d. case. This highlights the strong difference
between the dependent and independent setting. The proof of Theorem 3.3.6 can be found
in Section 3.6.7.

We now establish the equivalence between the two risks under the Markovian depen-
dence of the labels. We consider the following assumption.
Assumption 1. δ = minx,x′ Qx,x′ > 0 and minx νx ≥ δ.

The positive lower bound δ introduced in Assumption 1 makes the hidden Markov chain
irreducible. It will be used in proving deviation inequalities or when forgetting properties
of the chain are needed. Even if the minimizers of the risk of classification and the risk
of clustering might differ, we are still able to prove the equivalence between the two risks.
The following theorem shows this is the case for n large enough.

Theorem 3.3.7. If J = 2, then for all θ ∈ Θdep such that Assumption 1 holds and all
n ≥ 1

(1− α̃n) inf
h∈Hn

Rclass
n (θ, h) ≤ inf

g∈Gn

Rclust
n (θ, g) ≤ inf

h∈Hn

Rclass
n (θ, h),

where α̃n = 2e
(
1−δ
δ

)4
[1−δδ

√
log(2)/2n]1−2/n.

Thanks to Theorem 3.3.7, it suffices to study the Bayes risk of classification, since any
bound on this risk can be extrapolated to the risk of clustering, regardless of the magnitude
of the Bayes risk of clustering. The proof of Theorem 3.3.7 is given in Section 3.6.6.

Let us now consider the case J > 2. As in the i.i.d. setting where the minimizers of the
risks do not always coincide, it is always possible to find a set of parameters for which the
HMM observations are dependent, but the results of clustering using the Bayes clusterer
and the partition induced by the Bayes classifier are not the same, as shown in the next
theorem.
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Theorem 3.3.8. In the case of dependent labels, for all J > 2 and all n ≥ 2, there exists
a subset Θ̃n,J ⊂ Θdep such that

∀θ ∈ Θ̃n,J , Pθ (g⋆θ(Y1:n) ̸= πn ◦ h⋆θ(Y1:n)) > 0.

The proof of Theorem 3.3.8 can be found in Section 3.6.8.
Finally, we establish a result similar to Theorem 3.3.5 under the HMM setting.

Theorem 3.3.9. For all θ ∈ Θdep such that Assumption 1 holds and all n ≥ 1, the
following bounds are true

inf
g∈Gn

Rclust
n (θ, g) ≥ inf

h∈Hn

Rclass
n (θ, h)− 1

1− ρ0

√
log(J !)

2n
,

inf
g∈Gn

Rclust
n (θ, g) ≥ (1− ξ̃n) inf

h∈Hn

Rclass
n (θ, h)− (J2 + 1)e−2n(1−ρ0)2β2/25,

where β = mini,j ̸=k Pθ (Xi ∈ {j, k}), ρ0 = 1−Jδ
1−(J−1)δ , and ξ̃n = 5

β(1−ρ0)
√
log(J !)/(2n).

The proof of Theorem 3.3.9 is given in Section 3.6.6. Note that when the HMM is
stationary, β = minj ̸=k(νj + νk) as in the i.i.d. case. Notice also that when δ = 1/J ,
the observations are i.i.d. with uniform distribution over the set X, and we recover the
first inequality for i.i.d. observations. However, we do not recover the inequality for i.i.d.
observations in general from that of HMM observations.

As for the i.i.d setting, even if clustering using the Bayes classifier differs sometimes
from that of the Bayes clusterer (as shown in Theorem 3.3.6 and Theorem 3.3.8), Theorem
3.3.9 provides guarantees for the risk of clustering using the Bayes classifier as shown by
the following corollary.

Corollary 3. For all θ ∈ Θdep and all n ≥ 1 the following bounds hold

inf
g∈Gn

Rclust
n (θ, g) ≤ Rclust

n (θ, πn ◦ h⋆θ) ≤
1

1− ξ̃n

(
inf
g∈Gn

Rclust
n (θ, g) + (J2 + 1)e−2n(1−ρ0)2β2/25

)
where ξ̃n, β and ρ0 are as in Theorem 3.3.9. When there are only two classes

inf
g∈Gn

Rclust
n (θ, g) ≤ Rclust

n (θ, πn ◦ h⋆θ) ≤
1

1− α̃n
inf
g∈Gn

Rclust
n (θ, g)

where α̃n is as in Theorem 3.3.7.

3.3.3 A key quantity for the Bayes risk of clustering for both I.I.D. and
HMM

We now state our main result which proves upper and lower bounds on the Bayes risks
in function of a quantity measuring the separation between the emission densities up to
constants depending on the transition matrix. These bounds translate into bounds on the
risk of clustering thanks to the result above. Let Λ :=

∫
Yminx0∈X

[∑
x̸=x0 fx(y)

]
dL(y).

Theorem 3.3.10. Under Assumption 1, for all n ≥ 1, the Bayes risk of classification
satisfies:

∀θ ∈ Θind, δΛ ≤ inf
h∈Hn

Rclass
n (θ, h) ≤ (1− (J − 1)δ)Λ

∀θ ∈ Θdep,
δ2

1− (J − 1)δ
Λ ≤ inf

h∈Hn

Rclass
n (θ, h) ≤ (1− (J − 1)δ)Λ
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The proof of Theorem 3.3.10 is given in Section 3.6.10. Note that the bounds vanish
when all the emission densities have disjoint supports. Note also that upper and lower
bounds match when δ = 1

J and the risk corresponds to Λ/J in this case. This situation
corresponds to i.i.d. observations derived from a mixture with J components of equal
weights. This proves in particular the tightless of the bounds which can not be improved
by any absolute multiplicative constant without restricting the parameter space. Thanks
to the results comparing the Bayes risks, Λ is the appropriate measure of the difficulty
of clustering in many regimes as shown in the following corollary. Recall the definition
of αn from Corollary 1, of ξn from Theorem 3.3.5 of α̃n from Theorem 3.3.7, of ξ̃n from
Theorem 3.3.9, and of β = mini∈[n],j ̸=k∈X Pθ (Xi ∈ {j, k}).

Corollary 4. Under Assumption 1, the following holds.

• When J = 2:

∀θ ∈ Θind, (1− αn)δΛ ≤ inf
g∈Gn

Rclust
n (θ, g) ≤ (1− δ)Λ,

∀θ ∈ Θdep,
δ2(1− α̃n)

1− δ
Λ ≤ inf

g∈Gn

Rclust
n (θ, g) ≤ (1− δ)Λ.

• When J > 2 and θ = (ν,Q, (fx)x∈X) ∈ Θind is such that δΛ ≥ 4J2e−nβ/8 and n is
sufficiently large to have ξn ≤ 1

2 :

δ

4
Λ ≤ inf

g∈Gn

Rclust
n (θ, g) ≤ (1− (J − 1)δ)Λ.

• When J > 2 and θ = (ν,Q, (fx)x∈X) ∈ Θdep is such that δ2Λ ≥ 4(1− (J − 1)δ)(J2 +

1)e−2n(1−ρ0)2β2/15 and n is sufficiently large to have ξ̃n ≤ 1
2 :

δ2

4(1− δ)
Λ ≤ inf

g∈Gn

Rclust
n (θ, g) ≤ (1− (J − 1)δ)Λ.

In other words, when there are only two classes, we obtain a tight characterization of
the Bayes risk of clustering in terms of the separation between the two emission densities
(i) covering all the regimes (ii) valid in the parametric and non-parametric setting (iii)
without imposing any separation between the emission densities. In both i.i.d. and HMM
settings, when there are only two classes, there exists a positive constant α(δ) depending
only on δ such that

α(δ)

∫
Y
[f1 ∧ f2](y)dL(y) ≤ inf

g∈Gn

Rclust
n (θ, g) ≤ (1− δ)

∫
Y
[f1 ∧ f2](y)dL(y).

For example, in the case of Gaussian emission distributions with two hidden states, this
translates in a clear identification of the signal-to-noise ratio which drives the Bayes risk
of clustering. For two Gaussian emission densities with means µ0 and µ1 and the same
covariance matrix Σ, the Bayes risk of clustering ensures:

α(δ)

2
exp

(
−SNR

4

)
≤ inf

g∈Gn

Rclust
n (θ, g) ≤ (1− δ) exp

(
−SNR

8

)
where SNR = (µ0 − µ1)⊺Σ−1(µ0 − µ1).
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3.3.4 Reaching the Bayes risk

I.I.D. setting

While there is no formal proof of this fact, it seems that there is no way of reaching the
Bayes risk of clustering or classification without strong assumptions on the mixture com-
ponents under the non-parametric i.i.d. mixture model. Without structural assumptions,
the associated Bayes classifier can never be learnt nor approximated from the data in the
i.i.d. case because the model is not identifiable and thus, the mixture components can not
be estimated. The algorithms proposed in the literature perform well in clustering i.i.d.
observations only when the clusters are assumed to be separated. This is the case for the
k-means and its variants Giraud and Verzelen [2018], Mixon et al. [2017] and the spectral
algorithms Shi et al. [2009], Kannan et al. [2005] to cite a few. We refer to Grün [2019]
and Chapter 12 of Giraud [2021] for a review of model-based clustering techniques.

HMM setting

Unlike the i.i.d. hypothesis, the HMM hypothesis allows us to identify the model without
any assumptions about the emission distributions, apart from the fact that they are distinct
Alexandrovich et al. [2016b]. This allows the construction of simple clustering procedures
with risk comparable to the Bayes risk of clustering. Given that the transition matrix of the
hidden Markov chain is non-singular and ergodic, all parameters – including the number
J of hidden states and the emission distributions – can be identified from the distribution
of K consecutive observations (Y1, . . . , YK), provided that the emission distributions are
distinct and K is sufficiently large compared to J Alexandrovich et al. [2016c]. This allows
complete flexibility on the emission distributions, provided a Markovian dependence of
labels. Within the framework of this model, non-parametric estimation of the mixture
components becomes possible without any restrictions on the population densities, apart
from the fact that they are distinct, and various estimation procedures have been proposed
De Castro et al. [2016, 2017], Lehéricy [2018, 2021], Abraham et al. [2022, 2025]. Although
we have shown in Theorems 3.3.6 and 3.3.8 that the Bayes clusterer g⋆θ does not necessarily
coincide with πn ◦ h⋆θ, this distinction matters only to establish strong decision-theoretic
foundations for clustering. In practice, the Bayes classifier still exhibits a competitive
performance in clustering. Corollary 3 shows that the risk of clustering of the Bayes
classifier approximates closely the Bayes risk of clustering, proving thus its near-optimality.
The widely used method of clustering when the observations are drawn from a HMM
consists in approaching the behavior of the Bayes classifier h⋆θ by plugging-in estimated
parameters θ̂ and using the induced clusterer πn◦h⋆θ̂. It is not worth the effort of computing
g⋆θ and use g⋆

θ̂
because the price to pay in the excess risk for trading the true θ by its estimate

θ̂ is most likely of several order of magnitude larger than the price to pay in using πn ◦ h⋆θ
in place of g⋆θ . Thus in this section, we focus on the clustering rule

g⋆
θ̂
(Y1:n) := πn ◦ h⋆θ̂(Y1:n) = πn

((
argmax
x∈X

Pθ̂ (Xi = x | Y1:n)
)

1≤i≤n

)

where θ̂ = θ̂(Y1:n) is an estimator constructed using the celebrated tensor method Anand-
kumar et al. [2014], Abraham et al. [2022]. The main advantage in using πn ◦ h⋆θ̂ is that
in contrast with g⋆

θ̂
the classifier h⋆

θ̂
is easily computed thanks to the recurrence formulas

ensured by the Forward-Backward algorithm Cappé et al. [2005]. Theorem 3.3.11 below
controls the excess risk of this clustering procedure. We will make the following assump-
tion:
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Assumption 2. The initial distribution ν is the stationary distribution of X.

Notice however that under Assumption 2, the second part of Assumption 1 follows
directly from the first part.

Assumption 3. Q is full-rank and aperiodic.

Under Assumptions 1, 2 and 3, the hidden Markov chain is stationary ergodic. The
following assumption is sufficient to build estimators using the empirical distribution of
the distribution of three consecutive observations.

Assumption 4. The densities (fx)x∈X are compactly supported and C⋆ =
∫ dy∑

x∈X fx(y)
<∞,

the integral is over the union of the supports of the emission densities.

Assumption 5. (fx)x∈X are linearly independent and belong to Cs(R) the space of locally
Hölder continuous functions.

We now state the theorem. Its proof is given in Section 3.6.13.

Theorem 3.3.11. Let Dn −→ +∞ arbitrarily slowly. There exists a sequence of randomized
estimators (θ̂n)n≥1 such that for all θ ∈ Θdep satisfying Assumption 1 to 5

E[Rclust
n (θ, πn ◦ h⋆θ̂)]− inf

g∈Gn

Rclust
n (θ, g) = O

(
D5/2
n

(
log(n)

n

) s
2s+1

)

where the expectation E[·] is understood with respect to the randomness of the algorithm.

The cornerstone of the proof is the analysis of how errors in estimation of the param-
eters propagate to errors in the filtering and smoothing distributions proved in De Castro
et al. [2017]. To achieve this rate for the excess risk, we must specify an estimator. Here
we make the choice of using a modified version of the spectral algorithm of Abraham et al.
[2022] which relies on the tensor method developped in Anandkumar et al. [2014]. The
full algorithm is given in details in Section 3.6.13. The main difference with the original
algorithm of Abraham et al. [2022] is a modification guaranteeing that the algorithm out-
puts the same permutation for the estimation of the transition matrix Q̂ and the emission
densities f̂1, . . . , f̂J . Indeed, in the previous works, the aim was more to get upper bounds
on the risks up to label-switching, and the analysis was done for Q and the emission distri-
butions separately which does not guarantee that the permutation used in the control of
the error of estimation of Q and the emission densities is the same. Albeit the modification
is rather natural, proof that it works require a substantial effort.

Notice that the rate on the excess risk is exactly the estimation rate of Hölder regular
functions in sup-norm. However, since we do not observe realizations of each emission
density separately, this rate is not a straightforward consequence of density estimation
theory. See Abraham et al. [2022] where the usual non-parametric rate for the estimation
of densities in sup-norm is obtained in the HMM context.

Though we analyse the question for the spectral estimator, we believe that results
similar to Theorem 3.3.11 hold for most estimation procedures previously proposed in
the literature, putting in the upper bounds the bounds on the estimation risk up to label-
switching obtained in those works. This is why we shall use in Section 3.4 the least-squares
estimation method for which a public and efficient code exists De Castro [2016].

3.4 Numerical simulations

We present here the results of numerical simulations which leverage the added value of
non-parametric clustering under hidden Markov modelling. We will consider two examples
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in which the hidden states will be generated through the same transition matrix

Q =

(
0.8 0.2
0.3 0.7

)
.

Example 1. A sample of n = 5.104 observations of a HMM with transition matrix Q and
emissions: F1 =

1
2 (N (1.7, 0.2) +N (7, 0.15)) and F2 =

1
2 (N (3.5, 0.2) +N (5, 0.4)).

Example 2. A sample of n = 105 observations of a HMM with transition matrix Q and
emissions: F1 =

1
2 (N (3, 0.6) +N (7, 0.4)) and F2 =

1
2 (N (5, 0.3) +N (9, 0.4)).

On these examples, we use the plug-in classifier whose clustering risk has been controlled
in Theorem 3.3.11. Recall our procedure works as follows:

• First, the emission densities are estimated using the observations. We use the penal-
ized least squares estimator proposed in De Castro et al. [2016] whose code has been
made public in De Castro [2016]. We use the histogram basis for the estimation.

• Second, the Forward-Backward algorithm is used to compute the a posteriori distri-
butions of the hidden states under the estimated model parameters and given the
observations.

• Third, the hidden states are estimated by maximizing the a posteriori distributions.

The results of clustering using the Forward-Backward algorithm will be compared to those
using the k-means algorithm. Since we have access to the hidden states, the error of
clustering can be estimated by choosing the best permutation. Figures 3.2, 3.3, and 3.4
display the results of estimation and clustering. Performance of Bayes classifier, plug-in
classifier and k-means are reported in Table 3.1. If the observations were independent

Bayes classifier Plug-in classifier k-means algorithm Λ

Example 1 1.56% 1.61% 46.7% 0.046
Example 2 6.42% 6.51% 47.3% 0.165

Table 3.1: Errors of clustering using three clustering rules: the Bayes classifier (using the
true model parameters), the plug-in classifier (using the estimated parameters) and the
k-means algorithm.

and the emissions modelled non-parametrically, the unique quantity that could have been
estimated consistently would be the stationary distribution. However, under the HMM
assumption, the estimation of each emission density with the minimax rate is possible.
This is due to the identifiability of the model which holds even if no assumption is made
on the emission densities. This is not possible in the independent case. Figure 3.2 shows
the estimation results of the emission densities and confirms the theoretical properties
of the estimator. On the other hand, Corollary 4 proves that in the case of a HMM
with two classes, clustering errors could appear only in zones where the two emission
densities overlap. In Figures 3.3b, and 3.4b, misclustered observations appear only in the
overlaps between the emission densities. Compared to the k-means algorithm which is
purely geometric and does not exploit the distribution of the observations, the plug-in
procedure allows combining together observations even if they are geometrically distant
from each other, which is not possible with the k-means algorithm. In this context of
Gaussian mixtures, the performance of the k-means algorithm is mediocre as depicted
in Table 3.1 and does not improve significantly when the overlap between the emission
densities is small. However, for the plug-in procedure, the more separated are the emission
densities, the better are the results of clustering.
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(a) Estimation results for Example 1
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(b) Estimation results for Example 2

Figure 3.2: Non-parametric penalized least squares density estimation using the histogram
basis for Example 1 and Example 2

3.5 Discussions and Perspectives

This work focuses on an in-depth study of Bayes risks of clustering and classification. This
analysis has led us to prove a form of equivalence between both risks. After identifying the
key quantity which measures the difficulty of the classification task, it was extrapolated
to the Bayes risk of clustering in several regimes. Finally, the excess risk of the plug-in
procedure was studied. Although the analysis is sufficiently detailed to ensure a thorough
understanding of both problems, there are still some interesting questions which were not
covered by this work. We give a small overview below.

Lower-bound on entries of Q Throughout our analysis of the Bayes risk of clustering,
we have used Assumption 1 which was crucial in obtaining the lower-bounds. In the
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(a) Clustering using plug-in clusterer (b) Misclustered observations for plug-in clusterer

(c) Clustering using k-means (d) Misclustered observations for k-means

Figure 3.3: Histograms of clusters and clustering errors for Example 1

absence of such an assumption, the lower-bound of Theorem 3.3.10 no more matches the
upper-bound and the magnitude of the Bayes risk of classification can not be precisely
understood. The same thing applies to the Bayes risk of clustering. In addition, the
control of the excess risk of the plug-in procedure is no more guaranteed.

Approaching the frontier to independence This situation happens when the emis-
sion distributions are nearly similar or when the transition matrix has almost equal lines.
In this case, one can hope to improve the coefficient δ2

1−(J−1)δ which appears in the lower-
bound on the risk of classification (Theorem 3.3.10) to δ as in the independent case. In
fact, in this situation, the dependence between the observations is so weak and the effect
of future and past observations on the current classification rule is so negligible that the
magnitude of the Bayes risk of classification is the same as in the i.i.d. setting. On the
other hand, as shown in Abraham et al. [2023, 2025], estimation of the model parameters
no more becomes possible when approaching the frontier. The plug-in procedure should
not work as well.

Lower bounds on the Bayes risk of clustering when it is very small Theo-
rems 3.3.2, 3.3.5, 3.3.7 and 3.3.9 establish lower bounds on the Bayes risk of clustering in
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(a) Clustering using plug-in clusterer (b) Misclustered observations for plug-in clusterer

(c) Clustering using k-means (d) Misclustered observations for k-means

Figure 3.4: Histograms of clusters and clustering errors for Example 2

terms of the Bayes risk of classification. When J = 2 these bounds are meaningful regard-
less of how small is the Bayes risk of clustering. When J > 2, however, these bounds can
be vacuous if the Bayes risk of classification gets too small. This is not an artifact of our
bounds since we have shown in Proposition 3.3.3 that the two Bayes risks are not uniformly
comparable when J > 2. Whence from the current work we only know that the Bayes risk
of clustering is driven by Λ in the region of parameters for which it is not exponentially
small in n and that it can not be driven by Λ otherwise. If it was the case, then it would
be equivalent to the Bayes risk of classification in contradiction with the Proposition 3.3.3.
Understanding the Bayes risk of clustering in the region of extreme parameters is still an
open question.

Fast rates Theorem 3.3.11 has interest mainly in the situation where infg∈Gn Rclust
n (θ, g) ≳

(log(n)/n)
s

2s+1 . In this regime, Theorem 3.3.11 tells us that the plug-in procedure has a risk
of the same magnitude. However, in the situation where the magnitude of the Bayes risk
of clustering is much smaller, that is when the emission distributions are very separated,
one can hope to obtain faster rates. For example, when infg∈Gn Rclust

n (θ, g) = O (e−cn) for
c a positive absolute constant, one can hope to show that the risk of the plug-in procedure
is exponentially small in n. The following lemma represents a first step for the proof of
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such a result.

Lemma 3.5.1. For all 0 < γ < 1/2 and all θ ∈ Θ

Rclass
n (θ, hθ̂) ≤

infh∈Hn Rclass
n (θ, h)

1/2− γ
+

1

n

n∑
i=1

Pθ
(∥∥∥ϕθ,i|n − ϕθ̂,i|n∥∥∥TV

> γ
)
. (3.9)

where ϕθ,i|n = Pθ (Xi ∈ . | Y1:n) and hθ̂ is the plug-in classifier defined in Section 3.3.4.

The proof of Lemma 3.5.1 is given in Section 3.5.1.
Observe that the second term of the rhs of (3.9) is a large deviation term which may

eventually decrease exponentially fast in n. The only price to pay to obtain large deviation
type of decay is a constant factor of at least 2 in front of infh∈Hn Rclass

n (θ, h). In situations
where infh∈Hn Rclass

n (θ, h) is small, this might be advantageous compared to the bound
in Theorem 3.3.11. In Proposition 2.2 of De Castro et al. [2017], the authors prove the
inequality

∥ϕθ,i|n(., Y1:n)− ϕθ̂,i|n(., Y1:n)∥TV ≤
4(1− δ)
δ2

(
ρi−1∥ν − ν̂∥2

+ (1/(1− ρ) + 1/(1− ρ̂)) ∥Q− Q̂∥F +
n∑
l=1

δ
(ρ̂ ∨ ρ)|l−i|

c⋆(Yl)
max
x∈X

∣∣∣fx(Yl)− f̂x(Yl)∣∣∣
)

(3.10)

where c⋆(y) = minx∈X
∑

x′∈XQ(x, x′)fx′(y), ρ = 1− δ/(1− δ) and ρ̂ = 1− δ̂/(1− δ̂) where
δ̂ is an estimator of δ. (3.10) can be used to control the second term in the rhs of (3.9).
This would require to derive large deviation inequalities for all the terms involved in (3.10),
which turns out to be a rather challenging problem.

Optimal excess risk Although we obtain upper bounds on the excess risk of clustering
of the plug-in procedure (Theorem 3.3.11), we do not know the optimal rate of decay of the
excess risk. In particular, it is unknown if the plug-in procedure achieves optimal excess
risk. The Lemma 3.5.1 suggests that when the Bayes risk is smaller than O(n−s/(2s+1))
then our upper bounds on the excess risk of the plug-in could be improved. Yet without
optimality guarantees. Determining the optimal excess risk is an open and interesting
question to investigate.

Alternatives to plug-in Under the hidden Markov modeling, the most straightforward
way to take advantage of the identifiability of the model is to estimate the model parameters
and use them for clustering through the plug-in procedure. Unlike the i.i.d. case where
algorithms such as k-means can be used as an alternative, we do not know of any alternative
to the plug-in in the HMM case. It would be very interesting to find clustering procedures
that leverage the nonparametric identifiability of HMM without relying on estimating the
parameters first.

3.6 Proofs

3.6.1 Proof of Theorem 3.3.1

Let θ ∈ Θind. Thanks to Equation (3.5), the Bayes clusterer g⋆θ can be defined as the
partition g⋆θ = πn ◦ h̃θ where h̃θ =

(
h̃θ,i

)
i∈[n]

is the classifier minimizing:

h = (hi)1≤i≤n 7→ Eθ

[
min
τ∈S2

1

n

n∑
i=1

1hi(Y1:n)̸=τ(Xi)

]
. (3.11)
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Let Y1:n be n i.i.d. observations of the mixture with parameters θ. We have g⋆θ(Y1:n) =
πn ◦ h̃θ(Y1:n) a.e, where

h̃θ(Y1:n) ∈ argmin
h=(hi)i∈[n]

Eθ

[
min
τ∈S2

1

n

n∑
i=1

1hi(Y1:n)̸=τ(Xi)

∣∣∣∣Y1:n
]
.

Given that:

Eθ

[
min
τ∈S2

1

n

n∑
i=1

1hi(Y1:n)̸=τ(Xi)

∣∣∣∣Y1:n
]
= Eθ

[
min

(
1

n

n∑
i=1

1hi(Y1:n)̸=Xi
, 1− 1

n

n∑
i=1

1hi(Y1:n)̸=Xi

)∣∣∣∣Y1:n
]

=
1

2
− 1

n
Eθ

[ ∣∣∣∣∣
n∑
i=1

1hi(Y1:n)̸=Xi
− n

2

∣∣∣∣∣
∣∣∣∣Y1:n

]
,

one gets h̃θ(Y1:n) ∈ argmaxh=(hi)i∈[n]
Eθ

[ ∣∣∑n
i=1 1hi(Y1:n)̸=Xi

− n
2

∣∣ ∣∣∣∣Y1:n
]
. We now consider

the following lemma. Its proof is due to Ziv Scully and can be found in Scully [2024]. We
will detail its proof in Section 3.6.16 for the sake of completeness.

Lemma 3.6.1. Let (Zi)i∈[n] be a sequence of independent Bernoulli random variables such

that Zi ∼ B(pi) where pi ∈ {αi, 1− αi}. Then the maximum max(pi)i∈[n]
E
[∣∣∣∑i∈[n] Zi −

n
2

∣∣∣]
is reached at (pi)i∈[n] = (αi ∧ (1− αi))i∈[n] and (pi)i∈[n] = (αi ∨ (1− αi))i∈[n].

We apply this lemma to the random variables
(
1hi(Y1:n)̸=Xi

)
i∈[n] which are independent

conditionally to Y1:n and ensure :

1hi(Y1:n)̸=Xi
| Y1:n ∼ B(pi(Yi))

such that pi(Yi) ∈ {Pθ (Xi = 1 | Yi) ,Pθ (Xi = 2 | Yi)}. Two cases occur:

• (∀i ∈ [n]) Pθ (Xi = 1 | Yi) ̸= 1/2, then the Bayes classifier is unique and Lemma 3.6.1
allows us to conclude that h̃θ(Y1:n) =

(
argmaxx=1,2 Pθ (Xi = x | Yi)

)
i∈[n] = h⋆θ (Y1:n).

Consequently:
g⋆θ(Y1:n) = πn ◦ h⋆θ(Y1:n).

• (∃i ∈ [n]) Pθ (Xi = 1 | Yi) = 1/2, then the same argument yields

g⋆θ(Y1:n) = πn ◦ h⋆θ(Y1:n).

where we abuse the notation of h⋆θ(Y1:n) to refer not only to a specific Bayes classifier
but to the set of all the Bayes classifiers since it is not unique. The same is done
for the Bayes clusterer g⋆θ(Y1:n). The permutation πn is then applied to the set of all
Bayes classifiers.

3.6.2 Proof of Theorem 3.3.2

We first prove the upper bound. Let define h⋆θ,i(Yi) = argmaxa∈{1,2} Pθ (Xi = a | Yi). Let
Zn =

∑n
i=1 1Xi ̸=h⋆θ,i(Yi). One gets:

inf
h∈Hn

Rclass
n (θ, h)− inf

g∈Gn

Rclust
n (θ, g) = Eθ

[(
2

n
Zn − 1

)
1 2

n
Zn>1

]
=

∫ 1

0
Pθ
((

2

n
Zn − 1

)
1 2

n
Zn>1 > x

)
dx.
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Namely,

inf
h∈Hn

Rclass
n (θ, h)− inf

g∈Gn

Rclust
n (θ, g) =

∫ 1

0
Pθ
(
Zn >

n

2
(x+ 1)

)
dx =: Jn. (3.12)

Chernoff bound yields:

Pθ
(
Zn >

n

2
(x+ 1)

)
≤ inf

λ

{
exp

(
−nλ

2
(x+ 1)

)
Eθ [exp (λZn)]

}
dx

≤

((
1 + x

1− 2εn,θ

) 1+x
2
(

1− x
1 + 2εn,θ

) 1−x
2

)−n

.

Let g(t) = 1+t
2 log

(
1+t

1−2εn,θ

)
+ 1−t

2 log
(

1−t
1+2εn,θ

)
. Then, g′(t) = 1

2 log
(
1+t
1−t

)
+ 1

2 log
(
1+2εn,θ

1−2εn,θ

)
and g′′(t) = 1

1−t2 . Deduce that g(t) ≥ g(0) + max(g′(0)t, t
2

2 ) for all t ∈ (0, 1). Then,

Jn ≤ e−ng(0)
∫ 1

0
e−nmax(g′(0)t, t

2

2
)dt

≤ e−ng(0)min

(∫ 1

0
e−ng

′(0)tdt,

∫ 1

0
e−nt

2/2dt

)

≤ min
(e−ng(0)
ng′(0)

,

√
π

2n

)
We now derive the more challenging lower bound. We assume throughout that n ≥ 100.

We also assume that infh∈Hn Rclass
n (θ, h) > 0 otherwise the lower bound is zero and holds

trivially. Suppose first that 0 ≤ εn,θ ≤ 1
10

√
n
. Then,

Jn ≥
∫ 1

10
√
n

0
P
(
Sn >

n(x+ 1)

2

)
dx

≥ 1

10
√
n
P
(
Sn >

n

2
+

√
n

20

)
=

1

10
√
n
P
(Sn − n(12 − εn,θ)√

n(1− ε2n,θ)/4)
>

√
n

20 + nεn,θ√
n(1− ε2n,θ)/4

)

≥ 1

10
√
n
P
(Sn − n(12 − εn,θ)√

n(1− ε2n,θ)/4
>

√
10

111

)
because n ≥ 100 and εn,θ ≤ 1

10
√
n
≤ 1

100 . By the theorem of Berry and Esseen,

Jn ≥
1√
n

(
1− Φ

(√ 10

111

)
− 0.4748√

n(1− ε2n,θ)/4

)
≥ 0.2870√

n

since n ≥ 100. Finally, because εn,θ ≤ 1
10

√
n

it must be that

exp
(
− ng(0)

[
1 + 6.8

1∨10
√
nε2n,θ

])
ng′(0)

≥ 1√
n

exp
(
− 1

2 log(1− 0.04/n)[1 + 6.8]
)

1
2
√
n
log(1+0.2/

√
n

1−0.2/
√
n
)

≥ 500√
n
.
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Deduce that for a universal constant B > 0

Jn ≥ Bmin

(exp
(
− ng(0)

[
1 + 6.8

1∨10
√
nε2n,θ

])
ng′(0)

,
1√
n

)
. (3.13)

Now suppose 1
10

√
n
< εn,θ <

1
2 . We first lower bound,

Jn ≥
∫ 1

10
√
n

0
P
(
Sn >

n(x+ 1)

2

)
dx.

We lower bound the probability P (Sn > n
2 (x+ 1)) using Cramér’s technique. In the next

0 ≤ x ≤ 1
10

√
n
. Then for all λ > 0 and all 0 < δ < n

2 −
√
n

20 (which guarantees that
n(1+x)

2 + δ < n] we have

P
(
Sn >

n

2
(x+ 1)

)
=

∑
n(x+1)

2
<y≤n

(
n

y

)
ry(1− r)n−y

≥
∑

n(x+1)
2

<y<
n(x+1)

2
+δ

(
n

y

)
e−λy+nψr(λ) (re

λ)y(1− r)n−y

exp(nψr(λ))
w

where ψr(λ) = log(1 − r + reλ) is the cumulant generating function of the Bernoulli
distribution with parameter r; where r ≡ infh∈Hn Rclass

n (θ, h) for simplicity. Here one notice
that y 7→

(
n
y

) (peλ)y(1−p)n−y

exp(nψr(λ))
is the density of the Binomial distribution with parameters

(n, qλ) where qλ = reλ/(1−r)
1+reλ/(1−r) . Letting S̃n ∼ Binomial(n, qλ), it is seen that

P
(
Sn >

n

2
(x+ 1)

)
≥ e−λ(

n(x+1)
2

+δ)+nψr(λ)P

(
n

2
(x+ 1) < S̃n <

n

2
(x+ 1) + δ

)
.

Now we make the choice that qλ = 1+x
2 + δ/n, which corresponds to λ = − log

(
1 −

1+x+2δ/n
2

)
+ log

(
1−r
r

)
. Observe that λ is well-defined and positive since by assumption

0 < r ≤ 1
2 and 1 + x+ 2δ/n < 2; this also guarantees that 0 < qλ < 1. Then,

P
(
Sn >

n

2
(x+ 1)

)
≥ e−nIr(

1+x
2

+ δ
n
)P
(n(1 + x)

2
< S̃n <

n(1 + x)

2
+ δ
)
w

= e−ng(x+2δ/n)P
(
− δ√

nqλ(1− qλ)
<

S̃n − nqλ√
nqλ(1− qλ)

< 0
)

By the theorem of Berry and Esseen, we can conclude that

P
(
Sn >

n

2
(x+ 1)

)
≥ e−ng(x+2δ/n)

(
Φ(0)− Φ

(
− δ√

nqλ(1− qλ)

)
− 2

0.4748√
nqλ(1− qλ)

)

≥ e−ng(x+2δ/n)

(
1

2
− Φ

(
− 2δ√

n

)
− 1.8992√

n(1− κ2x)

)

where κx := x+ 2δ
n . We choose δ = −

√
n
2 Φ−1(1/4). This implies that κx ≤ 0.1−Φ−1(1/4)√

n
≤

0.7745√
n

and Φ(−2δ/
√
n) = 1

4 . Consequently for n ≥ 100,

P
(
Sn >

n

2
(x+ 1)

)
≥ 0.0595 · e−ng(x+2δ/n), and, Jn ≥ 0.0595

∫ 1
10

√
n

0
e−ng(x+2δ/n)dx.
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A Taylor expansion of g near zero yields the existence of u ∈ (0, x + 2δ/n) such that
g(x + 2δ/n) = g(0) + g′(0)(x + 2δ/n) + g′′(u)(x + 2δ/n)2/2. But when x ∈ (0, 1

10
√
n
) it

must be that 0 ≤ x+ 2δ/n ≤ 0.1−Φ−1(1/4)√
n

≤ 0.7745√
n

and thus g′′(u) = 1
1−u2 ≤ 1.0061 when

n ≥ 100. Hence,

Jn ≥ 0.0595 · e−ng(0)−2δg′(0)− 1.0061·0.77452
2

∫ 1
10

√
n

0
e−ng

′(0)xdx

= 0.0440 ·
(
1− e−

g′(0)
√
n

10

)e−ng(0)[1+ 2δg′(0)
ng(0)

]

ng′(0)
.

Here recall that g(0) = −1
2 log(1 − 4ε2n,θ) and g′(0) = 1

2 log
(1+2εn,θ

1−2εn,θ

)
. It follows that the

function εn,θ 7→ g′(0)− g(0)
εn,θ

admits the derivative εn,θ 7→
−(1−4ε2n,θ) log(1−4ε2n,θ)−4ε2n,θ

ε2n,θ(1−4ε2n,θ)
which is

negative for εn,θ > 0. Deduce that g′(0)− g(0)
εn,θ
≤ 0, or equivalently g′(0)

g(0) ≤
1
εn,θ

. Therefore,

2δg′(0)

ng(0)
≤ −Φ

−1(1/4)√
nεn,θ

≤ 6.8

max(1, 10
√
nε2n,θ)

.

Similarly since εn,θ 7→ g′(0) is monotonically increasing, g
′(0)

√
n

10 ≥
1
2
log(

1+0.4/
√
n

1−0.4/
√
n
)
√
n

10 ≥ 0.04.
Hence,

Jn ≥ 0.0017 ·
exp

(
− ng(0)

[
1 + 6.8

1∨10
√
nε2n,θ

])
ng′(0)

Finally, since εn,θ > 1
10

√
n

the above computations show that ng′(0) ≥ 0.4
√
n. Therefore

there is a universal constant B > 0 such that Equation (3.13) is also satisfied when 1
10

√
n
<

εn,θ <
1
2 .

3.6.3 Proof of Theorem 3.3.4

Given two partitions A and B, we recall the clustering loss defined in Equation (3.2):

ℓ (A,B) = 1− 1

n
sup

M⊆E(A,B)
M is a matching

∑
{C,C′}∈M

Card(C ∩ C ′)

We define
(∀i ∈ [n]) (∀k ∈ X) α

(Yi)
k =

νkfk(Yi)∑J
j=1 νjfj(Yi)

and h⋆θ(Y1:n) =
(
h⋆θ,i(Yi)

)
i∈[n]

where (∀i ∈ [n]) h⋆θ,i(Yi) = argmaxk∈X α
(Yi)
k .

Consider the event :

An =
J⋃
j=1

n⋂
i=1

{
max
k ̸=j

νkfk(Yi) < νjfj(Yi)

}
.

Then,
An ⊂

{
πn

((
h⋆θ,i(Yi)

)
i∈[n]

)
= πn ((1, . . . , 1))

}
.

93



Let θ ∈ Θind, such that

Pθ

 J⋃
j=1

0 < max
l ̸=j

νlfl(Y ) < νjfj(Y ) ≤
∑
l ̸=j

νlfl(Y )


 > 0.

Then Pθ (An) > 0. Since:

An ∩

{
Eθ

[
ℓ(πn(X1:n), πn((1, . . . , 1)))

∣∣∣∣Y1:n
]
> Eθ

[
ℓ(πn(X1:n), πn((1, . . . , 1, 2)))

∣∣∣∣Y1:n
]}

⊂ {g⋆θ(Y1:n) ̸= πn ◦ h⋆θ(Y1:n)} ,

it suffices then to show that

Pθ

(
Eθ

[
ℓ(πn(X1:n), πn((1, . . . , 1)))

∣∣∣∣Y1:n
]
> Eθ

[
ℓ(πn(X1:n), πn((1, . . . , 1, 2)))

∣∣∣∣Y1:n
]∣∣∣∣An

)
> 0.

Let:

k(1)n (x1:n) = argmax
i∈X

n∑
k=1

1xk=i

N (1)
n (x1:n) = max

i∈X

n∑
k=1

1xk=i

N (2)
n (x1:n) = max

i̸=k(1)n (x1:n)

n∑
k=1

1xk=i

Nn,i(x1:n) =

n∑
k=1

1xk=i

First, note that for x1:n ∈ Xn:

ℓ(πn (x1:n) , πn (1, . . . , 1, 2)) =


n−N (1)

n (x1:n)− 1 if xn ̸= k
(1)
n (x1:n)

n−N (1)
n (x1:n) + 1 if N (2)

n (x1:n) < N
(1)
n (x1:n)− 1, xn = k

(1)
n (x1:n)

n−N (1)
n (x1:n) if N (2)

n (x1:n) = N
(1)
n (x1:n)− 1, xn = k

(1)
n (x1:n)

n−N (1)
n (x1:n)− 1 if N (2)

n (x1:n) = N
(1)
n (x1:n), xn = k

(1)
n (x1:n)

The inequality

Eθ
[
ℓ(πn(X1:n), πn((1, . . . , 1)))

∣∣Y1:n] > Eθ
[
ℓ(πn(X1:n), πn((1, . . . , 1, 2)))

∣∣Y1:n] (3.14)

is equivalent to:

∑
x1:n∈Xn

ℓ(πn(x1:n), πn((1, ..., 1)))
n∏
i=1

α(Yi)
xi >

∑
x1:n∈Xn

ℓ(πn(x1:n), πn((1, .., 1, 2)))
n∏
i=1

α(Yi)
xi

Conditionally to Y1:n, X1, ..., Xn are independent multinomial random variables such that

Xi

∣∣∣∣Yi ∼ (α(Yi)
k

)
k∈X

. Using the expression of ℓ(πn(x1:n), πn((1, . . . , 1, 2))) and the fact that
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ℓ(πn(x1:n), πn((1, . . . , 1))) = n−N (1)
n (x1:n), one obtains:

(3.14)⇔
∑

x1:n∈Xn

xn ̸=k(1)n (x1:n) or
xn=k

(1)
n (x1:n) and N(2)

n (x1:n)=N
(1)
n (x1:n)

n∏
i=1

α(Yi)
xi >

∑
x1:n∈Xn

xn=k
(1)
n (x1:n) and N(2)

n (x1:n)<N
(1)
n (x1:n)−1

n∏
i=1

α(Yi)
xi

⇔ Pθ
(
Xn ̸= k(1)n (X1:n)

∣∣∣∣Y1:n)+ Pθ
(
Xn = k(1)n (X1:n), N

(2)
n (X1:n) = N (1)

n (X1:n)

∣∣∣∣Y1:n)
> Pθ

(
Xn = k(1)n (X1:n), N

(2)
n (X1:n) < N (1)

n (X1:n)− 1

∣∣∣∣Y1:n)
⇔ Pθ

(
Xn ̸= k(1)n (X1:n)

∣∣∣∣Y1:n)− Pθ
(
Xn = k(1)n (X1:n), N

(2)
n (X1:n) < N (1)

n (X1:n)− 1

∣∣∣∣Y1:n)
+ Pθ

(
Xn = k(1)n (X1:n), N

(2)
n (X1:n) = N (1)

n (X1:n)

∣∣∣∣Y1:n) > 0

By marginalization over the possible values of Xn, one gets:

(3.14)⇔
J∑
j=1

[
Pθ
(
Xn ̸= j,Nn,j(X1:n) ≥ max

k ̸=j
Nn,k(X1:n)

∣∣∣∣Y1:n)

− Pθ
(
Xn = j,Nn,j(X1:n) > max

k ̸=j
Nn,k(X1:n) + 1

∣∣∣∣Y1:n)
+ Pθ

(
Xn = j,Nn,j(X1:n) = max

k ̸=j
Nn,k(X1:n)

∣∣∣∣Y1:n)] > 0

⇔
J∑
j=1

∑
l ̸=j

[
α
(Yn)
l Pθ

(
Nn−1,j(X1:n−1) ≥ max

k ̸=j,l
Nn−1,k(X1:n−1) ∨ (Nn−1,l(X1:n−1) + 1)

∣∣∣∣Y1:n−1

)

−
α
(Yn)
l α

(Yn)
j

1− α(Yn)
j

Pθ
(
Nn−1,j(X1:n−1) > max

k ̸=j
Nn−1,k(X1:n−1)

∣∣∣∣Y1:n−1

)
α
(Yn)
l α

(Yn)
j

1− α(Yn)
j

Pθ
(
Nn−1,j(X1:n−1) = max

k ̸=j
Nn−1,k(X1:n−1)− 1

∣∣∣∣Y1:n−1

)]
> 0

⇔
J∑
j=1

∑
l ̸=j

[
α
(Yn)
l

{
Pθ
(
Nn−1,j(X1:n−1) ≥ max

k ̸=j,l
Nn−1,k(X1:n−1) ∨ (Nn−1,l(X1:n−1) + 1)

∣∣∣∣Y1:n−1

)

−
α
(Yn)
j

1− α(Yn)
j

Pθ
(
Nn−1,j(X1:n−1) > max

k ̸=j
Nn−1,k(X1:n−1)

∣∣∣∣Y1:n−1

)}]

+

J∑
j=1

α
(Yn)
j Pθ

(
Nn−1,j(X1:n−1) = max

k ̸=j
Nn−1,k(X1:n−1)− 1

∣∣∣∣Y1:n−1

)
> 0.

On the one hand, since:{
Nn−1,j(X1:n−1) > max

k ̸=j
Nn−1,k(X1:n−1)

}
⊂
{
Nn−1,j(X1:n−1) ≥ max

k ̸=j,l
Nn−1,k(X1:n−1) ∨ (Nn−1,l(X1:n−1) + 1)

}
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and α(Yn)
k ≤ 1

2 ⇐⇒
α
(Yn)
k

1−α(Yn)
k

≤ 1, one gets:

⋂
k∈X

{
α
(Yn)
k ≤ 1

2

}

⊂


J∑
j=1

∑
l ̸=j

α
(Yn)
l

[
Pθ
(
Nn−1,j(X1:n−1) ≥ max

k ̸=j,l
Nn−1,k(X1:n−1) ∨ (Nn−1,l(X1:n−1) + 1)

∣∣∣∣Y1:n−1

)

−
α
(Yn)
j

1− α(Yn)
j

Pθ
(
Nn−1,j(X1:n−1) > max

k ̸=j
Nn−1,k(X1:n−1)

∣∣∣∣Y1:n−1

)]
≥ 0

}
.

On the other hand,

⋃
l ̸=j∈X

n⋂
i=1

{
α
(Yi)
l ∧ α(Yi)

j > 0
}
⊂

J∑
j=1

α
(Yn)
j Pθ

(
Nn−1,j(X1:n−1) = max

k ̸=j
Nn−1,k(X1:n−1)− 1

∣∣∣∣Y1:n−1

)
> 0


because for k ∈ X, Nn−1,k(X1:n−1) is a sum of Bernoulli random variables. Consequently,

⋃
l ̸=j∈X

n⋂
i=1

{
α
(Yi)
l ∧ α(Yi)

j > 0
}⋂ ⋂

k∈X

{
α
(Yn)
k ≤ 1

2

}
⊂ {(3.14)}

Consequently,

Pθ

 ⋃
l ̸=j∈X

n⋂
i=1

{
α
(Yi)
l ∧ α(Yi)

j > 0
}⋂ ⋂

k∈X

{
α
(Yn)
k ≤ 1

2

} ∣∣∣∣An


≤ Pθ

(
Eθ

[
ℓ(πn(X1:n), πn((1, . . . , 1)))

∣∣∣∣Y1:n
]
> Eθ

[
ℓ(πn(X1:n), πn((1, . . . , 1, 2)))

∣∣∣∣Y1:n
]∣∣∣∣An

)

To conclude, we only need to prove that the conditional probability in the lower-bound is
positive. Finally,

⋃
1≤j ̸=k≤J

n⋂
i=1

max
l ̸=j

νlfl(Yi) < νjfj(Yi) ≤
∑
l ̸=j

νlfl(Yi), νkfk(Yi) > 0


⊂

J⋃
j=1

n⋂
i=1

{
max
l ̸=j

νlfl(Yi) < νjfj(Yi) ≤
1

2

J∑
l=1

νlfl(Yi)

}⋂ ⋃
1≤l ̸=j≤J

n⋂
i=1

{νlfl(Yi) > 0, νjfj(Yi) > 0}

⊂
J⋃
j=1

n⋂
i=1

{
max
l ̸=j

νlfl(Yi) < νjfj(Yi)

}⋂ ⋃
1≤l ̸=j≤J

n⋂
i=1

{νlfl(Yi) > 0, νjfj(Yi) > 0}
⋂ J⋂

k=1

{
α
(Yn)
k <

1

2

}

⊂ An
⋂ ⋃

1≤l ̸=j≤J

n⋂
i=1

{
α
(Yi)
l ∧ α(Yi)

j > 0
}⋂ J⋂

k=1

{
α
(Yn)
k ≤ 1

2

}

Given that the observations Y1:n are i.i.d. following the stationary distribution
∑J

k=1 νkfk
and that
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J⋃
j=1

0 < max
l ̸=j

νlfl(Y ) < νjfj(Y ) ≤
∑
l ̸=j

νlfl(Y )


⊂

⋃
1≤j ̸=k≤J

max
l ̸=j

νlfl(Y ) < νjfj(Y ) ≤
∑
l ̸=j

νlfl(Y ), νkfk(Y ) > 0


and that by the assumption of the theorem,

Pθ

 J⋃
j=1

0 < max
l ̸=j

νlfl(Y ) < νjfj(Y ) ≤
∑
l ̸=j

νlfl(Y )


 > 0,

the result follows.

3.6.4 Common elements to the proof of Theorems 3.3.5, 3.3.7, and 3.3.9

Recall the definition of RMRSS
n in Remark 3.2.4: for all (θ, h) ∈ Θ×Hn,

RMRSS
n (θ, h) = Eθ

[
min
τ∈SJ

Eθ
[
Un,τ (h) | Y1:n

]]
(3.15)

where Un,τ (h) := 1
n

∑n
i=1 1τ(Xi)̸=hi(Y1:n). We also make use of the notation p̂τ (h) :=

Eθ [Un,τ (h) | Y1:n]. Let τ̂h denote a Y1:n-measurable permutation satisfying:

p̂τ̂h(h) = Eθ [Un,τ̂h(h) | Y1:n] = min
τ

Eθ [Un,τ (h) | Y1:n] = min
τ
p̂τ (h).

Instead of comparing Rclust
n and Rclass

n , we compare Rclust
n and RMRSS

n , which is enough to
obtain the result thanks to the following easy lemma.

Lemma 3.6.2. For all θ ∈ Θ and all n ≥ 1

inf
h∈Hn

Rclass
n (θ, h) = inf

h∈Hn

RMRSS
n (θ, h).

Proof. The optimal permutation τ̂h such that p̂τ̂h(h) = minτ∈SJ
Eθ [Un,τ (h) | Y1:n] is a Y1:n-

measurable permutation valued random variable. Since any h ∈ Hn is also Y1:n-measurable,
the result is immediate.

In the next we then focus on comparing Rclust
n and RMRSS

n . We let Nj :=
∑n

i=1 1{Xi=j}
and N(1) ≤ N(2) ≤ · · · ≤ N(J) denote the order statistics of (N1, . . . , NJ).

Proposition 3.6.3. A generic lower bound that works for any latent model (i.i.d. or HMM
or whatever). For all classifiers h, all ε, all η and all θ ∈ Θ

Eθ
[
min
τ
Un,τ (h)

]
≥ Eθ

[
min
τ

Eθ[Un,τ (h) | Y1:n]
]

− Eθ
[
Eθ
[
max
τ

(−Un,τ (h) + p̂τ (h)) | Y1:n
]
1{p̂τ̂h (h)≥ε}

]
− Eθ

[
Pθ(Un,τ̂h(h) > η | Y1:n)1{p̂τ̂h (h)<ε}

]
− Pθ

(
N(1) +N(2) < 2nη

)
.
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Proof. For ε ∈ [0, 1], we decompose

Eθ
[
min
τ
Un,τ (h)

]
= Eθ

[
min
τ
Un,τ (h)1{p̂τ̂h (h)≥ε}

]
+ Eθ

[
min
τ
Un,τ (h)1{p̂τ̂h (h)<ε}

]
. (3.16)

The first term in the rhs of (3.16) is handled via a small deviation principle, remarking
that on the event {p̂τ̂(h)(h) ≥ ε}

Eθ
[
min
τ
Un,τ (h) | Y1:n

]
= Eθ

[
min
τ

(p̂τ (h) + Un,τ (h)− p̂τ (h)) | Y1:n
]

≥ min
τ
p̂τ (h)− Eθ

[
max
τ

(−Un,τ (h) + p̂τ (h)) | Y1:n
]
.

The second term in (3.16) is handled via a large deviation principle. By Lemma 3.6.4, on
the event {p̂τ̂h(h) < ε}

Eθ
[
min
τ
Un,τ (h) | Y1:n

]
≥ Eθ

[
min
τ
Un,τ (h)1{Un,τ̂h

(h)≤(N(1)+N(2))/(2n)} | Y1:n
]

= Eθ
[
Un,τ̂h(h)1{Un,τ̂h

(h)≤(N(1)+N(2))/(2n)} | Y1:n
]

≥ p̂τ̂h(h)− Pθ
(
Un,τ̂h(h) >

N(1) +N(2)

2n
| Y1:n

)
.

But,

Pθ
(
Un,τ̂h(h) >

N(1) +N(2)

2n
| Y1:n

)
≤ Pθ

(
Un,τ̂h(h) > η | Y1:n

)
+ Pθ

(
N(1) +N(2) < 2nη | Y1:n

)
.

The generic lower bound follows.

Lemma 3.6.4. If Un,τ ′(h) ≤
N(1)+N(2)

2n then minτ Un,τ (h) = Un,τ ′(h).

Proof. Let Un,τ ′(h) ≤
N(1)+N(2)

2n and suppose minτ Un,τ (h) < Un,τ ′(h). Then, there exists a
permutation τ ′′ ̸= τ ′ such that Un,τ ′′(h) < Un,τ ′(h). But then, letting I = {i ∈ {1, . . . , n} :
τ ′(Xi) = hi(Y1:n)}:

n(Un,τ ′(h)− Un,τ ′′(h)) =
n∑
i=1

(
1{τ ′(Xi)̸=hi(Y1:n)} − 1{τ ′′(Xi)̸=hi(Y1:n)}

)
=

n∑
i=1

(
1{τ ′′(Xi)=hi(Y1:n)} − 1{τ ′(Xi)=hi(Y1:n)}

)
= −

∑
i∈I

1{τ ′(Xi)̸=τ ′′(Xi)} +
∑
i∈Ic

1{τ ′(Xi)=hi(Y1:n)}

= −
n∑
i=1

1{τ ′(Xi)̸=τ ′′(Xi)} +
∑
i∈Ic

(
1{τ ′(Xi)=hi(Y1:n)} + 1{τ ′(Xi)̸=τ ′′(Xi)}

)
≤ −(N(1) +N(2)) + 2|Ic|
= −(N(1) +N(2)) + 2nUn,τ ′(h)

where we have used that since τ ′ ̸= τ ′′, it must be that
∑n

i=1 1τ ′(Xi)̸=τ ′′(Xi) ≥ N(1) +N(2).
Rearranging the previous:

Un,τ ′′(h) ≥
N(1) +N(2)

n
− Un,τ ′(h) ≥ Un,τ ′(h)

which contradicts that Un,τ ′′(h) < Un,τ ′(h). Hence minτ Un,τ (h) ≥ Un,τ ′(h).
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3.6.5 Proof of Theorem 3.3.5 (independent scenario)

Here we apply the result of Proposition 3.6.3 to the i.i.d. case.
When J > 2, the first trivial bound is obtained by choosing ε = η = 0. With this

choice, Proposition 3.6.3 gives for J ≥ 2:

Eθ
[
min
τ
Un,τ (h)

]
≥ Eθ

[
min
τ

Eθ[Un,τ (h) | Y1:n]
]
− Eθ

[
Eθ
[
max
τ

(−Un,τ (h) + p̂τ (h)) | Y1:n
]]

≥ Eθ
[
min
τ

Eθ[Un,τ (h) | Y1:n]
]
−
√

log(J !)

2n

by Lemma 3.6.5 below.

When J > 2, Lemma 3.6.7 can be used to find that

Pθ
(
N(1) +N(2) < 2nη

)
≤ J2e

−n(β−2η)2

2β

and the bound is obtained by choosing η = β/4 and ε = β
4e [log(J !)/(2n)]

2/(nβ).

Lemma 3.6.5. For all θ ∈ Θind, Pθ-almost-surely

Eθ
[
max
τ

(−Un,τ (h) + p̂τ (h)) | Y1:n
]
≤
√

log(J !)

2n
.

Proof. For any λ > 0,

Eθ
[
max
τ
{−Un,τ (h) + p̂τ (h)}

]
≤ 1

λ
log

(
Eθ
[
exp

(
sup
τ
{−λ (Un,τ (h)− p̂τ (h))}

) ∣∣∣∣Y1:n])
=

1

λ
log

(
Eθ
[
sup
τ

exp (−λ (Un,τ (h)− p̂τ (h)))
∣∣∣∣Y1:n])

≤ 1

λ
log

(
J ! sup

τ
Eθ
[
exp (−λ (Un,τ (h)− p̂τ (h)))

∣∣∣∣Y1:n])
≤ 1

λ
log

(
J ! exp

(
λ2

8
× n×

(
1

n

)2
))

(Hoeffding’s lemma)

≤ inf
λ>0

{
log(J !)

λ
+

λ

8n

}
≤
√

log(J !)

2n
.

Hoeffding’s lemma applies because conditionally to the sequence of observations Y1:n, the
labels X1:n are still independent.

Lemma 3.6.6. For all θ ∈ Θind, Pθ-almost-surely

Pθ
(
Un,τ̂h(h) > η | Y1:n

)
≤ p̂τ̂h(h) ·

e

η

(ep̂τ̂h(h)
η

)nη−1
e−np̂τ̂h (h).
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Proof. By Chernoff’s bound (with qi(h) = Pθ(hi(Y1:n) ̸= τ̂h(Xi) | Y1:n)):

Pθ
(
Un,τ̂h(h) > η | Y1:n

)
= Pθ

( n∑
i=1

1hi(Y1:n)̸=τ̂h(Xi) > nη | Y1:n
)

≤ inf
λ>0

exp
(
− λnη +

n∑
i=1

log
(
qi(h)e

λ + 1− qi(h)
))

≤ inf
λ>0

exp
(
− λnη + np̂τ̂h(h)(e

λ − 1)
)

=
(ep̂τ̂h(h)

η

)nη
e−np̂τ̂h (h)

≤ p̂τ̂h(h) ·
e

η

(ep̂τ̂h(h)
η

)nη−1
e−np̂τ̂h (h).

Lemma 3.6.7. For θ ∈ Θind, let β = minj ̸=k(νj + νk). If J > 2, then

Pθ
(
N(1) +N(2) < 2nη

)
≤ J2e

−n(β−2η)2

2β .

Proof. If J = 2, remark that N(1) +N(2) = n. Now we assume that J > 2. It holds that

Pθ
(
N(1) +N(2) < 2nη

)
= Pθ

(
∃ j ̸= k, Nj +Nk ≤ 2nη

)
≤ J2max

j ̸=k
Pθ
(
Nj +Nk ≤ 2nη

)
.

Then observe that Nj +Nk =
∑n

i=1(1Xi=j + 1Xi=k) =
∑n

i=1 1Xi∈{j,k} whenever j ̸= k. In
other words, when j ̸= k the random variables Nj +Nk has a Binomial distribution with
parameters (n, νj + νk) under Pθ. The conclusion follows using Chernoff’s bound on the
Binomial distribution (recall the Binomial distribution is subGaussian on the left-tail).

3.6.6 Proof of Theorems 3.3.7 and 3.3.9(dependent scenario)

Preliminary

We first recall basic results for HMMs that can be found in Cappé et al. [2005] about the
distribution of the hidden states given a set of observations. For any parameter θ, any
integers k, i ≤ j, the distribution of Xk given Yi:j under Pθ will be denoted ϕθ,k|i:j(., Yi:j).
For any integers i ≤ n, we shall simplify the so-called filtering distribution ϕθ,n|i:n(., Yi:n)
to ϕθ,n(., Yi:n).

Conditional on observations Yi:n, the sequence of the hidden states is an inhomogeneous
Markov chain, with transition matrices called forward kernels. For each k ≤ n − 1, the
forward kernel is denoted (Fθ,k|n[Yk+1:n]) to emphasize that it only depends on Yk+1:n.
When k ≥ n, the kernel does not depend on the observations and is equal to the transition
matrix Q, so that Fθ,k|n[Yk+1:n] := Q for k ≥ n. In other words, for any n ∈ N, for any
index i ≤ n and k ≥ i and any real-valued function f on X (understood as a vector in RJ),

Eθ[f(Xk+1) | Xi:k, Yi:n] = Fθ,k|n[Yk+1:n]f =
∑
x∈X

Fθ,k|n[Yk+1:n](Xk, x)f(x).

Conditional on observations Yi:n, the reverse time sequence of hidden states is also an
inhomogeneous Markov chain with transition matrices (Bθ,k[Yi:k])k≤n−1 called backward
kernels. In other words, for any n ∈ N, i ≤ k ≤ n− 1 and any function f on X:

Eθ[f(Xk) | Xk+1:n, Yi:n] = Bθ,k[Yi:k]f =
∑
x∈X

Bθ,k[Yi:k](Xk+1, x)f(x).
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Here, the backward kernel Bθ,k[Yi:k] depends only on the observations up to time k. It is
given by:

Bθ,k[Yi:k](x̃, x) =
ϕθ,k(x, Yi:k)Q(x, x̃)∑

x′∈X ϕθ,k(x
′, Yi:k)Q(x′, x̃)

. (3.17)

Note that the denominator is always positive thanks to Assumption 1.
For any transition kernel T , we denote δ(T ) is the Dobrushin coefficient of T defined

by:

δ(T ) = sup
(x,x′)∈X×X

∥T (x, .)− T (x′, .)∥TV

where ∥ ·∥TV is the total variation norm. We recall the following two lemmas which can be
found in Cappé et al. [2005]. To end with, notice that under Assumption 1, for any subset
A of X,

Jδγ(A) ≤
∑
x′∈A

Q(x, x′) ≤ J(1− (J − 1)δ)γ(A)

with γ the uniform distribution over X. Using Lemma 4.3.13 in Cappé et al. [2005], this
leads to the following lemma.

Lemma 3.6.8. Under Assumption 1, for any integers k and n, the Dobrushin coefficient
of the forward kernel Fθ,k|n satisfies:

δ(Fθ,k|n) ≤

{
ρ0 k < n

ρ1 k ≥ n

with ρ0 = 1− Jδ
J(1−(J−1)δ) =

1−Jδ
1−(J−1)δ and ρ1 = 1− Jδ.

Using Equation (3.17) we get that, under Assumption 1, for any (possibly non positive)
integers i ≤ k,

∀x ∈ X, Bθ,k[Yi:k](x, .) ≥
δ

1− (J − 1)δ
ϕθ,k(., Yi:k),

so that applying Lemma 4.3.13 in Cappé et al. [2005], one gets

Lemma 3.6.9. Under Assumption 1, for any (possibly non positive) integers i ≤ k ≤ n−1,
the Dobrushin coefficient of the backward kernel Bθ,k[Yi:k] satisfies:

δ(Bθ,k[Yi:k]) ≤ 1− δ

1− (J − 1)δ
= ρ0.

Proofs

We apply the result of Proposition 3.6.3 to the HMM case. As in the i.i.d. case, when
J = 2 it must be that Pθ(N(1) + N(2) < n) = 0. On the one hand, using Lemma 3.6.10
and Markov’s inequality as in the independent case, one gets for θ ∈ Θdep

Eθ
[
Eθ
[
max
τ

(−Un,τ (h) + p̂τ (h)) | Y1:n
]
1{p̂τ̂h (h)≥ε}

]
≤ 1

1− ρ0

√
log(J !)

2n
Pθ
(
p̂τ̂h(h) ≥ ε

)
≤ 1

ε(1− ρ0)

√
log(J !)

2n
Eθ
[
min
τ

Eθ[Un,τ (h) | Y1:n]1{p̂τ̂h (h)≥ε}
]
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and then using Lemma 3.6.11, we establish that for all ε, η > 0

Eθ
[
Pθ(Un,τ̂h(h) > η | Y1:n)1{p̂τ̂h (h)<ε}

]
≤ Eθ

[
p̂τ̂h(h) ·

e

η

(
1− (J − 1)δ

δ

)2n (ep̂τ̂h(h)
η

)nη−1
e−np̂τ̂h (h)1{p̂τ̂h (h)<ε}

]
≤ e

η

(
1− (J − 1)δ

δ

)2n (eε
η

)nη−1
Eθ
[
min
τ

Eθ[Un,τ (h) | Y1:n]1{p̂τ̂h (h)<ε}
]
.

Then, Theorem 3.3.7 follows by taking η → 1
2 (by below) and ε = 1

2e

(
δ

1−δ

)4
[log(J !)/(2n)]1/n.

When J > 2, the first trivial bound of Theorem 3.3.9 is obtained by choosing ε = η = 0.
Proposition 3.6.3 yields:

Eθ
[
min
τ
Un,τ (h)

]
≥ Eθ

[
min
τ

Eθ(Un,τ (h) | Y1:n)
]
− Eθ

[
Eθ
[
max
τ

(p̂τ (h)− Un,τ (h)) | Y1:n
]]

≥ Eθ
[
min
τ

Eθ(Un,τ (h) | Y1:n)
]
− 1

1− ρ0

√
log(J !)

2n

by Lemma 3.6.10 below. The inequality follows by taking the infimum over h on both
sides. For the remaining inequality, when J > 2, Lemma 3.6.12 ensures:

Pθ
(
N(1) +N(2) < 2nη

)
≤ J2e−2n(1−ρ1)2(β−2η)2 .

On the other hand, we have by Lemma 3.6.10:

Eθ
[
max
τ

(p̂τ (h)− Un,τ (h)) | Y1:n
]
≤ 1

1− ρ0

√
log(J !)

2n

On the event {p̂τ̂h(h) < ε}, for ε < η:

Pθ (Un,τ̂h(h) > η | Y1:n) = Pθ (Un,τ̂h(h)− p̂τ̂h(h) > η − p̂τ̂h(h) | Y1:n)
≤ Pθ (Un,τ̂h(h)− p̂τ̂h(h) > η − ε | Y1:n)

≤ e−λ(η−ε)Eθ
[
eλ{Un,τ̂h

(h)−p̂τ̂h (h)} | Y1:n
]

≤ e−λ(η−ε)e
1
8n

(
λ

1−ρ0

)2
where the last inequality is due to the argument using Marton coupling as shown in the
proof of Lemma 3.6.10. Taking the minimum over λ, one gets

Eθ
[
Pθ (Un,τ̂h(h) > η | Y1:n)1p̂τ̂h (h)<ε

]
≤ e−2n(1−ρ0)2(η−ε)2 .

Using Lemma 3.6.12, the final bound reads:

Eθ
[
min
τ
Un,τ (h)

]
≥ Eθ

[
min
τ

Eθ [Un,τ (h) | Y1:n]
]

− 1

ε(1− ρ0)

√
log(J !)

2n
Eθ
[
p̂τ̂h(h)1p̂τ̂h (h)≥ε

]
− e−2n(1−ρ0)2(η−ε)2 − J2e−2n(1−ρ1)2(β−2η)2

Choosing ε = η
2 and η = 2

5β and noting that ρ1 < ρ0 one obtains:

Eθ
[
min
τ
Un,τ (h)

]
≥

[
1− 5

β(1− ρ0)

√
log(J !)

2n

]
Eθ
[
min
τ

Eθ [Un,τ (h) | Y1:n]
]

− (J2 + 1)e−cn(1−ρ0)
2β2
.

The result follows by taking the infimum over h.

102



Lemma 3.6.10. Under Assumptions 1 and 2, for all θ ∈ Θdep, Pθ-almost-surely

Eθ
[
max
τ

(p̂τ (h)− Un,τ (h)) | Y1:n
]
≤ 1

1− ρ0

√
log(J !)

2n

where ρ0 = 1−Jδ
1−(J−1)δ .

Proof. Given that for any λ > 0,

Eθ
[
max
τ

(p̂τ (h)− (Un,τ (h))
]
≤ 1

λ
log

(
J ! max

τ
Eθ
[
exp (−λ(Un,τ (h)− p̂τ (h)))

∣∣∣∣Y1:n])
we shall exhibit an upper bound of the rhs term by applying Theorem 2.9 of Paulin [2015],
conditional on Y1:n. So that for now we consider Y = Y1:n as fixed. Define fh,τY for any
x = x1:n by:

fh,τY (x) = − 1

n

n∑
i=1

1τ(xi)̸=hi(Y1:n).

Then, for any x = x1:n and x′ = x′1:n,

fh,τY (x)− fh,τY (x′) ≤ 1

n

n∑
i=1

1xi ̸=x′i .

We thus may apply (2.5) in Theorem 2.9 of Paulin [2015] to get

Eθ
[
e
λ(fh,τY (X)−Eθ

[
fh,τY (X)|Y1:n

]
)
∣∣∣∣Y1:n] ≤ e λ2

8n2

∑n
i=1(

∑n
j=i Γi,j)

2

, (3.18)

where Γ comes from a Marton coupling (see Definition 2.1 in Paulin [2015]) and is given
by:

Γj,i := 0, Γi,j := sup
x1,...,xi,x′i∈X

Pθ
(
X
(x1,...,xi,x′i,Y1:n)
1,j ̸= X

(x1,...,xi,x′i,Y1:n)
2,j

∣∣∣∣Y1:n)
for 1 ≤ i < j ≤ n. Now,

Γi,j ≤ sup
x1:i−1∈Xi−1

∥∥∥∥∥Pθ
(
X

(x1:i−1,ã,b̃,Y1:n)
1,j ∈ ·

∣∣∣∣X1:i−1 = x1:i−1, Y1:n

)

− Pθ
(
X

(x1:i−1,ã,b̃,Y1:n)
2,j ∈ ·

∣∣∣∣X1:i−1 = x1:i−1, Y1:n

)∥∥∥∥∥
TV

,

ie.,

Γi,j ≤ sup
x1:i−1∈Xi−1

∥∥∥∥∥Pθ
(
Xj ∈ ·

∣∣∣∣X1:i−1 = x1:i−1, Xi = ã, Y1:n

)

− Pθ
(
Xj ∈ ·

∣∣∣∣X1:i−1 = x1:i−1, Xi = b̃, Y1:n

)∥∥∥∥∥
TV

,

ie.,

Γi,j ≤

∥∥∥∥∥Pθ
(
Xj ∈ ·

∣∣∣∣Xi = ã, Y1:n

)
− Pθ

(
Xj ∈ ·

∣∣∣∣Xi = b̃, Y1:n

)∥∥∥∥∥
TV
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since conditional on Y1:n, the hidden states form a inhomogeneous Markov chain with
transition kernels (Fk|n[Yk+1:n]). Exponential forgetting of the smoothing distributions in
HMMs (Proposition 4.3.26 in Cappé et al. [2005]) allows to conclude that∥∥∥∥∥Pθ

(
Xj ∈ ·

∣∣∣∣Xi = ã, Y1:n

)
− Pθ

(
Xj ∈ ·

∣∣∣∣Xi = b̃, Y1:n

)∥∥∥∥∥
TV

≤ ρj−i0

where ρ0 = 1−Jδ
1−(J−1)δ (see also Lemma 3.6.8). By inequality (3.18):

max
τ

Eθ
[
e
λ(fh,τY (X)−Eθ

[
fh,τY (X)|Y1:n

]
)
∣∣∣∣Y1:n] ≤ e 1

8n

(
λ

1−ρ0

)2
.

Thus,

Eθ
[
max
τ

(p̂τ (h)− Un,τ (h))
∣∣∣∣Y1:n] ≤ inf

λ>0

{
log(J !)

λ
+

λ

8n(1− ρ0)2

}
=

1

1− ρ0

√
log(J !)

2n

Lemma 3.6.11. For all θ ∈ Θdep, Pθ-almost-surely

Pθ
(
Un,τ̂h(h) > η | Y1:n

)
≤ p̂τ̂h(h) ·

e

η

(
1− (J − 1)δ

δ

)2n (ep̂τ̂h(h)
η

)nη−1
e−np̂τ̂h (h).

Proof. Let S =
∑n

i=1 1τ̂h(Xi)̸=hi(Y1:n). We consider the following operators defined on
L∞({0, 1}), for i ∈ [n]:

(Mθ,i.f)(x) := f(0)eλ1τ̂h(0)̸=hi(Y1:n)Bθ,i(x, 0) + f(1)eλ1τ̂h(1)̸=hi(Y1:n)Bθ,i(x, 1)

where Bθ,i is the Backward kernel defined by:

Bθ,i(x, y) =
ϕθ,i(y)Q(y, x)∑
y′ ϕθ,i(y

′)Q(y′, x)
.

Then observe that,

Eθ[eλS | Y1:n] = Eθ
[
eλ
∑n

i=2 1τ̂h(Xi)̸=hi(Y1:n)Eθ
[
eλ1τ̂h(X1)̸=h1(Y1:n) | X2:n, Y1:n

]
| Y1:n

]
= Eθ

[
eλ
∑n

i=2 1τ̂h(Xi)̸=hi(Y1:n)(Mθ,1.1)(X2) | Y1:n
]

Repeating inductively the same trick leads to

Eθ[eλS | Y1:n] = Eθ [(Mθ,n...Mθ,1.1)(Xn+1) | Y1:n]

Hence

Eθ[eλS | Y1:n] ≤ ∥(Mθ,n...Mθ,1.1)∥∞ ≤
n∏
i=1

|||Mθ,i|||∞

where

|||Mθ,i|||∞ := sup
f,||f ||∞=1

||Mθ,i.f ||∞

= max ((Mθ,i.f)(0), (Mθ,i.f)(1))

≤ max

 ∑
z∈{0,1}

eλ1τ̂h(z)̸=hi(Y1:n)Bθ,i(0, z),
∑

z∈{0,1}

eλ1τ̂h(z)̸=hi(Y1:n)Bθ,i(1, z)

 .
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But, given that

Bθ,i(x, y) =
ϕθ,i(y)Q(y, x)∑
y′ ϕθ,i(y

′)Q(y′, x)
≤ 1− (J − 1)δ

δ
ϕθ,i(y)

and that

ϕθ,i|n(y) = ϕθ,i+1|nBθ,i(y) =
∑
x

ϕθ,i+1|n(x)ϕθ,i(y)Q(y, x)∑
y′ ϕθ,i(y

′)Q(y′, x)
≥

δϕθ,i(y)

1− (J − 1)δ

one obtains

Bθ,i(x, y) ≤
(
1− (J − 1)δ

δ

)2

ϕθ,i|n(y).

Thus,

|||Mθ,i|||∞ ≤
(
1− (J − 1)δ

δ

)2 (
eλ1τ̂h(0)̸=hi(Y1:n)ϕi|n(0) + eλ1τ̂h(1)̸=hi(Y1:n)ϕi|n(1)

)
=

(
1− (J − 1)δ

δ

)2

Eθ
[
eλ1τ̂h(Xi)̸=hi(Y1:n) | Y1:n

]
.

Finally,

Eθ[exp(λS) | Y1:n] ≤
(
1− (J − 1)δ

δ

)2n n∏
i=1

Eθ
[
eλ1τ̂h(Xi)̸=hi(Y1:n) | Y1:n

]
.

One can then use Chernoff’s bound (with qi(h) = Pθ(hi(Y1:n) ̸= τ̂h(Xi) | Y1:n)):

Pθ
(
Un,τ̂h(h) > η | Y1:n

)
= Pθ

( n∑
i=1

1hi(Y1:n)̸=τ̂h(Xi) > nη | Y1:n
)

≤ inf
λ>0

e−λnηEθ
[
eλS | Y1:n

]
≤ inf

λ>0
e−λnη

(
1− (J − 1)δ

δ

)2n n∏
i=1

Eθ
[
eλ1τ̂h(Xi)̸=hi(Y1:n) | Y1:n

]
≤ inf

λ>0
e−λnη

(
1− (J − 1)δ

δ

)2n

e
∑n

i=1 log(qi(h)eλ+1−qi(h))

≤ inf
λ>0

e−λnη
(
1− (J − 1)δ

δ

)2n

enp̂τ̂h (h)(e
λ−1)

≤ p̂τ̂h(h) ·
e

η

(
1− (J − 1)δ

δ

)2n (ep̂τ̂h(h)
η

)nη−1
e−np̂τ̂h (h)

Lemma 3.6.12. Let β = mini,j ̸=k Pθ (Xi ∈ {j, k}) and ρ1 = 1 − Jδ. If J ≥ 3, then for
η < β

2 and θ ∈ Θdep

Pθ
(
N(1) +N(2) < 2nη

)
≤ J2e−2n(1−ρ1)2(β−2η)2 .

Proof. Let λ > 0, η < β
2 , j ̸= k , βi(j, k) = Pθ (Xi ∈ {j, k}).

Pθ (Nj +Nk < 2nη) = Pθ

(
n∑
i=1

(1Xi∈{j,k} − βi(j, k)) < 2nη −
n∑
i=1

βi(j, k)

)
= Pθ

(
eλ
∑n

i=1(βi(j,k)−1Xi∈{j,k}) > eλ(
∑n

i=1 βi(j,k)−2nη)
)

≤ e−λ(
∑n

i=1 βi(j,k)−2nη)Eθ
[
eλ
∑n

i=1(βi(j,k)−1Xi∈{j,k})
]
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Eθ
[
eλ
∑n

i=1(βi(j,k)−1Xi∈{j,k})
]

can be controlled by the same technique using the Marton
coupling that was used in the proof of Lemma 3.6.10:

Eθ
[
eλ
∑n

i=1(βi(j,k)−1Xi∈{j,k})
]
≤ e

(nλ)2

8n(1−ρ1)
2 = e

nλ2

8(1−ρ1)
2

It follows that

Pθ (Nj +Nk < 2nη) ≤ inf
λ>0

e
−λ(

∑n
i=1 βi(j,k)−2nη)+ nλ2

8(1−ρ1)
2

≤ e
−2n(1−ρ1)2

(∑n
i=1 βi(j,k)

n
−2η

)2

≤ e−2n(1−ρ1)2(β−2η)2

Thus,

Pθ
(
N(1) +N(2) < 2nη

)
≤ J2max

j ̸=k
Pθ (Nj +Nk < 2nη)

≤ J2e−2n(1−ρ1)2(β−2η)2 .

3.6.7 Proof of Theorem 3.3.6

Let a ∈ {1, 2} and n ∈ N. Let Q =

(
1− p p
q 1− q

)
be the transition matrix and assume

0 < q < 1
2 < p and p + q < 1. Assume also that the initial distribution is the stationary

distribution, that is ν =
(

q
p+q ,

p
p+q

)
.

Pθ (X1 = a | Y1:n) =
∑

x2:n∈{1,2}

Pθ (X1 = a,X2:n = x2:n | Y1:n)

∝
∑

x2:n∈{1,2}

ν(a)Qa,x2 ...Qxn−1,xnfa(Y1)..fxn(Yn)

Pθ (X2 = a | Y1:n) =
∑

x1,x3:n∈{1,2}

Pθ (X1 = x1, X2 = a,X3:n = x3:n | Y1:n)

∝
∑

x1,x3:n∈{1,2}

ν(x1)Qx1,a...Qxn−1,xnfx1(Y1)fa(Y2)...fxn(Yn)

The Bayes classifier puts the two first observations in the same cluster when:[
Pθ (X1 = 2 | Y1:n)− Pθ (X1 = 1 | Y1:n)

]
×
[
Pθ (X2 = 2 | Y1:n)− Pθ (X2 = 1 | Y1:n)

]
≥ 0

⇐⇒
[ ∑
x2:n∈{1,2}

(ν(2)Q2,x2f2(Y1)− ν(1)Q1,x2f1(Y1))Qx2,x3 ...Qxn−1,xnfx2(Y2)...fxn(Yn)

]

×
[ ∑
x1,x3:n∈{1,2}

(Qx1,2Q2,x3f2(Y2)−Qx1,1Q1,x3f1(Y2)) ν(x1)Qx3,x4 ...Qxn−1,xnfx1(Y1)fx3(Y3)...fxn(Yn)

]
≥ 0

A sufficient condition for this to be ensured is:(
f1
f2

(Y1) <
pmin(q, 1− q)
qmax(p, 1− p)

and
f1
f2

(Y2) <
min(p, 1− q)min(q, 1− q)
max(q, 1− p)max(p, 1− p)

)
or(
f2
f1

(Y1) <
qmin(p, 1− p)
pmax(q, 1− q)

and
f2
f1

(Y2) <
min(q, 1− p)min(p, 1− p)
max(p, 1− q)max(q, 1− q)

)
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Since q < 1
2 < p and p+ q < 1, the condition simplifies to:(

f1
f2

(Y1) < 1 and
f1
f2

(Y2) <
q

1− p

)
or
(
f2
f1

(Y1) <
q(1− p)
p(1− q)

and
f2
f1

(Y2) <
q(1− p)
(1− q)2

)
.

We consider the event:

A =

{
f1
f2

(Y1) < 1,
f1
f2

(Y2) <
q

1− p

}⋃{
f2
f1

(Y1) <
q(1− p)
p(1− q)

,
f2
f1

(Y2) <
q(1− p)
(1− q)2

}
In what follows, we seek a sufficient condition under which the Bayes clusterer puts the
two first observations in two different clusters. The Bayes clusterer is a partition F ⋆n that
minimizes Eθ [ℓ (πn (X1:n) , Fn) | Y1:n]. Let L(Y1:n) be the likelihood of the observations
Y1:n. Consider the event

Bn = {(∀i ∈ J3, nK) Yi /∈ Supp (f2)}

Assume Bn has positive probability. Since the hidden Markov chain is mixing, this happens
for example when f1 and f2 do not have the same support. On this event,

Eθ [ℓ (πn(X1:n), Fn) | Y1:n] =
∑

x1:n∈{1,2}n
ℓ (πn(x1:n), Fn)Pθ (X1:n = x1:n | Y1:n)

=
∑

x1:2∈{1,2}2
ℓ (πn((x1, x2, 1, . . . , 1), Fn)Pθ (X1:2 = x1:2, X3:n = 1 | Y1:n)

=
1

L(Y1:n)

∑
x1:2∈{1,2}2

ℓ (πn((x1, x2, 1, . . . , 1)), Fn) ν(x1)Qx1,x2Qx2,1Q
n−3
1,1 fx1(Y1)fx2(Y2)

n∏
i=3

f1(Yi)

∝
(
ℓ (πn((1, . . . , 1)), Fn) ν(1)Q

2
1,1f1(Y1)f1(Y2) + ℓ (πn((2, 2, 1, . . . , 1), Fn) ν(2)Q2,2Q2,1f2(Y1)f2(Y2)

+ ℓ (πn((1, 2, 1, . . . , 1)), Fn) ν(1)Q1,2Q2,1f1(Y1)f2(Y2) + ℓ (πn((2, 1, . . . , 1)), Fn) ν(2)Q2,1Q1,1f2(Y1)f1(Y2)
)

∝
(
ℓ (πn((1, . . . , 1)), Fn) q(1− p)2f1(Y1)f1(Y2) + ℓ (πn((2, 2, 1, . . . , 1), Fn) pq(1− q)f2(Y1)f2(Y2)

+ ℓ (πn((1, 2, 1, . . . , 1)), Fn) pq
2f1(Y1)f2(Y2) + ℓ (πn((2, 1, . . . , 1)), Fn) pq(1− p)f2(Y1)f1(Y2)

)
For n ≥ 5, F ⋆n is necessarily of the form F ⋆n = πn((y

⋆
1, y

⋆
2, 1, .., 1)) with y⋆1 and y⋆2 in {1, 2}.

Thus,

F ⋆n ∈ argminEθ [ℓ (πn(X1:n), Fn) | Y1:n] ⇐⇒ (y⋆1, y
⋆
2) ∈ argminH(y1, y2)

where

H(y1, y2) = (y1 + y2 − 2)(1− p)2f1(Y1)f1(Y2) + (4− y1 − y2)p(1− q)f2(Y1)f2(Y2)
+ (1 + y1 − y2)pqf1(Y1)f2(Y2) + (1− y1 + y2)p(1− p)f2(Y1)f1(Y2)
= y1

[
(1− p)2f1(Y1)f1(Y2) + pqf1(Y1)f2(Y2)− p(1− q)f2(Y1)f2(Y2)− p(1− p)f2(Y1)f1(Y2)

]
+ y2

[
(1− p)2f1(Y1)f1(Y2)− pqf1(Y1)f2(Y2)− p(1− q)f2(Y1)f2(Y2) + p(1− p)f2(Y1)f1(Y2)

]
− 2(1− p)2f1(Y1)f1(Y2) + 4p(1− q)f2(Y1)f2(Y2) + pqf1(Y1)f2(Y2) + p(1− p)f2(Y1)f1(Y2)

y⋆1 ̸= y⋆2 ⇐⇒
[
(1− p)2f1(Y1)f1(Y2) + pqf1(Y1)f2(Y2)− p(1− q)f2(Y1)f2(Y2)− p(1− p)f2(Y1)f1(Y2)

]
×
[
(1− p)2f1(Y1)f1(Y2)− pqf1(Y1)f2(Y2)− p(1− q)f2(Y1)f2(Y2) + p(1− p)f2(Y1)f1(Y2)

]
< 0

⇐⇒
∣∣(1− p)2f1(Y1)f1(Y2)− p(1− q)f2(Y1)f2(Y2)∣∣ < p |qf1(Y1)f2(Y2)− (1− p)f2(Y1)f1(Y2)|
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Finally, consider the event:

Cn =
{∣∣(1− p)2f1(Y1)f1(Y2)− p(1− q)f2(Y1)f2(Y2)∣∣ < p |qf1(Y1)f2(Y2)− (1− p)f2(Y1)f1(Y2)|

}
We finally have:

A ∩Bn ∩ Cn ⊂ {g⋆θ(Y1:n) ̸= πn ◦ h⋆θ(Y1:n)} .

By choosing appropriately the parameters p and q, one can ensure that Pθ (A ∩Bn ∩ Cn)
is positive for many emission densities not having the same support. For example, one can
ensure that for p = 0.58, q = 0.35, f1(Y1) = 5, f2(Y1) = 2.5, f1(Y2) = 1.8, f2(Y2) = 1.2,
both inequalities involved in the definition of event Cn and A are ensured. Choosing smooth
densities having not exactly the same support, the event A ∩ Bn ∩ Cn can be ensured to
have positive probability. The counterexamples for n ∈ {3, 4} can be proved as for the
case n = 2 presented in Section 3.3.2.

3.6.8 Proof of Theorem 3.3.8

Let n ∈ N and θ⋆ =
(
ν⋆, Q⋆, (f⋆x)x∈X

)
∈ Θind such that the assumption of Theorem 3.3.4 is

ensured. It follows that Pθ⋆ (g⋆θ⋆(Y1:n) ̸= πn ◦ h⋆θ⋆(Y1:n)) > 0. We also assume the emission
densities (f⋆x)x∈X to be uniformly continuous. We denote Θ̃ ⊂ Θ the subset of parameters
of the form θ = (ν,Q, f⋆1 , . . . , f

⋆
J ). Consider the two functions

H : Hn ×Θ× Yn −→ [0, 1]

(h, θ, y1:n) 7−→ Eθ

[
1

n

n∑
i=1

1hi(Y1:n)̸=Xi

∣∣∣∣Y1:n = y1:n

]
G : Gn ×Θ× Yn −→ [0, 1]

(g, θ, y1:n) 7−→ Eθ
[
ℓ (πn (X1:n) , g(Y1:n))

∣∣∣∣Y1:n = y1:n

]
By uniform continuity of (f⋆x)x∈X, it follows that for all g ∈ Gn and h ∈ Hn, H(h, ., .)
and G(g, ., .) are uniformly continuous. Since Hn and Gn are finite, there exists V(θ⋆) ⊂
Θ̃ a neighborhood of θ⋆ and An an open subset of Yn such that Pθ⋆ (An) > 0 and
(∀θ ∈ V(θ⋆)) (∀y1:n ∈ An)

argmin
h

H(h, θ, y1:n) = argmin
h

H(h, θ⋆, y1:n) and argmin
g

G(g, θ, y1:n) = argmin
g

G(g, θ⋆, y1:n)

Or equivalently g⋆θ⋆(y1:n) = g⋆θ(y1:n) and h⋆θ⋆(y1:n) = h⋆θ(y1:n). On the other hand, us-
ing exactly the same arguments as those of Theorem 3.3.4, one could also have chosen
θ⋆ ∈ Θind such that not only the probability Pθ⋆ (g⋆θ⋆(Y1:n) ̸= πn ◦ h⋆θ⋆(Y1:n)) > 0 but also
Pθ⋆ ({g⋆θ⋆(Y1:n) ̸= πn ◦ h⋆θ⋆(Y1:n)} ∩An) > 0. It follows that

(∀θ ∈ V(θ⋆))Pθ ({g⋆θ(Y1:n) ̸= πn ◦ h⋆θ(Y1:n)} ∩An) = Pθ ({g⋆θ⋆(Y1:n) ̸= πn ◦ h⋆θ⋆(Y1:n)} ∩An)

which is positive when θ approches θ⋆ by continuity of the map

θ 7→ Pθ ({g⋆θ⋆(Y1:n) ̸= πn ◦ h⋆θ⋆(Y1:n)} ∩An) .

The result follows.
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3.6.9 Proof of Proposition 3.3.3

The result is straightforward when n = 1. We assume in what follows n ≥ 2. We prove
the proposition by showing that when the probability of having small clusters is high, the
two risks are not necessarily equivalent; and infg∈Gn Rclust

n (θ, g) may be much smaller than
infh∈Hn Rclass

n (θ, h).
Consider J = 3 (similar examples can be constructed for any J ≥ 3) with ν1 = 1− 2η,

ν2 = ν3 = η. We take F1 = U(0, 1/2), F2 = U(3/4, 1) and F3 = U(3/4− ε, 1− ε) for some
0 < ε < 1/4 where U(a, b) is the uniform distribution on the interval (a, b). In this case,

Pθ(Xi ∈ · | Yi ∈ (0, 1/2)) = δ1(·)
Pθ(Xi ∈ · | Yi ∈ (3/4− ε, 3/4)) = δ3(·)

Pθ(Xi ∈ · | Yi ∈ (1− ε, 1)) = δ2(·)

Pθ(Xi ∈ · | Yi ∈ (3/4, 1− ε)) = 1

2
δ2(·) +

1

2
δ3(·).

So in this case

Eθ [Un,τ (h) | Y1:n] = Eθ
[ 1
n

n∑
i=1

1hi(Y1:n)̸=τ(Xi) | Y1:n
]

=
1

n

n∑
i=1

Pθ(hi(Y1:n) ̸= τ(Xi) | Y1:n).

A Bayes “classifier” minimizing h 7→ Rclass
n (θ, h) in this case is given by h⋆θ =

(
h⋆θ,i

)
i∈[n]

where

h⋆θ,i =


1 if Yi ∈ (0, 1/2)

2 if Yi ∈ (1− ε, 1)
3 if Yi ∈ (3/4− ε, 1− ε).

With this choice, the optimal permutation is identity and

min
τ

Eθ [Un,τ (h⋆θ) | Y1:n] =
1

n

n∑
i=1

1Yi∈(0,1/2)Pθ(1 ̸= Xi | Yi)

+
1

n

n∑
i=1

1Yi∈(3/4−ε,3/4)Pθ(3 ̸= Xi | Yi)

+
1

n

n∑
i=1

1Yi∈(1−ε,1)Pθ(2 ̸= Xi | Yi)

+
1

n

n∑
i=1

1Yi∈(3/4,1−ε)Pθ(3 ̸= Xi | Yi),

ie.,

min
τ

Eθ [Un,τ (h⋆θ) | Y1:n] =
1

2n

n∑
i=1

1Yi∈(3/4,1−ε).

Thus,

Eθ
[
min
τ

Eθ(Un,τ (h⋆θ) | Y1:n)
]
=

1

2
Pθ(Y1 ∈ (3/4, 1− ε))

=
1

2

(
η · (1− 4ε) + η · (1− 4ε)

)
= η(1− 4ε).
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We now investigate Eθ [minτ Un,τ (h
⋆
θ)], for the previous Bayes classifier h⋆θ (which does

not necessarily minimize h 7→ Eθ [minτ Un,τ (h)]). We rewrite,

Eθ
[
min
τ
Un,τ (h

⋆
θ)
]
= Eθ

[
min
τ
Un,τ (h

⋆
θ)1

∑n
i=1 1Yi∈(3/4−ε,3/4)∪(1−ε,1)=0

]
+

n∑
m=1

Eθ
[
min
τ
Un,τ (h

⋆
θ)1

∑n
i=1 1Yi∈(3/4−ε,3/4)∪(1−ε,1)=m

]
Let first consider Eθ[minτ Un,τ (h

⋆
θ) | Y1:n] on the event that {

∑n
i=1 1Yi∈(3/4−ε,3/4)∪(1−ε,1) =

0}. Let define N =
∑n

i=1 1Xi ̸=1:

• if N = 0 this means that all the Yi are in (0, 1/2) and our classifier h⋆θ combined with
the identity permutation will make zero error, i.e. minτ Un,τ (h

⋆
θ) = 0 on this event;

• if N = 1 this means that there is only one j ∈ {1, . . . , n} such that Yj ∈ (3/4, 1− ε)
[by assumption it can not be in (3/4−ε, 3/4) or (1−ε, 1)]. Our classifier will predict
h⋆θ,i = 1 for all i ̸= j and h⋆θ,j = 3. Now, necessarily Xi = 1 for i ̸= j. If Xj = 3 then

h⋆θ ◦ Id will have loss zero, and if Xj = 2 then h⋆θ ◦
(
1 2 3
1 3 2

)
will have loss zero. So

in the event that {N = 1} we also have that minτ Un,τ (h
⋆
θ) = 0.

• If N ≥ 2 our classifier will still classify perfectly all the Yi ∈ (0, 1/2) so the loss can
not exceed minτ Un,τ (h

⋆
θ) ≤ N/n in this case.

So on the event {
∑n

i=1 1Yi∈(3/4−ε,3/4)∪(1−ε,1) = 0}:

Eθ
[
min
τ
Un,τ (h

⋆
θ) | Y1:n

]
≤ Eθ

[N
n
1N≥2 | Y1:n

]
≤

n∑
k=2

k

n
Pθ
(
N = k | Y1:n

)
But under the law of X1:n | Y1:n in the considered event, we have that N is almost-surely
equal to the number of Yi ∈ (3/4, 1− ε), so

Eθ
[
min
τ
Un,τ (h

⋆
θ) | Y1:n

]
≤

n∑
k=2

k

n
1∑n

i=1 1Yi∈(3/4,1−ε)=k

=
( 1
n

n∑
i=1

1Yi∈(3/4,1−ε)

)
1∑n

i=1 1Yi∈(3/4,1−ε)≥2.

Deduce that,

Eθ
[
min
τ
Un,τ (h

⋆
θ)1

∑n
i=1 1Yi∈(3/4−ε,3/4)∪(1−ε,1)=0

]
≤ Eθ

[( 1
n

n∑
i=1

1Yi∈(3/4,1−ε)

)
1∑n

i=1 1Yi∈(3/4,1−ε)≥2 |
n∑
i=1

1Yi∈(3/4−ε,3/4)∪(1−ε,1) = 0

]
Conditional on {

∑n
i=1 1Yi∈(3/4−ε,3/4)∪(1−ε,1) = 0}, the random variable

∑n
i=1 1Yi∈(3/4,1−ε)

has a Binomial(n, 2η) distribution. Then,

Eθ
[
min
τ
Un,τ (h

⋆
θ)1

∑n
i=1 1Yi∈(3/4−ε,3/4)∪(1−ε,1)=0

]
≤ 1

n

n∑
k=2

(
n

k

)
k · (2η)k(1− 2η)n−k

=
2η(1− (1− 2η)n − 2η)

1− 2η

≍ 4(n− 1)η2
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when η ≪ 1/n.
Next (remark that this can be largely improved, but this is indeed for our purpose),

n∑
m=1

Eθ
[
min
τ
Un,τ (h

⋆
θ)1

∑n
i=1 1Yi∈(3/4−ε,3/4)∪(1−ε,1)=m

]
≤ Pθ

(
n∑
i=1

1Yi∈(3/4−ε,3/4)∪(1−ε,1) ≥ 1

)

= 1− Pθ

(
n∑
i=1

1Yi∈(3/4−ε,3/4)∪(1−ε,1) = 0

)
= 1− Pθ

(
∀i, Yi /∈ (3/4− ε, 3/4) ∪ (1− ε, 1)

)
= 1−

(
(1− 2η) + 2η(1− 4ε)

)n
= 1− (1− 8ηε)n

≍ 8nηε

when η ≪ n. So by choosing ε ≍ η, we have shown that whenever η ≪ 1/n

inf
h
Eθ
[
min
τ
Un,τ (h)

]
≤ Eθ

[
min
τ
Un,τ (h

⋆
θ)
]
≲ nη2

but
inf
h
Eθ
[
min
τ

Eθ [Un,τ (h) | Y1:n]
]
= Eθ

[
min
τ

Eθ [Un,τ (h⋆θ) | Y1:n]
]
∼ η

so that
infh Eθ [minτ Un,τ (h)]

infh Eθ [minτ Eθ [Un,τ (h) | Y1:n]]
≲ nη

which goes to zero as η → 0.

3.6.10 Proof of Theorem 3.3.10

Simple computations lead to the expression of the Bayes risk of classification:

inf
h∈Hn

Rclass
n (θ, h) =

1

n

n∑
i=1

Eθ
[
min
x0∈X

Pθ (Xi ̸= x0 | Y1:n)
]
=

1

n

n∑
i=1

Eθ

min
x0∈X

∑
x̸=x0

ϕθ,i|n(x)

 .
3.6.11 Bounds for the independent scenario

First, for θ ∈ Θind,

inf
h∈Hn

Rclass
n (θ, h) = Eθ

[
min
x0∈X

Pθ (X1 ̸= x0 | Y1)
]

= Eθ
[
min
x0∈X

∑
x̸=x0 νxfx(Y1)∑
x νxfx(Y1)

]
=

∫
min
x0∈X

∑
x̸=x0

νxfx(y)dL(y)
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so that using Assumption 1,

δ

∫
Y
min
x0∈X

∑
x̸=x0

fx(y)

 dL(y) ≤ inf
h∈Hn

Rclass
n (θ, h)

≤ (1− (J − 1)δ)

∫
Y
min
x0∈X

∑
x̸=x0

fx(y)

 dL(y). (3.19)

3.6.12 Bounds for the dependent scenario

Let θ ∈ Θdep. We first have

inf
h∈Hn

Rclass
n (θ, h) =

1

n

n∑
i=1

Eθ

min
x0∈X

∑
x̸=x0

ϕθ,i|1:n(x)

 ≤ 1

n

n∑
i=1

Eθ

min
x0∈X

∑
x̸=x0

ϕθ,i(x)

 .
Now, for any i ≤ n − 1, using the Backward recursions (see Proposition 3.3.9 in Cappé
et al. [2005]),

Eθ

min
x0∈X

∑
x̸=x0

ϕθ,i|1:n(x)

 = Eθ

min
x0∈X

∑
x̸=x0

∑
x′∈X

ϕθ,i+1|1:n(x
′)Bθ,i[Y1:i](x

′, x)

 .
Now, using Assumption 1 and Equation (3.17), we get

Bθ,i[Y1:i](x
′, x) =

ϕθ,i(x)Q(x, x′)∑
x̃∈X ϕθ,i(x̃)Q(x̃, x′)

≥
ϕθ,i(x)Q(x, x′)

1− (J − 1)δ

so that

Eθ

min
x0∈X

∑
x̸=x0

ϕθ,i|1:n(x)

 ≥ δ

1− (J − 1)δ
Eθ

min
x0∈X

∑
x′

ϕθ,i+1(x
′)
∑
x̸=x0

ϕθ,i(x)


≥ δ

1− (J − 1)δ
Eθ

min
x0∈X

∑
x̸=x0

ϕθ,i(x)


=

δ

1− (J − 1)δ
Eθ

min
x0∈X

∑
x̸=x0

ϕθ,i(x)

 .
Now, for i = n, the same inequality obviously holds, so that we get

δ

1− (J − 1)δ

1

n

n∑
i=1

Eθ

min
x0∈X

∑
x̸=x0

ϕθ,i(x)

 ≤ inf
h∈Hn

Rclass
n (θ, h) ≤ 1

n

n∑
i=1

Eθ

min
x0∈X

∑
x̸=x0

ϕθ,i(x)

 .
It suffices then to exhibit upper and lower bounds on

∑n
i=1 Eθ

[
minx0∈X

∑
x̸=x0 ϕθ,i(x)

]
.

Using the Forward recursions (see Equation (3.22) in Proposition 3.2.5 of Cappé et al.
[2005]), for any i ≥ 2,

Eθ

min
x0∈X

∑
x̸=x0

ϕθ,i(x)

 = Eθ

[
min
x0∈X

(∑
x̸=x0

∑
x′∈XQx′,xϕθ,i−1(x

′)fx(Yi)∑
x∈X

∑
x′∈XQx′,xϕθ,i−1(x′)fx(Yi)

)]
.
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Let A ∈ Y. One has:

Pθ (Yi ∈ A | Y1:i−1) =
∑
x∈X

Pθ (Yi ∈ A,Xi = x | Y1:i−1)

=
∑
x∈X

Pθ (Yi ∈ A | Xi = x, Y1:i−1)Pθ (Xi = x | Y1:i−1)

=
∑
x∈X

Pθ (Xi = x | Y1:i−1)

∫
A
fx(y)dL(y)

=
∑
x∈X

∑
x′∈X

Pθ
(
Xi−1 = x′, Xi = x | Y1:i−1

) ∫
A
fx(y)dL(y)

=
∑
x∈X

∑
x′∈X

Pθ
(
Xi = x | Xi−1 = x′, Y1:i−1

)
ϕθ,i−1(x

′)

∫
A
fx(y)dL(y)

=

∫
A

(∑
x∈X

∑
x′∈X

Qx′,xϕθ,i−1(x
′)fx(y)

)
dL(y),

so that, conditionally on Y1:i−1, Yi has density
∑

x∈X
∑

x′∈XQx′,xϕθ,i−1(x
′)fx with respect

to the dominating measure L. We thus get :

Eθ

min
x0∈X

∑
x̸=x0

ϕθ,i(x)

 = Eθ

[
Eθ

[
min
x0∈X

(∑
x̸=x0

∑
x′∈XQx′,xϕθ,i−1(x

′)fx(Yi)∑
x∈X

∑
x′∈XQx′,xϕθ,i−1(x′)fx(Yi)

)∣∣∣∣Y1:i−1

]]

= Eθ

∫
Y
min
x0∈X

∑
x̸=x0

∑
x′∈X

Qx′,xϕθ,i−1(x
′)fx(y)

 dL(y)

 .
Then, under Assumption 1, for any i ≥ 2,

δ

∫
Y
min
x0∈X

∑
x̸=x0

fx(y)

 dL(y) ≤ Eθ

min
x0∈X

∑
x̸=x0

ϕθ,i(x)


≤ (1− (J − 1)δ)

∫
Y
min
x0∈X

∑
x̸=x0

fx(y)

 dL(y), (3.20)

The result follows.

3.6.13 Proof of Theorem 3.3.11

We first control the excess risk of classification by the errors made in the estimation of the
parameters.

Proposition 3.6.13. For all θ ∈ Θdep satisfying Assumptions 1, 2 and 4 and for all n ≥ 1,

Rclass
n (θ, ĥ)− inf

h∈Hn

Rclass
n (θ, h) ≤ CEθ

[
1

n
∥ν − ν̂∥2 +

(
1 +

δ

δ̂

)
∥Q− Q̂∥F

]
+
δC
√
C⋆

n

n∑
i=1

n∑
l=1

Eθ
[
(ρ̂ ∨ ρ)2|l−i|∥fx − f̂x∥2∞

]1/2
,

where C = 8(1−δ)
δ3

, ρ = 1−2δ
1−δ , ρ̂ = 1−2δ̂

1−δ̂
and δ̂ = minx,x′ Q̂x,x′.

113



Proof. Recall that ϕθ,i|n(·) = Pθ(Xi ∈ · | Y1:n). Then,

Rclass
n (θ, ĥ)− inf

h∈Hn

Rclass
n (θ, h)

= Eθ
[ 1
n

n∑
i=1

1Xi ̸=ĥi

]
− Eθ

[ 1
n

n∑
i=1

1Xi ̸=h⋆θ,i

]
=

1

n

n∑
i=1

Eθ
[
Pθ(Xi = h⋆θ,i | Y1:n)− Pθ(Xi = ĥi | Y1:n)

]
≤ 1

n

n∑
i=1

Eθ
[
Pθ(Xi = h⋆θ,i | Y1:n)− Pθ̂(Xi = ĥi | Y1:n) + ∥ϕθ̂,i|n − ϕθ,i|n∥TV

]
≤ 1

n

n∑
i=1

Eθ
[
Pθ(Xi = h⋆θ,i | Y1:n)− Pθ̂(Xi = h⋆θ,i | Y1:n) + ∥ϕθ̂,i|n − ϕθ,i|n∥TV

]
≤ 2

n

n∑
i=1

Eθ
[
∥ϕθ̂,i|n − ϕθ,i|n∥TV

]
where the penultimate line follows because by definition ĥi maximizes x 7→ Pθ̂(Xi = x |
Y1:n). Then, under Assumption 4 and by application of Proposition 2.2 of De Castro et al.
[2017] (see also Equation ((3.10))), one has

Rclass
n (θ, ĥ)− inf

h∈Hn

Rclass
n (θ, h)

≤ 8(1− δ)
δ2

Eθ

[
1

nδ
∥ν − ν̂∥2 +

(
1

δ
+

1

δ̂

)
∥Q− Q̂∥F +

1

n

n∑
i=1

n∑
l=1

δ
(ρ̂ ∨ ρ)|l−i|

c⋆(Yl)
max
x∈X
∥fx − f̂x∥∞

]

≤ CEθ

[
1

n
∥ν − ν̂∥2 +

(
1 +

δ

δ̂

)
∥Q− Q̂∥F +

δ2

n

n∑
i=1

n∑
l=1

(ρ̂ ∨ ρ)|l−i|

c⋆(Yl)
max
x∈X
∥fx − f̂x∥∞

]

≤ CEθ
[
1

n
∥ν − ν̂∥2 +

(
1 +

δ

δ̂

)
∥Q− Q̂∥F

]
+
δ2C

n

n∑
i=1

n∑
l=1

Eθ

[
(ρ̂ ∨ ρ)|l−i|

c⋆(Yl)
max
x∈X
∥fx − f̂x∥∞

]

≤ CEθ
[
1

n
∥ν − ν̂∥2 +

(
1 +

δ

δ̂

)
∥Q− Q̂∥F

]
+
δ2C

n

n∑
i=1

n∑
l=1

Eθ
[

1

c⋆(Yl)2

]1/2
Eθ
[
(ρ̂ ∨ ρ)2|l−i|∥fx − f̂x∥2∞

]1/2
≤ CEθ

[
1

n
∥ν − ν̂∥2 +

(
1 +

δ

δ̂

)
∥Q− Q̂∥F

]
+
δC
√
C⋆

n

n∑
i=1

n∑
l=1

Eθ
[
(ρ̂ ∨ ρ)2|l−i|∥fx − f̂x∥2∞

]1/2

In order to obtain a rate on the excess risk, we make use of Algorithm 5 which will yield
the estimates used in the statement of the corollary. This algorithm merges the spectral
algorithms of De Castro et al. [2017], Abraham et al. [2022] with some slight modifications.
Note that all the expectations and probabilities of this proof are with respect to the ob-
servations and the random unit matrices. Also note that the algorithm outputs estimates
of the densities that are not necessarily bona-fide densities. This is not problematic for
the plug-in procedure as one typically uses the Forward-Backward algorithm Cappé et al.
[2005] which works even if the emissions are not correctly normalized.

First, we start by controlling Eθ
[
∥Q− Q̂∥2F

]
, Eθ

[
1
δ̂2

]
and Eθ

[
maxx∈X∥fx − f̂x∥2∞

]
using the estimates yielded by the algorithm. Thanks to step 7 of the algorithm, one can
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Algorithm 5: Non-parametric spectral estimation of the transition matrix and
the emission laws

Input

• Number of states J , integers D and r.

• Data (Yi)i≤n+2 drawn from a HMM with J states.

• Functions (φd)d∈N uniformly bounded such that
O = (Eθ[φd(Y1) | X1 = j])1≤d≤D,1≤j≤J is of rank J with σJ(O) bounded away from 0
uniformly in D, at least for D large enough.

• K a Lipschitz-continuous kernel

Output

• Spectral estimators Q̂ and (f̂j)1≤j≤J

Estimation

[Step 1] For all a, b, c ∈ J1, DK, consider the following empirical estimators:

L̂(a) =
1

n

n∑
s=1

φa(Ys)

N̂(a, b) =
1

n

n∑
s=1

φa(Ys)φb(Ys+1)

P̂ (a, c) =
1

n

n∑
s=1

φa(Ys)φc(Ys+2)

M̂(a, b, c) =
1

n

n∑
s=1

φa(Ys)φb(Ys+1)φc(Ys+2)

M̂x,L(a, b) =
1

n

n∑
s=1

φa(Ys)KL(x, Ys+1)φb(Ys+2)

[Step 2] Let V̂ be the D × J matrix of orthonormal right singular vectors of P̂ corresponding to
its top J singular values.

[Step 3] For all d ∈ J1, DK, set B̂(d) = (V̂ ⊤P̂ V̂ )−1V̂ ⊤M̂(., d, .)V̂

[Step 4] Generate Ω a J × J unit matrix uniformly drawn, for all x ∈ J1, JK,
Ĉ(x) =

∑D
d=1(V̂ Ω)(d, x)B̂(d)

[Step 5] Compute R̂1 a J × J unit Euclidean norm columns matrix that diagonalizes the matrix
Ĉ(1):

R̂−1
1 Ĉ(1)R̂1 = Diag[(Λ̂(1, 1), ..., Λ̂(1, J))]

[Step 6] For all x, x′ ∈ J1, JK, Λ̂(x, x′) = (R̂−1
1 Ĉ(x)R̂1)x′,x′ .

[Step 7] Repeat steps 4 to 6 r times and take Ωr maximizing
i 7→ mink≤J mink1 ̸=k2 |Λ̂i(k, k1)− Λ̂i(k, k2)|

[Step 8] Set Ô = V̂ ΩrΛ̂, ν̃ = (V̂ ⊤Ô)−1V̂ ⊤L̂ and Q̂ = ΠTM

(
(V̂ ⊤ÔDiag[ν̃])−1V̂ ⊤N̂ V̂ (Ô⊤V̂ )−1

)
where ΠTM denotes the projection (with respect to the scalar product given by the
Frobenius norm) onto the convex set of transition matrices.

[Step 9] For x ∈ R, set B̂x = B̂x,D,L = (V̂ ⊤P̂ V̂ )−1V̂ ⊤M̂x,LV̂

[Step 10] Set R̂2 = Q̂Ô⊤V̂ and take f̃j(x) = (R̂2B̂
xR̂−1

2 )j,j

[Step 11] f̂j(x) =
{
f̃j(x) si |f̃j(x)| ≤ nβ
nβsign(f̃j(x)) otherwise

for β > 0 fixed (but arbitrary).
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obtain a slightly different version of Theorem 3.1 of De Castro et al. [2017] (Note that this
version is used in the proof of Corollary 3.2 in De Castro et al. [2017]). It ensures the
existence of positive constants C, x0, y0, D0 and n1 such that for all D ≥ D0 there exist a
permutation τD ∈ SJ such that for all n ≥ n1η23(φD)x(y + log(r))ey/r, x ≥ x0, y ≥ y0 and
r ≥ 1, with probability at least 1− 4e−x − 2e−y:

∥QτD − Q̂∥2F ≤ Cη23(φD)x(y + log(r))ey/r/n

max
x∈X
∥fD,τD(x) − f̂

(r)
D,x∥

2
2 ≤ Cη23(φD)x(y + log(r))ey/r/n

(3.21)

where:

• (φk)k∈N is the basis used in Algorithm 5

• η23(φD) = supy,y′∈Y3

∑D
a,b,c=1 (φa(y1)φb(y2)φc(y3)− φa(y′1)φb(y′2)φc(y′3))

2

• fD,x =
∑D

d=1⟨fx, φd⟩φd the projection of the density fx on the subspace spanned by
the first D components of the basis.

• f̂
(r)
D,x =

∑D
d=1 Ôd,xφd where Ô is the matrix constructed at step 8 of Algorithm 5.

As detailed in De Castro et al. [2017], when using a wavelet basis or trigonometric poly-
nomials basis, η3(φD) ensures for a constant Cη > 0:

η3(φD) ≤ CηD3/2 and max
l∈N
∥φl∥∞ <∞ (3.22)

We assume a similar basis is used.
It is important to note that the estimator f̂ (r)D,x is not the one yielded by the Algorithm 5

but it is rather the one used in De Castro et al. [2017]. We do not use it for the estimation
because it does not allow obtaining the appropriate rate in infinite norm (see De Castro
et al. [2017] for more details). However, we will use it in our proof because ∥Ô(., k) −
O(., τDn(k))∥2 = ∥f̂

(r)
Dn,k

− fDn,τDn (k)
∥2.

Assume that the parameters x = xn, y = yn, D = Dn and r = rn are increasing with
respect to n and that n ≥ n1C2

ηD
3
nxn(yn + log(rn))e

yn/rn .

Control of Eθ
[
∥QτDn − Q̂∥2F

]
The control of ∥QτDn − Q̂∥2F in expectation is already

proved in Corollary 3.2 of De Castro et al. [2017] using Inequality (3.21). The proof
chooses rn ∝ log(n) and η3(φDn) = o(

√
n/ log(n)) and yields:

Eθ
[
∥QτDn − Q̂∥2F

]
= O(η23(φDn) log(n)/n) = O(D3

n log(n)/n) (by (3.22))

for a sequence (τDn)n of permutations. We will keep the same values of rn and Dn in what
follows.

One of the advantages of this algorithm with respect to the previous versions is that
it allows obtaining the appropriate rate on the errors in the estimation of all the model
parameters. This is done thanks to the use of the kernel estimator of the emission densities
for which the error of approximation is tuned (through the parameter L) independently
of the error of estimation of the transition matrix. The shortcoming of the algorithm
proposed in De Castro et al. [2017] is that it does not allow controlling the rate on the
emission densities without altering that of the transition matrix as it is clear in Corollary
3.3 of that paper.
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Control of Eθ
[

1
δ̂2

]
Let δ̃ = δ

2 . Then,

Eθ
[
1

δ̂2

]
= Eθ

[
1

δ̂2
1δ̂<δ̃

]
+ Eθ

[
1

δ̂2
1δ̂≥δ̃

]
≤ Eθ

[
1

δ̂2
1δ̂<δ̃

]
+

1

δ̃2

On the other hand:

δ̃ − δ̂ = δ − δ̂ − δ

2
≤
∣∣∣δ − δ̂∣∣∣− δ

2
≤ max

i,j

∣∣∣QτDn
i,j − Q̂i,j

∣∣∣− δ

2
≤ ∥QτDn − Q̂∥F −

δ

2

where we have used the inequality |mini,j Qi,j −mini,j Q̂i,j | ≤ maxi,j |Qi,j − Q̂i,j |.
We assume that all the entries of Q̂ are between n−α/2 and 1− n−α/2 for α ≥ 2. If it

is not the case, modifying the entries of Q̂ to obtain a similar property induces an error
of order n−α/2 which is negligible with respect to the rates we seek and all the subsequent
results remain unchanged. It follows that δ̂ ≥ n−α/2 and:

Eθ
[
1

δ̂2

]
≤ nαPθ

(
∥QτDn − Q̂∥F >

δ

2

)
+

1

δ̃2

Choosing for example xn = yn = rn = α log(n), then one obtains for n large enough:

Pθ
(
∥QτDn − Q̂∥F >

δ

2

)
≤ Pθ

(
∥QτDn − Q̂∥F > Cη23(φDn)xn(yn + log(rn))e/n

)
≤ 4e−xn + 2e−yn

It follows that Eθ
[

1
δ̂2

]
is upper-bounded by an absolute constant.

The values xn, yn and rn will be kept the same in what follows.

Control of Eθ
[
maxx∈X∥fτDn (x)

− f̂x∥2∞
]

The difficulty of the control of this quantity
lies in ensuring that the same permutation τDn used for the control of Q still works for
the control of the emission densities. In the spectral algorithm of Abraham et al. [2022],
the matrix R̂ is chosen independently of Q or Q̂ (In fact, this algorithm does not even
estimate Q̂). Had we used this matrix, there would not be any reason for which the same
permutation τDn works for the control of the emission densities. To solve this problem, we
choose a matrix R̂ that depends explicitly on Q̂ so that the same permutation that works
for the control of Q works also for that of the emission densities. We follow here the steps
of the proof of Theorem 5 in Abraham et al. [2022].

Let Mx,L, P,O be the quantities estimated by M̂x,L, P̂ , Ô and construct f̂j , f̃j using
Algorithm 5. Let En be the event with probability greater than 1 − 4e−xn − 2e−yn on
which the control of (3.21) holds when xn = yn = rn = α log(n) and D = Dn. For γ > 0
there exists c = c(γ) such that the event:

An =

{
∥P̂ − P∥ ≤ cDn

(
log(n)

n

) s
2s+1

, sup
x∈R
∥M̂x,L −Mx,L∥ ≤ cD2

n

(
log(n)

n

) s
2s+1

}

is measurable and has probability n−γ (Cf. Lemma 25.a of Abraham et al. [2022]). Given
that En has probability greater than 1−4e−xn−2e−yn = 1−6n−α, it follows that An∩En
has probability greater than 1 − n−γ − 6n−α. Note that the difference with the original
proof is that we use the event An ∩ En instead of the event An. This is compulsory to
control the errors of Q̂ and f̂ simultaneously.
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On the event An ∩ En, and at step 10 of Algorithm 5, instead of using the matrix R̂
appearing in the spectral algorithm in Abraham et al. [2022], we rather use the matrix
R̂2 = Q̂Ô⊤V̂ where the components V̂ , Q̂ and Ô are constructed in the Algorithm 5. On
the other hand, since the columns of R̂ are not normalized, we choose R̃2 = QO⊤V̂ on the
contrary to what is done in the proof of Theorem 5 in Abraham et al. [2022]. By denoting
QτDn = PτDn

QP−1
τDn

, one obtains:

R̂2 − PτDn
R̃2 = Q̂Ô⊤V̂ − PτDn

QO⊤V̂ =
(
Q̂(Ô −OP⊤

τDn
)⊤ + (Q̂−QτDn )PτDn

O⊤
)
V̂

It follows by using operator norm:

∥R̂2 − PτDn
R̃2∥ ≤

(
∥Q̂∥∥Ô −OP⊤

τDn
∥+ ∥PτDn

O⊤∥∥Q̂−QτDn∥
)
∥V̂ ∥ (3.23)

First, note that on the event An ∩ En:

∥Q̂∥ ≤ 1

∥V̂ ∥ ≤ ∥V̂ ∥F = J1/2 (columns are normalized)

∥Q̂−QτDn∥ ≤ ∥Q̂−QτDn∥F

≤
(
CC2

ηD
3
nxn(yn + log(rn))e

yn/rn/n
)1/2

(by (3.21) and (3.22))

∥PτDn
O⊤∥ = ∥O∥ = sup

∥v∥=1

 J∑
j=1

(
Dn∑
l=1

vl⟨fj , φl⟩

)2
1/2

≤ (JDn)
1/2 max

1≤l≤Dn

∥φl∥∞

∥Ô −OP⊤
τDn
∥ ≤ ∥Ô −OP⊤

τDn
∥F =

(
K∑
k=1

∥Ô(., k)−O(., τDn(k))∥22

)1/2

=

(
K∑
k=1

∥f̂ (r)Dn,k
− fDn,τDn (k)

∥22

)1/2

≤
(
KCC2

ηD
3
nxn(yn + log(rn))e

yn/rn/n
)1/2

(by (3.21) and (3.22)).

By keeping the previous choices of xn, yn and rn then by Inequality (3.23), there exists a
constant C ′ such that:

1An∩En∥R̂2 − PτDn
R̃2∥ ≤ C ′D1/2

n D3/2
n

log(n)√
n

.

By Lemma 25.b of Abraham et al. [2022], for n large enough, P̂ has rank J , (V̂ T P̂ V̂ ) and
(V̂ TPV̂ ) are invertible and the matrices (B̂(d))1≤d≤Dn appearing in Algorithm 5 are then
well-defined. By Lemma 11 and 25.b of Abraham et al. [2022], B̃x = (V̂ TPV̂ )−1V̂ TMxV̂
satisfies:

B̃x = (QOT V̂ )−1Dx(QOT V̂ ) = R̃−1
2 DxR̃2 (3.24)

where Dx = (KL[fj ](x))j≤J . Using the fact that σJ(V̂ ) = 1 (the columns of V̂ are
orthonormal) and σJ(QO

T ) ≥ σJ(Q)σJ(O) > 0 (because Q in full rank and σJ(O) is
bounded from below by an absolute constant by assumption of the algorithm), it follows
that ∥R̃−1

2 ∥−1 is bounded from below by an absolute constant because:

∥R̃−1
2 ∥

−1 =
1

σ1(R̃
−1
2 )

= σJ(R̃2)

= σJ(QO
T V̂ ) ≥ σJ(QOT )σJ(V̂ ) = σJ(QO

T ) ≥ σJ(Q)σJ(O) > 0. (3.25)
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Thus, for n large enough, the assumption of Lemma 3.6.14 (stated below) is verified with
At = B̃t, Ât = B̂t , R = R̃2 = QOT V̂ . This ensures that:

1An∩En max
x∈X
∥f̃x −KL[fτDn (x)

]∥∞

≤ 4κ(R̃2)

[
1An∩En sup

t
∥B̃t − B̂t∥+ λmaxκ(R̃2)∥R̃−1

2 ∥1An∩En∥R̂2 − PτDn
R̃2∥

]
where λmax = suptmaxj |λt,j | = suptmaxj |KL[fj ]| < ∞ and λt,j is the j-th eigenvalue of
B̃t. By Lemma 35.c of Abraham et al. [2022], one has for some constant C:

1An∩En sup
t
∥B̃t − B̂t∥ ≤ CD2

n

(
log(n)

n

) s
2s+1

.

By Lemma 35.b in Abraham et al. [2022], one obtains: κ(R̃2) ≤ C̃D1/2
n and ∥R̃−1

2 ∥ upper-
bounded by an absolute constant by (3.25). We finally obtain that:

1An∩En max
x∈X
∥f̃x −KL[fτDn (x)

]∥∞ ≤ c′D1/2
n

[
D2
n

(
log(n)

n

) s
2s+1

+D1/2
n D1/2

n D3/2
n

log(n)√
n

]

≤ c′′D5/2
n

(
log(n)

n

) s
2s+1

for come constants c′, c′′. The choice of L (cf. Algorithm 5) allows obtaining then:

1An∩En max
x∈X
∥f̃x − fτDn (x)

∥∞ ≤ c′′D5/2
n

(
log(n)

n

) s
2s+1

.

Given that for n large enough ∥fj∥∞ ≤ nβ , it follows that: ∥f̂j − fτDn (j)
∥∞ ≤ ∥f̃Lj −

fτDn (j)
∥∞.

Finally, thanks to the truncation of the emission densities, it is possible to obtain the
same rate in expectation:

Eθ
[
∥f̂j − fτDn (j)

∥2∞
]
≤ c′′D5/2

n

(
log(n)

n

) 2s
2s+1

+ 2nβP((An ∩ En)c)

≤ c′′D5/2
n

(
log(n)

n

) 2s
2s+1

+ 2nβ(n−γ + 6n−α).

By choosing α and γ sufficiently large, one obtains:

Eθ
[
∥f̂j − fτDn (j)

∥2∞
]
= O

(
D5/2
n

(
log(n)

n

) 2s
2s+1

)
.

Control of 1
n

∑n
i=1

∑n
l=1 Eθ

[
(ρ ∨ ρ̂)2|l−i|maxx∈X ∥fx − f̂x∥2∞

]1/2
Let ρ̃ = 1−2δ̃

1−δ̃ where

δ̃ = δ
2 .

Eθ
[
(ρ ∨ ρ̂)2|l−i|max

x∈X
∥fx − f̂x∥2∞

]1/2
≤ ρ̃|l−i|Eθ

[
max
x∈X
∥fx − f̂x∥2∞

]1/2
+ Eθ

[
max
x∈X
∥fx − f̂x∥2∞1ρ̂≥ρ̃

]1/2
.
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The term Eθ
[
maxx∈X ∥fx − f̂x∥2∞1ρ̂≥ρ̃

]1/2
can be made of order n−α for arbitrary α > 0

by the same large deviation argument used in the control of Eθ
[

1
δ̂2

]
. Then, summing up

over i and n yields:

1

n

n∑
i=1

n∑
l=1

Eθ
[
(ρ ∨ ρ̂)2|l−i|max

x∈X
∥fx − f̂x∥2∞

]1/2
= O

(
D5/2
n

(
log(n)

n

) s
2s+1

)
Finally, using Proposition 3.6.13 and the previous controls of the errors of estimation of
the model parameters, one gets:

E[Rclass
n (θ, ĥτn)]− inf

h∈Hn

Rclass
n (θ, h) = O

(
D5/2
n

(
log(n)

n

) s
2s+1

)
.

A similar rate holds for the excess risk of clustering thanks to the relationship between the
Bayes risk of classification and the Bayes risk of clustering established in Theorems 3.3.7
and 3.3.9.

Lemma 3.6.14. Suppose (At, t ∈ R) are J × J matrices simultaneously diagonalized by a
matrix R:

RAtR
−1 = diag(λt,1, ..., λt,J), t ∈ R.

Let R̂ be a matrix such that for some permutation τ of {1, ..., J}, we have:

∥R̂− PτR∥ = εR ≤
∥R−1∥−1

2

Assume λmax = suptmaxj |λt,j | < ∞. For matrices (Ât)t∈R, write εA = supt∥At − Ât∥
and define

λ̂t,j = eTj R̂ÂtR̂
−1ej and λt,τ(j) = eTj (PτR)At(PτR)

−1ej .

Then
sup
t

max
j
|λ̂t,j − λt,τ(j)| ≤ 4κ(R)

[
εA + λmaxκ(R)∥R−1∥εR

]
.

Proof. Let ζ̂Tj = eTj R̂, let ξ̂j = R̂−1ej and define ζTj = eTj PτR and ξj = (PτR)
−1ej .

Then, λt,τ(j) = ζTj Atξj , λ̂t,j = ζ̂Tj Âtξ̂j and we have:

|λ̂t,j − λt,τ(j)| = |ζ̂Tj Âtξ̂j − ζTj Atξj |

= |ζ̂Tj Ât(ξ̂j − ξj) + (ζ̂Tj − ζTj )Atξj + ζ̂Tj (Ât −At)ξj |

≤ ∥ζ̂Tj ∥∥Ât∥∥ξ̂j − ξj∥+ ∥ζ̂Tj − ζTj ∥∥Atξj∥+ ∥ζ̂Tj ∥∥ξj∥εA
∥ζTj ∥ = ∥eTj PτR∥ ≤ ∥PτR∥ = ∥R∥

∥ζ̂Tj − ζTj ∥ = ∥eTj (R̂− PτR)∥ ≤ ∥R̂− PτR∥ = εR

∥ξj∥ = ∥(PτR)−1ej∥ ≤ ∥(PτR)−1∥ = ∥R−1∥
∥ξ̂j − ξj∥ = ∥(R̂−1 − (PτR)

−1)ej∥ ≤ ∥R̂−1 − (PτR)
−1∥

≤ ∥R−1∥2εR
1− εR∥R−1∥

(by Lemma 37 of Abraham et al. [2022])

∥At∥ = ∥R−1diag(λt,.)R∥ ≤ λmaxκ(R)

∥Atξj∥ = ∥λt,τ(j)ξj∥ ≤ λmax∥R−1∥

∥ζ̂Tj ∥ = ∥ζ̂Tj − ζTj + ζTj ∥ ≤ ∥ζ̂Tj − ζTj ∥+ ∥ζTj ∥ ≤ εR + ∥R∥
∥Ât∥ ≤ εA + ∥At∥ ≤ εA + λmaxκ(R).
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Thus, by the inequalities above:

|λ̂t,j − λt,τ(j)| ≤ (εR + ∥R∥)(εA + λmaxκ(R))
∥R−1∥2εR

1− εR∥R−1∥
+ λmaxεR∥R−1∥+ ∥R−1∥(εR + ∥R∥)εA
≤ 2(εR + ∥R∥)(εA + λmaxκ(R))∥R−1∥2εR
+ λmax∥R−1∥εR + ∥R−1∥(εR + ∥R∥)εA
≤ 2∥R−1∥2ε2RεA + 2κ(R)∥R−1∥εAεR + 2λmaxκ(R)∥R−1∥2ε2R
+ 2λmaxκ(R)

2∥R−1∥εR + λmax∥R−1∥εR + κ(R)εA + ∥R−1∥εRεA
≤ 2∥R−1∥2ε2RεA + (2κ(R) + 1)∥R−1∥εAεR
+ 2λmaxκ(R)

(
(∥R−1∥εR)2 + κ(R)

(
∥R−1∥εR

))
+ λmax∥R−1∥εR + κ(R)εA

≤ 2

(
1

2

)2

εA +
3

2
κ(R)εA + 2λmaxκ(R)∥R−1∥εR

(
κ(R) +

1

2

)
+ λmax∥R−1∥εR + κ(R)εA

≤ 3κ(R)εA + λmax(1 + 3κ(R)2)∥R−1∥εR
≤ 4κ(R)

[
εA + λmaxκ(R)∥R−1∥εR

]
where we have used ∥R−1∥εR ≤ 1/2 and κ(R) ≥ 1.

3.6.14 Proof of Lemma 3.5.1

Let define pn,i(θ) := maxk Pθ (Xi = k | Y1:n) = Pθ
(
Xi = h⋆θ,i | Y1:n

)
; defining h⋆θ,i realizing

the maximum. Suppose pn,i(θ) ≥ 1
2 + γ for some 0 < γ ≤ 1/2. Then,

pn,i(θ)− max
k ̸=h⋆θ,i

Pθ (Xi = k | Y1:n) ≥ pn,i(θ)−
∑
k ̸=h⋆θ,i

Pθ (Xi = k | Y1:n)

= pn,i(θ)− [1− pn,i(θ)]
= 2pn,i(θ)− 1

≥ 2γ.

Consequently if pn,i(θ) ≥ 1
2 + γ,

Pθ̂
(
Xi = h⋆θ,i | Y1:n

)
≥ pn,i(θ)−

∥∥∥ϕθ,i|n − ϕθ̂,i|n∥∥∥TV

≥ max
k ̸=h⋆θ,i

Pθ (Xi = k | Y1:n) + 2γ −
∥∥∥ϕθ,i|n − ϕθ̂,i|n∥∥∥TV

≥ max
k ̸=h⋆θ,i

Pθ̂ (Xi = k | Y1:n) + 2γ − 2
∥∥∥ϕθ,i|n − ϕθ̂,i|n∥∥∥TV

We have shown that on the intersection of the two events

En,i :=

{
pn,i(θ) ≥

1

2
+ γ

}
, Fn,i :=

{∥∥∥ϕθ,i|n − ϕθ̂,i|n∥∥∥TV
< γ

}
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the plug-in rule h⋆
θ̂

maximizing k 7→ Pθ̂ (Xi = k | Y1:n) is unique and it must be that
h⋆
θ̂,i

= h⋆θ,i. Then, we bound the risk as follows,

Rclass
n (θ, h⋆

θ̂
) ≤ Eθ

[
1

n

n∑
i=1

1{
h⋆
θ̂,i

̸=Xi

}1En,i∩Fn,i

]
+ Eθ

[
1

n

n∑
i=1

1{
h⋆
θ̂,i

̸=Xi

}1Ec
n,i

]

+ Eθ

[
1

n

n∑
i=1

1{
h⋆
θ̂,i

̸=Xi

}1F c
n,i

]

≤ Eθ

[
1

n

n∑
i=1

Pθ
(
h⋆θ,i ̸= Xi

)
1En,i

]
+

1

n

n∑
i=1

Pθ
(
Ecn,i

)
+

1

n

n∑
i=1

Pθ
(
F cn,i

)
Finally, notice that,

Pθ
(
Ecn,i

)
= Pθ

(
pn,i(θ) <

1

2
+ γ

)
= Pθ

(
Pθ
(
Xi = h⋆θ,i | Y1:n

)
<

1

2
+ γ

)
= Pθ

(
Pθ
(
Xi ̸= h⋆θ,i | Y1:n

)
>

1

2
− γ
)

≤ 1

1/2− γ
Eθ
(
Pθ
(
h⋆θ,i ̸= Xi | Y1:n

)
1Ec

n,i

)
.

Hence the result.

3.6.15 Equivalence of the definitions of the risk of clustering

Lemma 3.6.15. The risk of clustering of πn ◦ h can be rewritten as

Rclust
n (θ, πn ◦ h) := Eθ

[
min
τ∈SJ

1

n

n∑
i=1

1hi(Y1:n)̸=τ(Xi)

]
(3.26)

Proof. It suffices to show that

sup
M⊆E(πn◦h(Y1:n),Πn)
M is a matching

∑
{C,C′}∈M

Card(C ∩ C ′) = sup
τ∈SJ

1

n

n∑
i=1

1hi(Y1:n)=τ(Xi)

Let Ck = {i ∈ [n] | hi(Y1:n) = k} and C ′
k = {i ∈ [n] | Xi = k}. Since the two partitions

Πn and πn ◦ h(Y1:n) have the same number of clusters J (with possibly empty clusters),
the supremum is reached on matchings with J edges. Using this fact, it follow that the
matching reaching the supremum is of the form:

M =
{
(Ck, C

′
τ(k)) | 1 ≤ k ≤ J

}
where τ is a permutation of {1, .., J}. One obtains:

sup
M⊆E(πn◦h(Y1:n),Πn)
M is a matching

∑
{C,C′}∈M

Card(C ∩ C ′) = sup
τ∈SJ

J∑
k=1

Card(Ck ∩ C ′
τ(k))

= sup
τ∈SJ

J∑
k=1

n∑
i=1

1τ−1(Xi)=hi(Y1:n)=k

= sup
τ∈SJ

n∑
i=1

1τ(Xi)=hi(Y1:n)

(3.27)
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3.6.16 Proof of Lemma 3.6.1

Without loss of generality, let αi ≥ 1
2 for all i. When pi = αi, we will say that i is

given positive bias, and similarly when pi = 1 − αi we say it has negative bias. We show
that unless we give all positive bias or all negative bias, we can flip the bias of some
i to increase the expectation. This suffices to conclude. Let (Zi)i∈[n] be a sequence of
independent Bernoulli random variables such that Zn ∼ B(αi), and let βi ∈ {−1,+1} be
the bias we give i. We then let

Yi = 2Zi − 1 ∈ {−1,+1} and Xi =
1 + βiYi

2
∈ {0, 1}.

Consequently, Xi ∼ B (αi1βi=1 + (1− αi)1βi=−1) and
∑n

i=1Xi− n
2 = 1

2

∑n
i=1 βiYi. Letting

Sn =
∑n

i=1 βiYi, we intend to choose the βi to maximize E[|Sn|].
Let S̸=k =

∑
i̸=k βiYi and define:

sign(x) =


1 if x < 0
0 if x = 0
−1 if x > 0

Then,

|Sn| = Snsign(Sn)
= Snsign (S̸=k) + Sn (sign(Sn)− sign(S ̸=k))
= S̸=ksign (S̸=k) + βkYksign (S̸=k) + Sn (sign (Sn)− sign (S̸=k))

= |S̸=k|+ βkYksign (S̸=k) + 1S ̸=k=0

By the computation above and the fact that S̸=k and Yk are independent:

E[|Sn|] = E[|S ̸=k|] + P(S ̸=k = 0) + E[sign(S̸=k)]βkE[Yk].

Since E[Yk] ≥ 0, we conclude that if we fix the values of (βi)i̸=k, then the value of βk that
maximizes E[|Sn|] is:

βk = sign (E[sign(S ̸=k)]) . (3.28)

Assume for the moment that all the αi are distinct and obey αi > 1
2 . This assumption

will guarantee that for non-same-sign biases, there is always at least one bias we can flip to
strictly increase E[|Sn|]. We will remove this assumption at the end of the proof. Consider
any assignment of the biases β1, . . . , βn.

Lemma 3.6.16. If all the αi are distinct and ensure αi > 1
2 , the values (E[sign(S̸=j)])j∈[n]

are distinct, so there exists k such that E[sign(S ̸=k)] ̸= 0.

Lemma 3.6.17. Suppose βj = 1 and βk = −1. Then E[sign(S̸=k)] ≥ E[sign(S ̸=j)].

Both facts will be proved at the end of this section. With these facts in hand, consider
any non-same-sign biases β1, . . . , βn. By Lemma 3.6.16, there exists k such that:

E[sign(S̸=k)] ̸= 0.

Without loss of generality, suppose βk = −1. There are two cases to consider.

• If E[sign(S̸=k)] > 0, then βk disobeys the condition (3.28), so swapping to βk = 1
increases Eθ[|Sn|].
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• If E[sign(S ̸=k)] < 0, then βk obeys the condition (3.28), so we need to find another
bias to swap. Because the assignment is non-same-sign, there exists j such that
βj = 1. And by Lemma 3.6.17 , E[sign(S̸=j)] < 0. This means βj disobeys the
condition 3.28, so swapping to βj = −1 increases E[|Sn|].

We have shown that any non-same-sign bias assignment is suboptimal for maximizing
E[|Sn|], so only the same-sign cases can be optimal. And it is clear by symmetry that they
both yield the same E[|Sn|] value, so both are optimal. Note that E[|Sn|] is a polynomial
in the parameters (αi)i∈[n]. When the assumption that all αi are distinct and obey αi > 1

2
does not hold, the result is still true thanks to continuity with respect to (αi)i∈[n].

Proof of Lemma 3.6.16

Let S/∈{j,k} =
∑

i/∈{j,k} βiYi and j ̸= k ∈ [n].

E
[
sign(S̸=j)

]
− E [sign(S̸=k)] = P (S ̸=j > 0)− P (S̸=j < 0)− P (S̸=k > 0) + P (S̸=k < 0)

= P
(
S/∈{j,k} + βkYk > 0

)
− P

(
S/∈{j,k} + βkYk < 0

)
− P

(
S/∈{j,k} + βjYj > 0

)
+ P

(
S/∈{j,k} + βjYj < 0

)
= αkP

(
S/∈{j,k} > −βk

)
+ (1− αk)P

(
S/∈{j,k} > βk

)
− αkP

(
S/∈{j,k} < −βk

)
− (1− αk)P

(
S/∈{j,k} < βk

)
− αjP

(
S/∈{j,k} > −βj

)
− (1− αj)P

(
S/∈{j,k} > βj

)
+ αjP

(
S/∈{j,k} < −βj

)
+ (1− αj)P

(
S/∈{j,k} < βj

)
When βj = βk = 1,

E
[
sign(S̸=j)

]
−E [sign(S ̸=k)] = (αk−αj)

(
P
(
S/∈{j,k} ∈ {0, 1}

)
+ P

(
S/∈{j,k} ∈ {0,−1}

))
̸= 0.

The remaining cases can be analyzed similarly.

Proof of Lemma 3.6.17

We want to show that:

E
[
sign(S/∈{j,k} + Yj)

]
≥ E

[
sign(S/∈{j,k} − Yk)

]
The key observation is that we have a stochastic dominance +Yj ≥st −Yk. This means
that for any nondecreasing function f :

E [f(Yj)] ≥ E [f(−Yk)] .

The desired result follows by applying the above to

f(x) = E
[
sign(S/∈{j,k} + x)

]
which is clearly nondecreasing.
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Chapter 4

Clustering in slowly-mixing Gaussian
HMMs

We study the problem of clustering under the hidden Markov model with Gaussian emis-
sions, focusing on the regime where the hidden chain mixes slowly. We provide a precise
characterization of how the Bayes risk depends on the model parameters and construct
a Bayes-optimal clustering procedure. Notably, our analysis reveals surprising and non-
standard behavior of the Bayes risk in certain parameter regimes, offering new insights
into the interplay between signal strength and temporal dependence.

This chapter is a collaboration with Mohamed Ndaoud.
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4.1 Introduction

Clustering is a central problem in unsupervised learning, widely used to uncover latent
structure in data, particularly those generated by mixture models. It has been extensively
studied from both a practical standpoint, leading to a variety of clustering algorithms,
and from a theoretical perspective, where rigorous guarantees have been established for
the clustering performance in various settings. In this work, we focus on the problem of
clustering in hidden Markov models (HMMs) with Gaussian emission distributions and
a slowly mixing latent Markov chain. More precisely, we consider observations (Xi)i∈[n]
generated according to

Xi = ηiθ + ξi, (4.1)

where θ ∈ Rd is an unknown signal vector, the noise vectors ξi ∼ N (0, Id) are independent,
and (ηi)i∈[n] is a stationary, symmetric binary Markov chain on {−1,+1} with transition
matrix

Q =

(
1− δ δ
δ 1− δ

)
.

Our focus is on the slowly mixing regime, where the transition probability δ is small, so the
latent labels (ηi) tend to persist for longer periods in the same state. The purpose of this
work is to identify precisely the dependence of the Bayes risk of clustering with respect to
the model parameters δ and ∥θ∥. The Bayes risk of clustering is defined by

inf
g∈Gn

Rclust
n (θ, δ, g)

where Gn is the set of clusterers and Rclust
n (θ, δ, g) is the risk of clustering of clusterer g

when clustering n observations generated through model (4.1). We will study both the
online and offline risks of clustering. See Section 4.3 for the formal definition of these risks.

4.1.1 Notations

Throughout this work, we use the following notations. The operator ∥·∥ is the ℓ2-norm in
Rd, and ∥·∥op is the operator norm with respect to the ℓ2-norm. Id is the identity matrix
of dimension d. For any symmetric matrix A, λmax(A) will denote the top eigenvalue of A
and vmax(A) the corresponding unit eigenvector. For given quantities u and v that might
depend on some parameters, we write u ≲ v (u ≳ v) when u ≤ cv (u ≥ cv) for some
absolute constant c > 0. When u ≲ v and v ≲ u, we write u ≍ v.

4.2 Related literature

4.2.1 Estimation

A key question explored in the literature of parameter estimation concerns the characteri-
zation of the minimax estimation error rate for the parameter θ up to a sign flip. The loss
function under consideration is

ℓ
(
θ, θ′

)
= min

{
∥θ − θ′∥, ∥θ + θ′∥

}
,

and the corresponding minimax estimation error is defined by.

M(n, d, δ, t) = inf
θ̂(X1:n)

sup
∥θ∥=t

E
[
ℓ
(
θ̂(X1:n), θ

)]
where E is the expectation under the HMM model (4.1). The objective is to characterize
the exact dependence of this risk with respect to the model parameters. This problem was
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first studied in the context of Gaussian location models, which corresponds to the setting
where δ = 0. Under these models, one observes independent samples from the distribution
N (θ, Id). It was shown in Wu [2017] that the minimax estimation error in this setting
satisfies:

M(n, d, 0, t) =

t t ≤
√

d
n ,√

d
n t ≥

√
d
n .

This rate is achieved by the empirical mean estimator when t ≥
√
d/n, and by the trivial

estimator θ̂ = 0 when t ≤
√
d/n. In the case where the norm ∥θ∥ is unknown, the global

minimax risk is given by

inf
θ̂(X1:n)

sup
θ

E
[
ℓ
(
θ̂(X1:n), θ

)]
=

√
d

n
.

Another setting where the problem of estimation was studied is the Gaussian Mixture
model. In this setting, one observes an i.i.d. sample from the mixture distribution Pθ =
1
2N (θ, Id)+

1
2N (−θ, Id) and aims to estimate the parameter θ. This setting corresponds to

the case where δ = 1
2 . It was shown in Wu and Zhou [2021] that in this case, the minimax

estimation error satisfies

M(n, d, 12 , t) = min

{√
d

n
+

1

t

(
d

n
+

√
d

n

)
, t

}
.

This expression implies the following asymptotic behavior (for d ≤ n):

M(n, d, 12 , t) ≍


t t ≤

(
d
n

)1/4
,

1
t

√
d
n

(
d
n

)1/4 ≤ t ≤ 1,√
d
n t ≥ 1.

In contrast, for the high-dimensional regime d ≥ n, the minimax rate simplifies to

M(n, d, 12 , t) =

t t ≤
√

d
n ,√

d
n t ≥

√
d
n .

The minimax rate in this case is achieved by the spectral estimator, as demonstrated in
Appendix B of Wu and Zhou [2021]. Additionally, the Expectation-Maximization (EM)
algorithm is shown to attain the minimax rate in certain regimes, up to logarithmic factors.
The general case, where the latent labels follow a Markovian dependence structure, was
studied in Zhang and Weinberger [2022]. It was shown that when the dimension satisfies
d ≥ δn, the minimax estimation rates are comparable to those in the Gaussian location
model. However, when d ≤ δn, an improvement in the estimation rate is achievable.
Specifically, the minimax estimation error satisfies

M(n, d, δ, t) ≍


t t ≤

(
δd
n

)1/4
,

1
t

√
δd
n

(
δd
n

)1/4 ≤ t ≤ √δ,√
d
n t ≥

√
δ.

A spectral clustering algorithm achieving this rate was proposed in Zhang and Weinberger
[2022], but the analysis contained an error. This was corrected in Karagulyan and Ndaoud
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[2024], where a revised spectral estimator was introduced and shown to match the optimal
rates. The proposed estimator is adaptive to ∥θ∥, and can also be made adaptive to the
parameter δ. Importantly, the fully adaptive minimax rate remains an open question.
The estimator used differs from the standard spectral method of Wu and Zhou [2021];
it involves partitioning the sample into multiple "buckets", averaging observations within
each bucket, and then applying the spectral technique. The appropriate choice of bucket
size depends critically on both δ and ∥θ∥, which is the source of the adaptation challenge.

4.2.2 Clustering

Theoretical guarantees for clustering algorithms have been extensively studied in the i.i.d.
setting. For instance, Lu and H. Zhou [2016] investigated the performance of Lloyd’s
algorithm for clustering sub-Gaussian mixtures and identified the signal-to-noise ratio with
respect to which the clustering error of Lloyd’s algorithm decays exponentially after log(n)
iterations. Similarly, relaxed versions of theK-means algorithm were studied in Giraud and
Verzelen [2018], Royer [2017], Fei and Chen [2018] and the signal-to-noise ratio governing
the associated clustering risk was identified, clarifying thus the dependence of the clustering
error with respect to the model parameters in many regimes. In Ndaoud [2022], the
minimax risk of clustering was tightly analyzed in the setting of Gaussian mixtures and
the optimal separation conditions for exact recovery were identified. The problem was
formulated as follows: a statistician observes an i.i.d. sample (Xi)1≤i≤n from the mixture
distribution

Pθ =
1

2
N (−θ, σ2Id) +

1

2
N (θ, σ2Id),

with the goal of recovering the hidden labels (up to a global sign flip). The loss function
used is

r(η̂, η) = min {|η̂ − η| , |η̂ + η|} ,

where |.| is the Hamming distance defined by:

|η̂ − η| :=
n∑
i=1

|η̂i − ηi| = 2

n∑
i=1

1η̂i ̸=ηi .

The corresponding minimax risk is defined by

inf
η̂(X1:n)

sup
(θ,η)∈Ω∆

1

n
E [r (η̂(X1:n), η)|η] ,

where Ω∆ =
{
θ ∈ Rd : ∥θ∥ ≥ ∆

}
× {−1, 1}n. It was established in Ndaoud [2022] that:

inf
η̂(X1:n)

sup
(θ,η)∈Ω∆

1

n
E [r (η̂(X1:n), η)|η] ≍ e−cr

2
n , (4.2)

for absolute constant c, where r2n = ∆2

σ2 · 1

1+ dσ2

n∆2

. This provides a tight understanding

of the minimax risk of clustering and allows the identification of the optimal separation
conditions required for recovering the clusters. A minimax optimal clustering procedure
based on Lloyd’s iterations is also provided. Building on this line of work, Gassiat et al.
[2025] considered the problem of clustering in the general nonparametric HMM framework.
There, the fundamental limits of clustering were characterized through the Bayes risk of
clustering, defined as the best performance achievable by an oracle with access to the model
parameters:

inf
g∈Gn

Rclust
n (θ, δ, g)
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where Gn is the set of clusterers. They provided a sharp characterization of this Bayes
risk in the regime where the hidden Markov chain is strongly mixing and constructed
a nonparametric plug-in estimator achieving near-optimal performance. However, their
results primarily address the strong mixing regime, where the parameter δ of the transition
matrix is of constant order. In the slowly mixing regime, where δ is small or even vanishing,
their bounds on the Bayes risk of clustering do not match. Specifically, they established
that

δ2(1− α̃n)
1− δ

Λ ≤ inf
g∈Gn

Rclust
n (θ, δ, g) ≤ (1− δ)Λ,

where Λ =
∫
Rd fθ ∧ f−θ, with fθ denoting the Gaussian density centered at θ, and α̃n =

O
(

1
nδ5

)
. As δ → 0, these bounds fail to provide a precise understanding of how the

interplay between the signal strength ∥θ∥ and the dependence level δ governs the optimal
clustering performance. Also, the optimal conditions for almost full and exact recovery of
the clusters are still unclear in the slowly mixing regime. The objective of the present work
is to study the Bayes risk of clustering in the slowly mixing regime in order to elucidate
how temporal dependencies translate in terms of the clustering performance.

4.3 Setting and definitions

4.3.1 Offline clustering

For any n ≥ 1, the finite sequence η1:n = (η1, . . . , ηn) induces a random partition Πn =
{C1, C2, . . . } of [n] whose blocks – the so-called clusters – are the equivalence classes for
the random equivalence relation i ∼ j ⇐⇒ ηi = ηj . The goal of clustering is to uncover
this partition Πn on the sole basis of the observation X1:n = (X1, . . . , Xn). We recall the
definition of a clusterer in this context:

Definition 4.3.1 (Clusterer). A n-clusterer is a measurable map g :
(
Rd
)n → P[n] where

P[n] is the set of partitions of [n]. We denote by Gn the set of all n-clusterers.

We measure the loss incurred by guessing g(X1:n) in place of Πn via the maximum
overlap of a matching between the two partitions. To define a matching, we build the
complete bipartite graph (g(X1:n),Πn, E(g(X1:n),Πn)) on vertices g(X1:n) and Πn with
edge set E(g(X1:n),Πn) := {{C,C ′} : C ∈ g(X1:n), C

′ ∈ Πn}. Then we recall that a
matching M is a set M ⊆ E(g(X1:n),Πn) of edges without common vertices (i.e. each
block of Πn and g(X1:n) appears in at most one edge of the matching). Then, we consider
the following loss (see Meilă and Heckerman [2001], Meilă [2005]) of g(X1:n) with respect
to the true partition Πn

(g(X1:n),Πn) 7→ 1− 1

n
sup

M⊆E(g(X1:n),Πn)
M is a matching

∑
{C,C′}∈M

Card(C ∩ C ′).

with associated risk function Rclust
n : Θ× Gn → [0, 1]

Rclust
n (θ, δ, g) := E

[
1− 1

n
sup

M⊆E(g(X1:n),Πn)
M is a matching

∑
{C,C′}∈M

Card(C ∩ C ′)

]
. (4.3)

where Gn is the set of all n − clusterers. The difficulty of clustering under model (4.1)
is measured through the Bayes risk of clustering infg∈Gn Rclust

n (θ, δ, g). A closely related
notion is that of a classifier :
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Definition 4.3.2 (Classifier). A n-classifier is a measurable map h :
(
Rd
)n → {0, 1}n.

We denote by Hn the set of all n-classifiers.

Note that, from any n-classifier h ∈ Hn corresponds a unique n-clusterer g ∈ Gn which
can be built via the map πn : {0, 1}n → P[n] such that

g(X1:n) = πn ◦ h(X1:n) = {{i : hi(X1:n) = x} : x ∈ {0, 1}}\{∅}

and any clusterer can be represented that way by choosing a specific labelling of the clusters.
For this reason, the notions of clusterer and classifier are very much often amalgamated in
the literature. We argue that it would be better to define them separately in order to avoid
confusions between the risk of clustering Rclust

n (θ, δ, πn ◦ h) and the risk of classification
Rclass
n : Θ×Hn → [0, 1] (relative to the loss counting number of misclassified observations)

Rclass
n (θ, δ, h) := E

[
1

n

n∑
i=1

1hi(X1:n)̸=ηi

]
. (4.4)

It is easy to show that the risk of clustering of πn ◦ h can be rewritten as

Rclust
n (θ, δ, πn ◦ h) := E

[
min

{
1

n

n∑
i=1

1hi(X1:n)̸=ηi , 1−
1

n

n∑
i=1

1hi(X1:n)̸=ηi

}]
(4.5)

and differs from (4.4). It is customary to compare the performance of a given classifier
h to the best performance attainable by an oracle classifier, namely the Bayes risk of
classification:

inf
h∈Hn

Rclass
n (θ, δ, h).

4.3.2 Online clustering

We are also interested in the situation where the observations must be clustered sequen-
tially ; ie. estimating (Πk)k≥1 sequentially. In this situation, we are aiming for a sequence of
clusterers g = (g(k))k≥1 with g(k) ∈ Gk for every k ≥ 1 (thus each g(k) is X1:k-measurable).
The major difference with offline clustering is that, the sequence must satisfy the constraint
that the partition g(i+1)(X1:i+1) is obtained from g(i)(X1:i) by either assigning Xi+1 to an
existing block, or a new block, but no other change is allowed. Another way to put this is
that the sequence g must be consistent in the sense that for all 1 ≤ m ≤ n, the partition
g(n)(X1:n) restricted to [m] must equal g(m)(X1:m), Pθ- a.s, ie.

{C ∩ [m] : C ∈ g(n)(X1:n)}\{∅} = g(m)(X1:m) P- a.s (4.6)

Note that the interest of studying online methods lies in the advantages they offer in
terms of theoretical and computational properties: online methods are generally easier to
implement in the HMM framework and they have plausible theoretical properties making
their theoretical study less complicated compared to their offline counterparts.

Definition 4.3.3 (Online clusterer). An online clusterer is a sequence g ∈
∏
k≥1 Gk that

satisfies the consistency constraint (4.6). We denote by Gon the set of all online clusterers.

For each time horizon n ≥ 1, we consider the risk function Rclust,on
n : Θ× Gon → [0, 1]

Rclust,on
n (θ, δ, g) := Rclust

n (θ, δ, g(n)) = E

[
1− 1

n
sup

M⊆E(g(n)(X1:n),Πn)
M is a matching

∑
{C,C′}∈M

Card(C ∩ C ′)

]
.
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SinceRclust,on
n (θ, g) depends solely on g(n), we will use the abuse of notationRclust,on

n (θ, g(n))
instead in order to align with notations used in the offline context. Since each gk in the
sequence g ∈ Gon can be represented (in a non-unique way) as πk ◦ h(k) for some classifier
h(k) ∈ Hk, the whole sequence can be represented as g = (πk ◦ h(k))k≥1 ≡ π ◦ h. The
consistency constraint (4.6) then translates on the sequence h = (h(k))k≥1 as

∀ 1 ≤ m ≤ n, h(m)
m (X1:m) = h(n)m (X1:n) P- a.s (4.7)

Although online classifiers have no admitted definition Hoi et al. [2021], we adopt the
following definition which is consistent with our framework.

Definition 4.3.4 (Online classifier). An online classifier is a sequence h ∈
∏
k≥1Hk that

satisfies the consistency constraint (4.7). We denote by Hon the set of all online classifiers.

Then, for a classifier h ∈ Hon, we define the risk of online classification by:

Rclass,on
n (θ, δ, h) := Rclass

n (θ, δ, h(n)) = E

[
1

n

n∑
i=1

1
h
(n)
i (X1:n)̸=ηi

]
. (4.8)

As for clustering, we will use the abuse of notation Rclass,on
n (θ, h(n)) because the risk de-

pends only on h(n). Here again, the same remarks we made in the offline context still
apply: the risk of online classification is of no statistical interest in an unsupervised con-
text where labels are not observed. However, its analysis would be crucial in obtaining
results concerning the risk of clustering.
In view of the definition of Rclust,on

n , of (4.5) and (4.7), we can easily show that

∀h ∈ Hon, Rclust,on
n (θ, δ, π◦h) = E

[
min

{
1

n

n∑
i=1

1
h
(n)
i (X1:n)̸=ηi

, 1− 1

n

n∑
i=1

1
h
(n)
i (X1:n)̸=ηi

}]
.

(4.9)
Similarly to the offline framework, the Bayes risk of online classification can then be
defined as :

inf
h∈Hon

Rclass,on
n (θ, δ, h) = inf

h∈Hon
E

[
1

n

n∑
i=1

1
h
(n)
i (X1:n)̸=ηi

]
It was shown in Gassiat et al. [2025] that the Bayes risks of clustering and classification
ensure:

(1− α̃n) inf
h∈Hn

Rclass
n (θ, h) ≤ inf

g∈Gn

Rclust
n (θ, g) ≤ inf

h∈Hn

Rclass
n (θ, h),

where α̃n = O
(

1
n1/2δ5

)
. This ensures that as long as δ ≳ n−1/10, the two Bayes risks are of

the same magnitude. This applies also to the online bayes risks. Since it is easier to study
the Bayes risk of classification, we will focus in what follows on this risk in the regime
δ ≳ n−

1
10 : in this case, the bounds on the Bayes risk of classification can be extrapolated

to the Bayes risk of clustering.

4.4 Main results

We first study the Bayes risk of clustering.
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4.4.1 Online setting

In the case of online clustering, the following proposition provides a lower-bound on the
Bayes risk of clustering.

Proposition 4.4.1. The Bayes risk of online clustering ensures:

inf
g∈Gon

Rclust,on
n (θ, δ, g) ≳


1 ∥θ∥2 ≤ 2δ,
δ

∥θ∥2

(
log
(
∥θ∥2
2δ

)
+ 1
)

2δ < ∥θ∥2 ≤ log
(
1
δ

)
,

1
∥θ∥ exp

(
−∥θ∥2

2

(
1 +

log( 1−δ
δ )

2∥θ∥2

)2
)
∥θ∥2 > log

(
1
δ

)
.

Now, we seek a clustering procedure that matches this lower-bound, up to multiplicative
constants. Consider the online clustering procedure g = πn ◦ η̂ where for i ∈ J1, nK :

• If ∥θ∥2 > log
(
1
δ

)
,

η̂i(X1:n) = sign (⟨Xi, θ⟩)

• If ∥θ∥2 ≤ log
(
1
δ

)
,

η̂i(X1:n) =

sign(⟨Xi, θ⟩) i ∈ J1, kK

sign
(〈

1
k

∑i
j=i−k+1Xj , θ

〉)
i > k

(4.10)

with k =
⌈

2
∥θ∥2 log

(
∥θ∥2
2δ

)⌉
.

The following proposition controls the risk of clustering of the clustering procedure g =
πn ◦ η̂.

Proposition 4.4.2. The Bayes risk of online clustering ensures:

inf
g∈Gon

Rclust,on
n (θ, δ, g) ≤ Rclust,on

n (θ, δ, πn◦η̂) ≤


1
2 ∥θ∥2 ≤ 2δ,
4δ

∥θ∥2

(
log
(
∥θ∥2
2δ

)
+ 1
)

2δ < ∥θ∥2 ≤ log
(
1
δ

)
,

1√
2π∥θ∥ exp

(
−∥θ∥2

2

)
∥θ∥2 > log

(
1
δ

)
.

Disregarding multiplicative constants, Propositions 4.4.1 and 4.4.2 together yield a
sharp characterization of the online Bayes risk of clustering across the three regimes. In-
terestingly, the intermediate regime

2δ < ∥θ∥2 ≤ log

(
1

δ

)
exhibits a polynomial decay of the Bayes risk with respect to the signal strength—a phe-
nomenon that, to the best of our knowledge, has not been previously documented in the
literature on the Bayes risk. The behavior of the Bayes risk of online clustering is sum-
marized in Figure 4.1. Note that the values shown in the figure are not exact, but are
accurate up to constant factors.

The behavior of the Bayes risk of online clustering exhibits three regimes:

• ∥θ∥2 ≤ δ: This corresponds to the weak signal regime in which it is not possible to
distinguish the two clusters. The Bayes risk of clustering is of constant order.
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δ log
(
1
δ

)

δ

1

δ
∥θ∥2

(
log
(

∥θ∥2

δ

)
∨ 1
)

e−
∥θ∥2

2

∥θ∥2

infg∈Gon Rclust,on
n (θ, δ, g)

Figure 4.1: Behavior of the Bayes risk of online clustering in the slowly mixing regime

• δ < ∥θ∥2 ≤ log
(
1
δ

)
: This is the intermediate signal regime, where the signal is strong

enough to begin separating the clusters. In this regime, the Bayes risk decays slowly
at a hyperbolic rate, approximately like δ/∥θ∥2.

• ∥θ∥2 > log
(
1
δ

)
: This is the strong signal regime, where the separation between

clusters is large. The Bayes risk decays exponentially fast in ∥θ∥2.

Note that in the strongly mixing regime, that is when δ is of constant order, the
intermediate signal regime disappears and one retrieves the behavior displayed in Figure
4.2.

1

1

e−
∥θ∥2

2

∥θ∥2

infg∈Gon Rclust,on
n (θ, δ, g)

Figure 4.2: Behavior of the Bayes risk of online clustering in the strong mixing regime.

4.4.2 Offline setting

We first have the following lower-bound on the Bayes risk of clustering:

Proposition 4.4.3. The Bayes risk of offline clustering ensures:

inf
g∈Gn

Rclust
n (θ, δ, g) ≳


1 ∥θ∥2 ≤ 2δ,
δ

∥θ∥2 2δ < ∥θ∥2 ≤ 1,√
2
π

∥θ∥
∥θ∥2+1

δ exp
(
−∥θ∥2

2

)
∥θ∥2 > 1.
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In what follows, we seek a clustering procedure that matches (up to logarithmic terms)
the lower-bound of Proposition 4.4.3. Motivated by the proof of the lower bound, we
consider the following classification procedure, which uses estimators of the neighboring
labels. For a ∈ J1, nK, set η̂ as follows:

• If ∥θ∥2 < log
(
1
δ

)
, then set k =

⌈
2

∥θ∥2 log
(
∥θ∥2
2δ

)⌉
and

η̂a(η̃a−1, Xa−k:a+k, η̃a+1) =

{
η̃a−1 if η̃a−1 = η̃a+1 and a ∈ Jk + 1, n− kK
sign (⟨Xa, θ⟩) else

where η̃a−1 and η̃a+1 are the online estimators defined by:

η̃a−1(Xa−k:a−1) = sign

⟨1
k

a−1∑
j=a−k

Xj , θ⟩

 , η̃a+1(Xa+1:a+k) = sign

⟨1
k

a+k∑
j=a+1

Xj , θ⟩


• If ∥θ∥2 ≥ log

(
1
δ

)
, then set k = 1 and

η̂a(η̃a−1, Xa−k:a+k, η̃a+1) =

{
sign

(
⟨Xa, θ⟩+ η̃a−1 log

(
1−δ
δ

))
if η̃a−1 = η̃a+1 and a ∈ Jk + 1, n− kK

sign (⟨Xa, θ⟩) else

The following proposition controls the risk of the clustering procedure associated to this
classifier.

Proposition 4.4.4. The Bayes risk of offline clustering ensures:

inf
g∈Gn

Rclust
n (θ, δ, g) ≤ Rclust

n (θ, δ, πn◦η̂) ≲



1
2 ∥θ∥2 ≤ 2δ,
2δ

∥θ∥2

(
log
(
∥θ∥2
2δ

)
+ 1
)

2δ ≤ ∥θ∥2 ≤ 1,

2δ
∥θ∥2 e

− ∥θ∥2
2

(
log
(
∥θ∥2
2δ

)
+ 1
)

1 ≤ ∥θ∥2 ≤ 2 log(1δ ),

δ exp

(
−∥θ∥2

2

(
1− 1

∥θ∥2 log
(
1−δ
δ

))2)
∥θ∥2 > 2 log

(
1
δ

)
.

The approximate behavior of the Bayes risk in this regime is summarized in Figure 4.3.

δ 1

δ

1

δ
∥θ∥2

δe−
∥θ∥2

2

∥θ∥2

infg∈Gn
Rclust

n (θ, δ, g)

Figure 4.3: Behavior of the Bayes risk of offline clustering in the slowly mixing regime
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4.4.3 Adaptation to θ

The clustering procedures described above rely strongly on the knowledge of both θ and δ,
as the choice of the bucket size k depends on ∥θ∥, and the procedures involve projections
along θ

∥θ∥ . Without loss of generality, assume n = kℓ where ℓ is the number of buckets
and k is the size of each bucket. For each bucket i ∈ J1, ℓK, consider the sample mean of k
observations inside the bucket

X̃i =
1

k

ki∑
j=k(i−1)+1

Xj

Note that
X̃i = θη̄i +

ξi√
k

where η̄i = 1
k

∑ki
j=k(i−1)+1 ηj and ξi is a standard Gaussian vector. We stack the ℓ terms

in an Rd×ℓ matrix form as follows:

X̃ = θη̄⊤ +
ξ√
k

We then consider the Gram matrix of observations X̃X̃⊤. It is easy to see that:

E
[
1

ℓ
X̃X̃⊤

]
=

E
[
∥η̄∥2

]
ℓ

θθ⊤ +
1

k
Id

As established in [Karagulyan and Ndaoud, 2024, Lemma 1], provided that ℓ ≥ nδ, we have
E
[
∥η̄∥2

]
≥ ℓ

3 . Since our goal is adaptation up to multiplicative constants, it is natural to
consider the following estimator of ∥θ∥:

∥θ̂(ℓ)∥ =
∥∥∥∥1ℓ X̃X̃⊤ − 1

k
Id

∥∥∥∥1/2
op

Similarly, a natural estimator of u = θ
∥θ∥ is û(ℓ) the top eigenvector of matrix 1

ℓ X̃X̃
⊤− 1

kId.

The following proposition controls the deviation of ∥θ̂(ℓ)∥ with respect to ∥θ∥ and the
alignment between û(ℓ) and u.

Proposition 4.4.5. There exists c > 0 and C̃ > 0 such that for ε > 0 and ℓ ≥(
n∥θ∥2 ∨ C̃2

ε2
d ∨ 2C̃

3ε nδ
)
∧ n,

P
(∣∣∣∥θ̂(ℓ)∥2 − ∥θ∥2∣∣∣ ≥ ε( ℓ

n
∨ ∥θ∥2

))
≤ e−

cε2ℓ
2

P
(

min
ν{−1,1}

∥û(ℓ)− νu∥ ≥ ε
(

ℓ

n∥θ∥2
∨ 1

))
≤ e−

cε2ℓ
2 .

Let ε > 0. Define now

Iℓ =

[
∥θ̂(ℓ)∥2 − ε ℓ

n
, ∥θ̂(ℓ)∥2 + ε

ℓ

n

]

ℓ̂ = min

ℓ′
∣∣∣∣∣∣
⋂
ℓ≥ℓ′

Iℓ ̸= ∅

 .

Let s2 ∈ ∩ℓ≥ℓ̂Iℓ. The following proposition shows that s2 is an appropriate estimator of
∥θ∥2 up to multiplicative constants.
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Proposition 4.4.6. There exist positive absolute constants c, c′ and C such that in the
regime where ∥θ∥2 ≥ c′

(
d
n ∨ δ

)
,

P
(∣∣s2 − ∥θ∥2∣∣ ≥ ∥θ∥2

2

)
≤ Ce−cn(∥θ∥2∧1)

P
(

min
ν∈{−1,1}

∥û− νu∥ ≥ ε
)
≤ Ce−cε2n(∥θ∥2∧1)

where û = û(ℓ̃) with ℓ̃ = 2m̃ and m̃ is the largest integer such that ns2 ≥ 2m̃.

Thus, when δ is known, one can use the plug-in the values of θ̃ and û to mimic the
behavior of the clustering procedures presented above.

4.4.4 Lower-bound on the minimax risk of clustering

We now turn to the analysis of the minimax risk of clustering in the presence of a Markovian
dependence among the labels. Our objective is to understand how the interplay between
the parameters δ, d, and n influences the overall clustering performance. The dimension d
does not directly affect the Bayes risk, since the latter corresponds to the performance of an
oracle that knows the model parameters exactly, thereby avoiding the challenges inherent
in high-dimensional estimation. To quantify the impact of not knowing the parameters,
we instead consider the minimax risk, defined by

inf
g∈Gn

sup
∥θ∥≥∆

Rclust
n (θ, δ, g).

Our goal is to compare the magnitude of this risk with the minimax clustering risk studied
by Ndaoud [2022] in the i.i.d. setting. Although the definition of the Bayes risk in Ndaoud
[2022] differs slightly from ours (since their supremum also ranges over the possible label
values), their bounds remain applicable to the minimax risk in the i.i.d. case, which can
be written as

Ψ1/2,∆ = inf
g∈Gn

sup
∥θ∥≥∆

Rclust
n (θ, 1/2, g).

In Ndaoud [2022], it is shown that Ψ1/2,∆ ≍ e−cr
2
n with rn = ∆2√

∆2+ d
n

. For now, we leave

aside the issue of the equivalence between the minimax risks of clustering and classification,
and focus on the quantity

Ψδ,∆ = inf
h∈Hn

sup
∥θ∥≥∆

Rclass
n (θ, δ, h)

which corresponds to the minimax risk of offline classification. The following theorem
provides a lower-bound on this minimax risk of clustering.

Theorem 4.4.7. There exists an absolute constant c > 0 such that

Ψδ,∆ ≥ cδΦc (rn)

where rn =
∆2

σ2√
∆2

σ2 + d
n

.

4.5 Proofs

We first recall the following lemma.

Lemma 4.5.1. Let X be a Gaussian random variable.

(∀x > 0)
x

x2 + 1

1√
2π
e−

x2

2 ≤ P (X > x) ≤
(

1√
2πx

∧ 1

)
e−

x2

2
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4.5.1 Proof of Proposition 4.4.1

By stationarity of the hidden chain, we extend the process (Xi)i∈N to (Xi)i∈Z.

inf
h∈Hon

Rclass,on
n (θ, δ, h) = inf

(η̂i(X1:i))1≤i≤n

E

[
1

n

n∑
i=1

1ηi ̸=η̂i(X1:i)

]

=
1

n

n∑
i=1

inf
η̂i(X1:i)

E
[
1ηi ̸=η̂i(X1:i)

]
=

1

n

k∑
i=1

inf
η̂i(X1:i)

E
[
1ηi ̸=η̂i(X1:i)

]
+

1

n

n∑
i=k+1

inf
η̂i(X1:i)

E
[
1ηi ̸=η̂i(X1:i)

]
≥ 1

n

n∑
i=k+1

inf
η̂i(ηi−k,X1:i)

E
[
1ηi ̸=η̂i(ηi−k,X1:i)

]
Let i ∈ Jk+1, nK. Since inf η̂i(ηi−k,X1:i) E

[
1ηi ̸=η̂i(ηi−k,X1:i)

]
= inf η̂i(ηi−k,Xi−k+1:i) E

[
1ηi ̸=η̂i(ηi−k,Xi−k+1:i)

]
,

we consider in what follows an estimator of the form η̂i(ηi−k, Xi−k+1:i).

E
[
1ηi ̸=η̂i(ηi−k,Xi−k+1:i)

]
≥

∑
a∈{1,−1}

(
E
[
1a̸=η̂i(a,Xi−k+1:i)1ηi−k:i=a

]
+

i∑
j=i−k+1

E
[
1−a̸=η̂i(a,Xi−k+1:i)1ηi−k:j−1=a,ηj:i=−a

] )
≥ (1− δ)k−1

2

∑
a∈{1,−1}

(
(1− δ)P (η̂i(a,Xi−k+1:i) = −a|ηi−k:i = a)

+ δ

i∑
j=i−k+1

P (η̂i(a,Xi−k+1:i) = a|ηi−k:j−1 = a, ηj:i = −a)
)

≥ (1− δ)k−1

2

∑
a∈{1,−1}

(
(1− δ)P (η̂i(a,Xi−k+1:i) = −a|ηi−k:i = a)

+ δ

i∑
j=i−k+1

P (η̂i(a,Xi−k+1:i) = a|ηi−k:j−1 = a, ηj:i = −a)
)

≥ (1− δ)k−1

2

∑
a∈{1,−1}

∫
(Rd)

k

(
(1− δ)1η̂i(a,xi−k+1:i)=−a

i∏
s=i−k+1

faθ(xs)

+ δ1η̂i(a,xi−k+1:i)=a

i∑
j=i−k+2

j−1∏
s=i−k+1

faθ(xs)
i∏

s=j

f−aθ(xs)

 dxi−k+1:i

≥ (1− δ)k−1

2

∑
a∈{1,−1}

∫
(Rd)

k

(
(1− δ)

i∏
s=i−k+1

faθ(xs)

+1η̂i(a,xi−k+1:i)=a

δ i∑
j=i−k+2

j−1∏
s=i−k+1

faθ(xs)

i∏
s=j

f−aθ(xs)− (1− δ)
i∏

s=i−k+1

faθ(xs)

 dxi−k+1:i

The lower bound reaches its smaller value for η⋆i defined by:

η⋆i (a, xi−k+1:i) = sign

(1− δ)
i∏

s=i−k+1

faθ(xs)− δ
i∑

j=i−k+2

j−1∏
s=i−k+1

faθ(xs)

i∏
s=j

f−aθ(xs)


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Denoting C = (1−δ)k−1

2 , it follows that

inf
η̂i(ηi−k,X1:i)

E
[
1ηi ̸=η̂i(ηi−k,X1:i)

]
≥ Cδ

∑
a∈{1,−1}

i∑
j=i−k+1

P (η⋆i (a,Xi−k:i) = a|ηi−k:j−1 = a, ηj:i = −a)

≥ Cδ
i∑

j=i−k+1

P

(1− δ)
i∏

s=i−k+1

fθ(Xs) > δ

i∑
j′=i−k+2

j′−1∏
s=i−k+1

fθ(Xs)

i∏
s=j′

f−θ(Xs)
∣∣∣ηi−k:j−1 = 1, ηj:i = −1


≥ Ckδ

1− 1

k

i∑
j=i−k+1

P

δ i∑
j′=i−k+2

j′−1∏
s=i−k+1

fθ(Xs)

i∏
s=j′

f−θ(Xs) ≥ (1− δ)
i∏

s=i−k+1

fθ(Xs)
∣∣∣ηi−k:j−1 = 1, ηj:i = −1


≥ Ckδ

1− δ

k(1− δ)

i∑
j=i−k+1

i∑
j′=i−k+2

E

[∏j′−1
s=i−k+1 fθ(Xs)

∏i
s=j′ f−θ(Xs)∏i

s=i−k+1 fθ(Xs)

∣∣∣ηi−k:j−1 = 1, ηj:i = −1

]
≥ Ckδ

(
1− kδ

1− δ
e4k∥θ∥

2

)
where the last line follows from the fact that∏j′−1

s=i−k+1 fθ(Xs)
∏i
s=j′ f−θ(Xs)∏i

s=i−k+1 fθ(Xs)
= e−2⟨θ,

∑i
s=j′ Xs⟩

and

E
[
e−2⟨θ,

∑i
s=j′ Xs⟩

∣∣∣ηi−k:j−1 = 1, ηj:i = −1
]
≤ E

[
e
−2∥θ∥2

∑i
s=j′ ηs−2∥θ∥⟨ θ

∥θ∥ ,
∑i

s=j′ ξs⟩
∣∣∣ηi−k:j−1 = 1, ηj:i = −1

]
≤ e2k∥θ∥2E

[
e
−2∥θ∥⟨ θ

∥θ∥ ,
∑i

s=j′ ξs⟩
∣∣∣ηi−k:j−1 = 1, ηj:i = −1

]
≤ e4k∥θ∥2

- For 2δ < ∥θ∥2 ≤ 1, we choose k =
⌈

1
8∥θ∥2

(
log
(
∥θ∥2
2δ

)
+ 1
)⌉

. In this case, one has:

kδ

1− δ
e4k∥θ∥

2 ≤ δ

1− δ

(
1

8∥θ∥2

(
log

(
∥θ∥2

2δ

)
+ 1

)
+ 1

)
e4∥θ∥

2+ 1
2

(
∥θ∥2

2δ

) 1
2

≤ δ

1− δ

(
1

8∥θ∥2
log

(
∥θ∥2

2δ

)
+

1

∥θ∥2
+ 1

)(
∥θ∥2

2δ

) 1
2

≲

((
δ∥θ∥2

) 1
2 +

(
δ

∥θ∥2

)1/2

+

(
δ

∥θ∥2

)1/2

log

(
∥θ∥2

2δ

))

which can be made small in the regime where 2δ < ∥θ∥2 < 1. It follows that in this
regime,

inf
η̂i(ηi−k,X1:i)

E
[
1ηi ̸=η̂i(ηi−k,X1:i)

]
≳

δ

∥θ∥2

(
log

(
∥θ∥2

2δ

)
+ 1

)

- For 1 ≤ ∥θ∥2 ≤ log
(
1
δ

)
, we choose k =

⌊
1

8∥θ∥2 log
(
∥θ∥2
2δ

)⌋
. In this case

kδ

1− δ
e4k∥θ∥

2 ≤ δ

1− δ
1

8∥θ∥2
log

(
∥θ∥2

2δ

)(
∥θ∥2

2δ

)1/2

≤ 1

16(1− δ)

(
2δ

∥θ∥2

)1/2

log

(
∥θ∥2

2δ

)
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which can be made smaller than 1/2 in the regime where 1 ≤ ∥θ∥2 ≤ log
(
1
δ

)
. It

follows that

inf
η̂i(ηi−k,X1:i)

E
[
1ηi ̸=η̂i(ηi−k,X1:i)

]
≳ δ

(
1

8∥θ∥2
log

(
∥θ∥2

2δ

)
− 1

)
but when 1 ≤ ∥θ∥2 ≤ log

(
1
δ

)
, 1
8∥θ∥2 log

(
∥θ∥
2δ

)
− 1 ≳ 1

∥θ∥2 log
(
∥θ∥2
2δ

)
and one gets

inf
η̂i(ηi−k,X1:i)

E
[
1ηi ̸=η̂i(ηi−k,X1:i)

]
≳

δ

∥θ∥2
log

(
∥θ∥2

2δ

)
≳

δ

∥θ∥2

(
log

(
∥θ∥2

2δ

)
+ 1

)
These lower bounds are valid uniformly for i ∈ Jk + 1, nK. It follows that in the regime
where 2δ < ∥θ∥2 ≤ log

(
1
δ

)
inf

h∈Hon
Rclass,on
n (θ, δ, h) ≳

(
1− k

n

)
δ

∥θ∥2

(
log

(
∥θ∥2

2δ

)
+ 1

)
When 1

n ≲ 2δ < ∥θ∥2, k
n ≲

δ
∥θ∥2 log

(
∥θ∥2
2δ

)
and can be made very small when ∥θ∥2 > 2δ.

It follows that

2δ ≤ ∥θ∥2 ≤ log

(
1

δ

)
=⇒ inf

h∈Hon
Rclass,on
n (θ, δ, h) ≳

δ

∥θ∥2

(
log

(
∥θ∥2

2δ

)
+ 1

)
For ∥θ∥2 ≤ 2δ, the Bayes risk is of constant order because it is the case for ∥θ∥2 ≍ δ and
thus the Bayes risk is still of the same order for a weaker signal.
We now focus on the regime where ∥θ∥2 > log

(
1
δ

)
.

inf
h∈Hon

Rclass,on
n (θ, δ, h) =

1

n

n∑
i=1

E [min {P (ηi = 1 | X1:i) ,P (ηi = −1 | X1:n)}]

≥ 1

n

n∑
i=1

E [min {P (ηi = 1 | ηi−1, Xi) ,P (ηi = −1 | ηi−1, Xi)}]

≥ 1

n

n∑
i=1

E

[
min

{
Qηi−1,1fθ(Xi), Qηi−1,−1f−θ(Xi)

}
Qηi−1,1fθ(Xi) +Qηi−1,−1f−θ(Xi)

]

≥
∫
Rd

δfθ ∧ (1− δ)f−θ

≥ (1− δ)
∫
⟨x,θ⟩> 1

2
log( 1−δ

δ )
f−θ(x)

≥ (1− δ)P0

(
⟨X, θ⟩ > 1

2
log

(
1− δ
δ

)
+ ∥θ∥2

)
≥ (1− δ)P0

(
ξ > ∥θ∥+ 1

2∥θ∥
log

(
1− δ
δ

))
Applying Lemma 4.5.1, one obtains,

inf
h∈Hon

Rclass,on
n (θ, δ, h) ≥ 1− δ√

2π

∥θ∥+ 1
2∥θ∥ log

(
1−δ
δ

)
1 +

(
∥θ∥+ 1

2∥θ∥ log
(
1−δ
δ

))2 exp
(
−1

2

(
∥θ∥+ 1

2∥θ∥
log

(
1− δ
δ

))2
)

≳
1

∥θ∥
e
− ∥θ∥2

2

(
1+

log( 1−δ
δ )

2∥θ∥2

)2
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Finally, one obtains the lower-bound:

inf
h∈Hon

Rclass,on
n (θ, δ, h) ≳


1 ∥θ∥2 ≤ 2δ,
δ

∥θ∥2

(
log
(
∥θ∥2
2δ

)
+ 1
)

2δ < ∥θ∥2 ≤ log
(
1
δ

)
,

1
∥θ∥e

− ∥θ∥2
2

(
1+

log( 1−δ
δ )

2∥θ∥2

)2

∥θ∥2 > log
(
1
δ

)
.

4.5.2 Proof of Proposition 4.4.2

Let η = (ηi)i∈[n] be the sequence of hidden states, and define an estimator η̂(X1:n) =
(η̂i(X1:i))i∈[n]. Recall that the observations are generated as

Xi = θηi + ξi, with ξi
i.i.d.∼ N (0, Id),

where (ηi)i∈[n] is a two-state Markov chain with transition matrix

Q =

(
1− δ δ
δ 1− δ

)
,

initialized at stationarity. We first focus on the regime 2δ ≤ ∥θ∥2 ≤ log
(
1
δ

)
because the

bounds for the other regimes are straightforward (see Gassiat et al. [2025]). Without loss
of generality, assume n = kℓ, where ℓ is the number of blocks (or buckets) and k is the size
of each block. Consider the following oracle estimator defined by:

• For a ∈ {1, ..., ℓ− 1}, i ∈ J1, kK:

η̂ka+i(X1:n) = sign

〈1

k

i∑
j=i−k+1

Xka+j , θ

〉
• For a = 0 and i ∈ J1, kK:

η̂i(X1:n) = sign (⟨Xi, θ⟩)

inf
h∈Hon

Rclass,on
n (θ, δ, h) ≤ 1

n

n∑
i=1

E
[
1η̂i(X1:i)̸=ηi

]
≤ 1

n

k∑
i=1

E
[
1η̂i(X1:i)̸=ηi

]
+

1

n

n∑
i=k+1

E
[
1η̂i(X1:i)̸=ηi

]
≤ k

n
exp

(
−∥θ∥

2

2

)
+

1

n

ℓ−1∑
a=1

k∑
i=1

P

⟨1
k

i∑
j=i−k+1

Xka+j , θ⟩ηka+i < 0


For a ∈ J1, ℓ− 1K and i ∈ J1, kK:

P

⟨1
k

i∑
j=i−k+1

Xka+j , θ⟩ηka+i < 0

 ≤ P
({
ηk(a−1)+i+1 = · · · = ηka+i

}c)

+ P

⟨1
k

i∑
j=i−k+1

ξka+j , θ⟩ηka+i + ∥θ∥2 < 0


≤ 1− (1− δ)k−1 + exp

(
−k∥θ∥

2

2

)
≤ δ(k − 1) + exp

(
−k∥θ∥

2

2

)
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Consequently,

inf
h∈Hon

Rclass,on
n (θ, δ, h) ≤ k

n
exp

(
−∥θ∥

2

2

)
+ δ(k − 1) + exp

(
−k∥θ∥

2

2

)
.

Choosing k⋆ =
⌈

2
∥θ∥2 log

(
∥θ∥2
2δ

)⌉
and using the fact that δ ≥ 1

n ,

k⋆

n
exp

(
−∥θ∥

2

2

)
≤ 1

n
exp

(
−∥θ∥

2

2

)(
2

∥θ∥2
log

(
∥θ∥2

2δ

)
+ 1

)
≤ δ exp

(
−∥θ∥

2

2

)
+

2δ

∥θ∥2
log

(
∥θ∥2

2δ

)
≤ 2δ

∥θ∥2

(
log

(
∥θ∥2

2δ

)
+ 1

)
In addition,

δ(k⋆ − 1) + exp

(
−k

⋆∥θ∥2

2

)
≤ 2δ

∥θ∥2

(
log

(
∥θ∥2

2δ

)
+ 1

)
The bound follows. In the regime where ∥θ∥2 ≥ log

(
1
δ

)
,

inf
h∈Hon

Rclass,on
n (θ, δ, h) ≤ Rclass,on

n (θ, δ, πn ◦ η̂)

≤ P (η1⟨X1, θ⟩ ≤ 0)

≤ 1√
2π∥θ∥

exp

(
−∥θ∥

2

2

)
by Lemma 4.5.1.

4.5.3 Proof of Proposition 4.4.3

Let k ∈ J1, ⌊n4 ⌋K. The lower-bound in the regime ∥θ∥2 > 1 follows from Proposition 4.5.2.
We first focus on the regime 2δ < ∥θ∥2 ≤ 1.

inf
h∈Hn

Rclass
n (θ, δ, h) = inf

(η̂i(X1:n))1≤i≤n

E

[
1

n

n∑
i=1

1ηi ̸=η̂i(X1:n)

]

=
1

n

n∑
i=1

inf
η̂i(X1:n)

E
[
1ηi ̸=η̂i(X1:n)

]
≥ 1

n

n−2k∑
i=2k+1

inf
η̂i(X1:n)

E
[
1ηi ̸=η̂i(X1:n)

]
≥ 1

n

n−2k∑
i=2k+1

inf
η̂i(X1:n,ηi−2k,ηi+2k)

E
[
1ηi ̸=η̂i(X1:n,ηi−2k,ηi+2k)

]
≥ 1

n

n−2k∑
i=2k+1

inf
η̂i(Xi−2k:i+2k,ηi−2k,ηi+2k)

E
[
1ηi ̸=η̂i(Xi−2k:i+2k,ηi−2k,ηi+2k)

]
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Let i ∈ J2k+1, n−2kK and denoteAi = inf η̂i(Xi−2k:i+2k,ηi−2k,ηi+2k) E
[
1ηi ̸=η̂i(Xi−2k:i+2k,ηi−2k,ηi+2k)

]
.

Ai ≥
i−k−1∑
j=i−2k

E
[
1ηi ̸=η̂i(Xi−2k:i+2k,ηi−2k,ηi+2k)1ηi−2k:j=1,ηj+1:i+2k=−1

]
+
i+2k−1∑
j=i+k

E
[
1ηi ̸=η̂i(Xi−2k:i+2k,ηi−2k,ηi+2k)1ηi−2k:j=1,ηj+1:i+2k=−1

]
≥ δ(1− δ)4k−1

2

i−k−1∑
j=i−2k

E
[
1ηi ̸=η̂i(Xi−2k:i+2k,ηi−2k,ηi+2k)

∣∣ηi−2k:j = 1, ηj+1:i+2k = −1
]

+
δ(1− δ)4k−1

2

i+2k−1∑
j=i+k

E
[
1ηi ̸=η̂i(Xi−2k:i+2k,ηi−2k,ηi+2k)

∣∣ηi−2k:j = 1, ηj+1:i+2k = −1
]

≥ δ(1− δ)4k−1

4

 i−k−1∑
j=i−2k

E [1 + η̂i(Xi−2k:i+2k, 1,−1)|ηi−2k:j = 1, ηj+1:i+2k = −1]

+
i+2k−1∑
j=i+k

E [1− η̂i(Xi−2k:i+2k, 1,−1)|ηi−2k:j = 1, ηj+1:i+2k = −1]


≥ δ(1− δ)4k−1

4

2k +

∫
η̂i(xi−2k:i+2k, 1,−1)

 i−k−1∑
j=i−2k

j∏
a=i−2k

fθ(xa)
i+2k∏
b=j+1

f−θ(xb)

−
i+2k−1∑
j=i+k

j∏
a=i−2k

fθ(xa)
i+2k∏
b=j+1

f−θ(xb)

 dxi−2k:i+2k


which is minimized by:

η⋆i (xi−2k:i+2k, 1,−1) = sign

i+2k−1∑
j=i+k

j∏
a=i−2k

fθ(xa)

i+2k∏
b=j+1

f−θ(xb)−
i−k−1∑
j=i−2k

j∏
a=i−2k

fθ(xa)

i+2k∏
b=j+1

f−θ(xb)


In order to ease the notations in what follows, we will denote E [.|ηi−2k:j = 1, ηj+1:i+2k = −1]
and P [.|ηi−2k:j = 1, ηj+1:i+2k = −1] respectively by Ej and Pj . It follows that,

Ai ≥
δ(1− δ)4k−1

4

 i−k−1∑
j=i−2k

Ej [1 + η⋆i (Xi−2k:i+2k, 1,−1)] +
i+2k−1∑
j=i+k

Ej [1− η⋆i (Xi−2k:i+2k, 1,−1)]


≥ δ(1− δ)4k−1

2

i−k−1∑
j′=i−2k

Pj′

i+2k−1∑
j=i+k

j∏
a=i−2k

fθ(Xa)
i+2k∏
b=j+1

f−θ(Xb) >
i−k−1∑
j=i−2k

j∏
a=i−2k

fθ(Xa)
i+2k∏
b=j+1

f−θ(Xb)


+
δ(1− δ)4k−1

2

i+2k−1∑
j′=i+k

Pj′

i+2k−1∑
j=i+k

j∏
a=i−2k

fθ(Xa)

i+2k∏
b=j+1

f−θ(Xb) <

i−k−1∑
j=i−2k

j∏
a=i−2k

fθ(Xa)

i+2k∏
b=j+1

f−θ(Xb)


Recall the model (∀i ∈ J1, nK) Xi = θηi + ξi. One has
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
i+2k−1∑
j=i+k

j∏
a=i−2k

fθ(Xa)
i+2k∏
b=j+1

f−θ(Xb) >
i−k−1∑
j=i−2k

j∏
a=i−2k

fθ(Xa)
i+2k∏
b=j+1

f−θ(Xb)


=


i+2k−1∑
j=i+k

exp

⟨ i+2k∑
b=j+1

Xb −
j∑

a=i−2k

Xa, θ⟩

 >
i−k−1∑
j=i−2k

exp

⟨ i+2k∑
b=j+1

Xb −
j∑

a=i−2k

Xa, θ⟩


=


i+2k−1∑
j=i+k

exp

⟨ i+2k∑
b=j+1

ξb −
j∑

a=i−2k

ξa, θ⟩

 exp

 i+2k∑
b=j+1

ηb −
j∑

a=i−2k

ηa

 ∥θ∥2


>
i−k−1∑
j=i−2k

exp

⟨ i+2k∑
b=j+1

ξb −
j∑

a=i−2k

ξa, θ⟩

 exp

 i+2k∑
b=j+1

ηb −
j∑

a=i−2k

ηa

 ∥θ∥2


⊇


i+2k−1∑
j=i+k

exp

⟨ i+2k∑
b=j+1

ξb −
j∑

a=i−2k

ξa, θ⟩

 >

i−k−1∑
j=i−2k

exp

⟨ i+2k∑
b=j+1

ξb −
j∑

a=i−2k

ξa, θ⟩+ 2(4k + 1)∥θ∥2


It follows that

Ai ≥
kδ(1− δ)4k−1

2
P

∑i+2k−1
j=i+k exp

(
⟨
∑i+2k

b=j+1 ξb −
∑j

a=i−2k ξa, θ⟩
)

∑i−k−1
j=i−2k exp

(
⟨
∑i+2k

b=j+1 ξb −
∑j

a=i−2k ξa, θ⟩
) > exp

(
2(4k + 1)∥θ∥2

)
≥ kδ(1− δ)4k−1

2
P

∑i+2k−1
j=i+k exp

(
−2⟨

∑j
a=i+k ξa, θ⟩

)
∑i−k−1

j=i−2k exp
(
2⟨
∑i−k

b=j+1 ξb, θ⟩
) > exp

(
2(4k + 1)∥θ∥2 + 2⟨

i+k−1∑
a=i−k+1

ξa, θ⟩

)
Let γ > 0. Denote

Z =

∑i+2k−1
j=i+k exp

(
−2⟨

∑j
a=i+k ξa, θ⟩

)
∑i−k−1

j=i−2k exp
(
2⟨
∑i−k

b=j+1 ξb, θ⟩
) and W = exp

(
2⟨

i+k−1∑
a=i−k+1

ξa, θ⟩

)
.

Note that W ⊥⊥ Z. One gets,

Ai ≥
kδ(1− δ)4k−1

2
P
(
W exp

(
2(4k + 1)∥θ∥2

)
< γ

)
P (Z > γ)

≥ kδ(1− δ)4k−1

2
Φ

(
log(γ)− 2(4k + 1)∥θ∥2

2∥θ∥
√
2k − 1

)
P (Z > γ)
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where Φ is the cdf of a standard Gaussian.

P (Z > γ) = P

∑i+2k−1
j=i+k exp

(
−2⟨

∑j
a=i+k ξa, θ⟩

)
∑i−k−1

j=i−2k exp
(
2⟨
∑i−k

b=j+1 ξb, θ⟩
) > γ


≥ P


i+2k−1∑
j=i+k

1⟨
∑j

a=i+k ξa,θ⟩<0
>
k

2

⋂
 k

2∑i−k−1
j=i−2k exp

(
2⟨
∑i−k

b=j+1 ξb, θ⟩
) > γ




≥ P

i+2k−1∑
j=i+k

1⟨
∑j

a=i+k ξa,θ⟩<0
>
k

2

P

 i−k−1∑
j=i−2k

exp

2⟨
i−k∑
b=j+1

ξb, θ⟩

 <
k

2γ


≥ P

i+2k−1∑
j=i+k

1⟨
∑j

a=i+k ξa,θ⟩<0
>
k

2

1− 2γ

k

i−k−1∑
j=i−2k

exp
(
2k∥θ∥2

)
≥ P

i+2k−1∑
j=i+k

1⟨
∑j

a=i+k ξa,θ⟩<0
>
k

2

(1− 2γ exp
(
2k∥θ∥2

))
Since the processes

(
⟨
∑j

a=i+k ξa, θ⟩
)
i+k≤j≤i+2k−1

and
(
−⟨
∑j

a=i+k ξa, θ⟩
)
i+k≤j≤i+2k−1

have

the same covariance function, it follows that:

P

i+2k−1∑
j=i+k

1⟨
∑j

a=i+k ξa,θ⟩<0
>
k

2

 = P

i+2k−1∑
j=i+k

1−⟨
∑j

a=i+k ξa,θ⟩<0
>
k

2


= P

i+2k−1∑
j=i+k

(
1− 1⟨

∑j
a=i+k ξa,θ⟩≤0

)
>
k

2


= P

i+2k−1∑
j=i+k

1⟨
∑j

a=i+k ξa,θ⟩≤0
<
k

2


= P

i+2k−1∑
j=i+k

1⟨
∑j

a=i+k ξa,θ⟩<0
<
k

2


Consequently, when k is odd P

(∑i+2k−1
j=i+k 1⟨

∑j
a=i+k ξa,θ⟩<0

> k
2

)
= 1/2. Choosing k =

2
⌈

1
∥θ∥2

⌉
+1 and γ = 1

4e
−2k∥θ∥2 , it follows that in the regime where 2δ < ∥θ∥2 ≤ 1, one has

uniformly for all i ∈ J2k + 1, n− 2kK

Ai ≳
δ

∥θ∥2

Consequently,

R⋆,classn (θ, δ) ≳
n− 4

∥θ∥2

n

δ

∥θ∥2
≳
n− 2

δ

n

δ

∥θ∥2
≳

δ

∥θ∥2

because δ ≳ 1
n . the result follows.

We now focus on the regime where ∥θ∥ > 1, the following proposition provides the sought
lower-bound.

Proposition 4.5.2.

inf
h∈H
Rclass
n (θ, δ, h) ≥ δ

(
1

2
e−2∥θ∥2 ∨

√
2

π

∥θ∥
∥θ∥2 + 1

e−
∥θ∥2
2

)
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Proof. In what follows η−i stands for (ηj)j∈{1,..,i−1,i+1,..,n}.

inf
h∈H
Rclass
n (θ, δ, h) ≥ 1

n

n∑
i=1

E [min {P (ηi = 1|X1:n, η−i) , P (ηi = −1|X1:n, η−i)}]

≥ 1

n

n∑
i=1

E [min {P (ηi = 1|Xi, η−i) , P (ηi = −1|Xi, η−i)}]

≥ 1

n

n∑
i=1

E
[
min {P (ηi = 1, Xi, η−i) , P (ηi = −1, Xi, η−i)}

P (ηi = 1, Xi, η−i) + P (ηi = −1, Xi, η−i)

]

≥ 1

n

n∑
i=1

E
[
min {fθ(Xi)P (ηi = 1|η−i) , f−θ(Xi)P (ηi = −1|η−i)}
fθ(Xi)P (ηi = 1|η−i) + f−θ(Xi)P (ηi = −1|η−i)

]
Let

ξi = E
[
min {fθ(Xi)P (ηi = 1|η−i) , f−θ(Xi)P (ηi = −1|η−i)}
fθ(Xi)P (ηi = 1|η−i) + f−θ(Xi)P (ηi = −1|η−i)

]
.

• For i = n:

ξn = E

[
min

{
fθ(Xn)Qηn−1,1, f−θ(Xn)Qηn−1,−1

}
fθ(Xn)Qηn−1,1 + f−θ(Xn)Qηn−1,−1

]
Since L (Xn|ηn−1) = fθ(Xn)Qηn−1,1 + f−θ(Xn)Qηn−1,−1, one gets

ξn = E
[∫

Rd

min
{
Qηn−1,1fθ(x), Qηn−1,−1f−θ(x)

}
dx

]
• For i = 1:

ξ1 = E
[
min {fθ(X1)Q1,η2 , f−θ(X1)Q−1,η2}
fθ(X1)Q1,η2 + f−θ(X1)Q−1,η2

]
Since L (X1|η2) = fθ(X1)Q1,η2 + f−θ(X1)Q−1,η2 (here we exploit stationarity of the
chain), one gets

ξ1 = E
[∫

Rd

min {Q1,η2fθ(x), Q−1,η2f−θ(x)} dx
]

• For 2 ≤ i ≤ n− 1:

ξi = E

[
min

{
fθ(Xi)Qηi−1,1Q1,ηi+1 , f−θ(Xi)Qηi−1,−1Q−1,ηi+1

}
fθ(Xi)Qηi−1,1Q1,ηi+1 + f−θ(Xi)Qηi−1,−1Q−1,ηi+1

]

Since
L(Xi | ηi−1, ηi+1) =

fθ(Xi)Qηi−1,1Q1,ηi+1 + f−θ(Xi)Qηi−1,−1Q−1,ηi+1

Qηi−1,1Q1,ηi+1 +Qηi−1,−1Q−1,ηi+1

,

ξi = E

[∫
Rd

min
{
Qηi−1,1Q1,ηi+1fθ(x), Qηi−1,−1Q−1,ηi+1f−θ(x)

}
Qηi−1,1Q1,ηi+1 +Qηi−1,−1Q−1,ηi+1

dx

]

=
1

2

∫
Rd

Q−1,1Q1,1fθ(x) ∧ Q−1,−1Q−1,1f−θ(x)dx+
1

2

∫
Rd

Q−1,1Q1,−1fθ(x) ∧ Q2
−1,−1f−θ(x)dx

+
1

2

∫
Rd

Q1,1Q1,−1fθ(x) ∧ Q1,−1Q−1,−1f−θ(x)dx+
1

2

∫
Rd

Q2
1,1fθ(x) ∧ Q1,−1Q−1,1f−θ(x)dx

=
1

2

∫
Rd

(1− δ)2fθ(x) ∧ δ2f−θ(x)dx+
1

2

∫
Rd

δ2fθ(x) ∧ (1− δ)2f−θ(x)dx

+ δ(1− δ)
∫
Rd

fθ(x) ∧ f−θ(x)dx
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It follows that for all i ∈ J1, nK,

ξi ≥ δ
∫
Rd

fθ(x) ∧ f−θ(x)dx

and consequently,

inf
h∈H
Rclass
n (θ, δ, h) ≥ δ

∫
Rd

fθ(x) ∧ f−θ(x)dx ≥
δ

2
e−2∥θ∥2

By Lemma 4.5.1, one also has:

inf
h∈Hon

Rclass
n (θ, δ, h) ≥ δ

√
2

π

∥θ∥
∥θ∥2 + 1

e−
∥θ∥2
2

4.5.4 Proof of Proposition 4.4.4

First note that

P ({ηa−k = .. = ηa−1}c ∩ {ηa+1 ̸= ηa−1}) = 1− P ({ηa−k = .. = ηa−1} ∪ {ηa+1 = ηa−1})
= 1− P (ηa−k = .. = ηa−1)− P (ηa+1 = ηa−1) + P (ηa−k = .. = ηa−1 = ηa+1)

= 1− (1− δ)k−1 − (1− δ)2 − δ2 + P (ηa−k = .. = ηa−1 ̸= ηa ̸= ηa+1)

= 1− (1− δ)k−1 − (1− δ)2 − δ2 + (1− δ)k+1 + δ2(1− δ)k−1

= 2δ(1− δ)(1− (1− δ)k−1)

≤ 2δ2(1− δ)(k − 1)

P ({at least two changes occur in ηa−k:a+k}) = 1− (1− δ)2k − 2kδ(1− δ)2k−1 ≤ 4k2δ2
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We first focus on the regime 2δ ≤ ∥θ∥2 ≤ log
(
1
δ

)
. Let a ∈ Jk + 1, n− kK. One has:

P (η̂a ̸= ηa)

≤ P ({η̃a+1 = η̃a−1} ∩ {η̃a−1 ̸= ηa}) + P ({η̃a+1 ̸= η̃a−1} ∩ {ηa⟨Xa, θ⟩ < 0})
≤ P ({η̃a+1 = η̃a−1} ∩ {η̃a−1 ̸= ηa} ∩ {ηa+1 = ηa−1})
+ P ({η̃a+1 = η̃a−1} ∩ {η̃a−1 ̸= ηa} ∩ {ηa+1 ̸= ηa−1})
+ P ({η̃a+1 ̸= η̃a−1} ∩ {ηa⟨Xa, θ⟩ < 0} ∩ {ηa+1 = ηa−1})
+ P ({η̃a+1 ̸= η̃a−1} ∩ {ηa⟨Xa, θ⟩ < 0} ∩ {ηa+1 ̸= ηa−1})

P ({η̃a+1 = η̃a−1} ∩ {η̃a−1 ̸= ηa} ∩ {ηa+1 = ηa−1})
≤ P (ηa−1 ̸= ηa, ηa ̸= ηa+1) + P ({η̃a+1 = η̃a−1} ∩ {η̃a−1 ̸= ηa} ∩ {ηa+1 = ηa = ηa−1})
≤ δ2 + P ({at least two changes occur in ηa−k:a+k})
+ P ({η̃a−1 ̸= ηa−1} ∩ {only one change occurs in ηa:a+k} ∩ {ηa−k = ... = ηa})
+ P ({η̃a+1 ̸= ηa+1} ∩ {only one change occurs in ηa−k:a} ∩ {ηa = ... = ηa+k})
+ P ({η̃a+1 ̸= ηa+1} ∩ {η̃a−1 ̸= ηa−1} ∩ {ηa−k = .. = ηa+k})

≤ δ2 + 4 (kδ)2 + 2e−
k∥θ∥2

2 δ(1− δ)k−1 + e−k∥θ∥
2

P ({η̃a+1 = η̃a−1} ∩ {η̃a−1 ̸= ηa} ∩ {ηa+1 ̸= ηa−1})
≤ P ({η̃a−1 ̸= ηa−1} ∩ {ηa+1 ̸= ηa−1}) + P ({η̃a+1 ̸= ηa+1} ∩ {ηa+1 ̸= ηa−1})
≤ 2P ({ηa−k = .. = ηa−1}c ∩ {ηa+1 ̸= ηa−1})
+ 2P ({ηa−k = .. = ηa−1} ∩ {ηa+1 ̸= ηa−1} ∩ {η̃a−1 ̸= ηa−1})

≤ 4δ2(k − 1) + 2δ(1− δ)2e−
k∥θ∥2

2

P ({η̃a+1 ̸= η̃a−1} ∩ {ηa⟨Xa, θ⟩ < 0} ∩ {ηa+1 = ηa−1})
≤ P ({ηa⟨Xa, θ⟩ < 0} ∩ {η̃a+1 ̸= ηa+1}) + P ({ηa⟨Xa, θ⟩ < 0} ∩ {η̃a−1 ̸= ηa−1})

≤ e−
∥θ∥2
2

(
δ(k − 1) + e−

k∥θ∥2
2

)

P ({η̃a+1 ̸= η̃a−1} ∩ {ηa⟨Xa, θ⟩ < 0} ∩ {ηa+1 ̸= ηa−1})

≤ 4δ(1− δ)2e−
∥θ∥2
2

Choosing k⋆ =
⌈

2
∥θ∥2 log

(
∥θ∥2
2δ

)⌉
as in the proof of Proposition 4.4.2, one gets that in the

regime 2δ ≤ ∥θ∥2 < log
(
1
δ

)
,

P (η̂a ̸= ηa) ≤ 9δ2 +
2δ

∥θ∥2

[
16

δ

∥θ∥2
log

(
∥θ∥2

2δ

)2

+ 4δ +
2δ

∥θ∥2
+ 4δ log

(
∥θ∥2

2δ

)
+ e−

∥θ∥2
2

(
1 + log

(
∥θ∥2

2δ

))]

Then it is easy to check that there exists an absolute constant C > 0 such that for
2δ ≤ ∥θ∥2 ≤ 8 log(

(
1
δ

)
,

P (η̂a ̸= ηa) ≤ C
δ

∥θ∥2
e−

∥θ∥2
2

(
1 + log

(
∥θ∥2

2δ

))
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For 2δ ≤ ∥θ∥2 ≤ 8 log
(
1
δ

)
, the final bound reads:

Rclust
n (θ, δ, πn ◦ η̂) ≤

2k⋆

n
e−

∥θ∥2
2 + C

δ

∥θ∥2
e−

∥θ∥2
2

(
1 + log

(
∥θ∥2

2δ

))
≲

2δ

∥θ∥2
e−

∥θ∥2
2

(
log

(
∥θ∥2

2δ

)
+ 1

)
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We now focus on the regime ∥θ∥2 > 2 log(1δ ). Note that e−
∥θ∥2
2 ≤ δ in this regime.

P (η̂a ̸= ηa)

≤ P ({η̃a+1 = η̃a−1} ∩ {η̂a ̸= ηa}) + P ({η̃a+1 ̸= η̃a−1} ∩ {η̂a ̸= ηa})
≤ P ({η̃a+1 = η̃a−1} ∩ {η̂a ̸= ηa} ∩ {ηa+1 = ηa−1})
+ P ({η̃a+1 = η̃a−1} ∩ {η̂a ̸= ηa} ∩ {ηa+1 ̸= ηa−1})
+ P ({η̃a+1 ̸= η̃a−1} ∩ {η̂a ̸= ηa} ∩ {ηa+1 = ηa−1})
+ P ({η̃a+1 ̸= η̃a−1} ∩ {η̂a ̸= ηa} ∩ {ηa+1 ̸= ηa−1})

P ({η̃a+1 = η̃a−1} ∩ {η̂a ̸= ηa} ∩ {ηa+1 = ηa−1})
≤ P ({η̂a+1 ̸= ηa+1} ∩ {η̂a−1 ̸= ηa−1}) + P ({η̃a−1 = ηa−1} ∩ {η̂a ̸= ηa})

≤ P ({ηa−1⟨Xa−1, θ⟩ ≤ 0} ∩ {ηa+1⟨Xa+1, θ⟩ ≤ 0}) + P
(
ηa

(
⟨Xa, θ⟩+ ηa−1 log

(
1− δ
δ

))
≤ 0

)
≤ e−∥θ∥2 + P

(
ηa⟨ξa, θ⟩ ≤ −∥θ∥2 − ηaηa−1 log

(
1− δ
δ

))
≤ e−∥θ∥2 + (1− δ)P

(
ηa⟨ξa,

θ

∥θ∥
⟩ ≤ −∥θ∥ − 1

∥θ∥
log

(
1− δ
δ

))
+ δP

(
ηa⟨ξa,

θ

∥θ∥
⟩ ≤ −∥θ∥+ 1

∥θ∥
log

(
1− δ
δ

))
≤ e−∥θ∥2 + (1− δ)e−

1
2

(
∥θ∥+ 1

∥θ∥ log( 1−δ
δ )

)2
+ δe

− 1
2

(
∥θ∥− 1

∥θ∥ log( 1−δ
δ )

)2

P ({η̃a+1 = η̃a−1} ∩ {η̂a ̸= ηa} ∩ {ηa+1 ̸= ηa−1})

≤ P
(
{ηa+1 ̸= ηa−1} ∩

{
ηa

(
⟨Xa, θ⟩+ ηa−1 log

(
1− δ
δ

))
≤ 0

})
+ P ({η̃a−1 ̸= ηa−1} ∩ {ηa+1 ̸= ηa−1})

≤ P
(
{ηa+1 ̸= ηa−1 ̸= ηa} ∩

{
ηa⟨ξa,

θ

∥θ∥
⟩ ≤ −∥θ∥+ 1

∥θ∥
log

(
1− δ
δ

)})
+ 4δ(1− δ)e−

∥θ∥2
2

+ P
(
{ηa+1 ̸= ηa−1 = ηa} ∩

{
ηa⟨ξa,

θ

∥θ∥
⟩ ≤ −∥θ∥ − 1

∥θ∥
log

(
1− δ
δ

)})
≤ δ2e−

1
2

(
∥θ∥− 1

∥θ∥ log( 1−δ
δ )

)2
+ δ(1− δ)e−

1
2

(
∥θ∥+ 1

∥θ∥ log( 1−δ
δ )

)2
+ 4δ(1− δ)e−

∥θ∥2
2

P ({η̃a+1 ̸= η̃a−1} ∩ {η̂a ̸= ηa} ∩ {ηa+1 = ηa−1})
≤ P ({ηa⟨Xa, θ⟩ < 0} ∩ {η̃a+1 ̸= ηa+1}) + P ({ηa⟨Xa, θ⟩ < 0} ∩ {η̃a−1 ̸= ηa−1})

≤ 2e−
∥θ∥2
2 e−

∥θ∥2
2

P ({η̃a+1 ̸= η̃a−1} ∩ {η̂a ̸= ηa} ∩ {ηa+1 = ηa−1})
≤ P ({ηa⟨Xa, θ⟩ < 0} ∩ {ηa+1 ̸= ηa−1})

≤ 4δ(1− δ)2e−
∥θ∥2
2

It follows that in this regime, there exists an absolute positive constant C > 0 such that

P (η̂a ̸= ηa) ≤ Cδe
− ∥θ∥2

2

(
1− 1

∥θ∥2
log( 1−δ

δ )
)2
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Finally, for ∥θ∥2 > 2 log
(
1
δ

)
,

Rclust
n (θ, δ, πn ◦ η̂) ≤

2k⋆

n
e−

∥θ∥2
2 + Cδe

− ∥θ∥2
2

(
1− 1

∥θ∥2
log( 1−δ

δ )
)2

≲ δe
− ∥θ∥2

2

(
1− 1

∥θ∥2
log( 1−δ

δ )
)2

4.5.5 Proof of Proposition 4.4.5

As shown in [Karagulyan and Ndaoud, 2024, Lemma 1], E
[
∥η̄∥2

]
≥ ℓ

(
1− 2kδ

3

)
. Thus, for

ε ∈ (0, 1),

ℓ ≥ 2

3ε
nδ =⇒ (1− ε) ℓ ≤ E

[
∥η̄∥2

]
≤ ℓ

Consequently, for ℓ ≥ 2
3εnδ,∣∣∣∥θ̂(ℓ)∥2 − ∥θ∥2∣∣∣ ≤ ∣∣∣∣∣∥θ̂(ℓ)∥2 − ∥θ∥2E

[
∥η̄∥2

]
ℓ

∣∣∣∣∣+
(
1−

E
[
∥η̄∥2

]
ℓ

)
∥θ∥2

≤
∣∣∣∣∥∥∥∥1ℓ X̃X̃⊤ − 1

k
Id

∥∥∥∥− ∥∥∥∥E [1ℓ X̃X̃⊤
]
− 1

k
Id

∥∥∥∥∣∣∣∣+ ε∥θ∥2

≤
∥∥∥∥1ℓ X̃X̃⊤ − E

[
1

ℓ
X̃X̃⊤

]∥∥∥∥+ ε∥θ∥2

≤ ∥θ∥
2

ℓ

∣∣∥η̄∥2 − E
[
∥η̄∥2

]∣∣+ 1

k

∥∥∥∥ωω⊤

ℓ
− Id

∥∥∥∥+ 2∥θ∥∥η̄∥
ℓ
√
k

∥∥∥∥ ωη̄∥η̄∥
∥∥∥∥+ ε∥θ∥2

Using [Karagulyan and Ndaoud, 2024, Lemma 17], it follows that, for c and C absolute
positive constants, with probability greater than 1− e−ct,

∣∣∣∥θ̂(ℓ)∥2 − ∥θ∥2∣∣∣ ≤ ∥θ∥2
ℓ

√
2ℓt+

2∥θ∥
√
ℓ√

ℓn

(√
d+ C(

√
t+ (dt)1/4)

)
+
C

k

(
t

ℓ
+
d

ℓ
+

√
t

ℓ
+

√
d

ℓ

)
+ ε∥θ∥2

Assume ℓ ≥ d
ε2
∨ 2

3εnδ and let t = ε2ℓ
2 . It follows that there exists absolute positive constants

C, C ′, C ′′ and c such that for all ε > 0, with probability greater than 1− e−
cε2ℓ
2 ,

∣∣∣∥θ̂(ℓ)∥2 − ∥θ∥2∣∣∣ ≤ 2ε∥θ∥2 + 2∥θ∥√
n

(
ε
√
ℓ+ C

(
ε

√
ℓ

2
+

(
ℓ2ε4

2

)1/4
))

+
Cℓ

n

(
ε2

2
+

√
ε2

2
+ ε2 + ε

)

≤ 2ε∥θ∥2 + Cε∥θ∥
√
ℓ

n
+ C ′ε

ℓ

n

≤ C ′′ε

(
ℓ

n
∨ ∥θ∥2

)
Thus, there exists c > 0 and C ′′ > 0 such that for ε > 0 and ℓ ≥

(
C′′2

ε2
d ∨ 2C′′

3ε nδ
)
∧ n,

P
(∣∣∣∥θ̂(ℓ)∥2 − ∥θ∥2∣∣∣ ≥ ε( ℓ

n
∨ ∥θ∥2

))
≤ e−

cε2ℓ
2 .

After the application of the Davis-Kahan theorem, the very same proof applies to the
estimator of the direction u.
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4.5.6 Proof of Proposition 4.4.6

We first consider the case where ∥θ∥ ≥ 1. In this case Proposition 4.4.5 ensures that with

probability greater than 1− e−
cε2n
2 ,∣∣s2 − ∥θ∥2∣∣ ≤ ∣∣∣s2 − ∥θ̂(n)∥2∣∣∣+ ∣∣∣∥θ̂(n)∥2 − ∥θ∥2∣∣∣ ≤ ε+ ε∥θ∥2 ≤ 2ε∥θ∥2

Assume now that ∥θ∥ < 1. Let ℓ⋆ = ⌈n∥θ∥2⌉ and Iℓ =
[
∥θ̂(ℓ)∥2 − ε ℓn , ∥θ̂(ℓ)∥

2 + ε ℓn

]
. Let

ε > 0 and γ > 0. Assume ∥θ∥2 ≥ 2C̃
3ε δ ∨

C̃
nε2

d.

P
(∣∣s2 − ∥θ∥2∣∣ ≥ γ∥θ∥2) ≤ P

(
ℓ̃ > ℓ⋆

)
+ P

({
ℓ̃ ≤ ℓ⋆

}⋂{∣∣s2 − ∥θ∥2∣∣ ≥ γ∥θ∥2})
≤ P

∥θ∥2 /∈ ⋂
ℓ≥ℓ⋆

Iℓ

+ P
({
s2 ∈ Iℓ⋆

}
∩
{∣∣s2 − ∥θ∥2∣∣ ≥ γ∥θ∥2})

≤
∑
ℓ≥ℓ⋆

P
(
∥θ∥2 /∈ Iℓ

)
+ P

({∣∣∣s2 − ∥θ̂(ℓ⋆)∥2∣∣∣ ≤ ε⌈n∥θ∥2⌉
n

}⋂{∣∣s2 − ∥θ∥2∣∣ ≥ γ∥θ∥2})
≤
∑
ℓ≥ℓ⋆

e−cℓ + P
(∣∣∣∥θ∥2 − ∥θ̂(ℓ⋆)∥2∣∣∣ ≥ (γ − ε⌈n∥θ∥2⌉

n∥θ∥2

)
∥θ∥2

)
For γ = 4ε, one gets:

P
(∣∣s2 − ∥θ∥2∣∣ ≥ 4ε∥θ∥2

)
≤ e−cℓ

⋆

1− e−c
+ e−

cε2ℓ⋆

2 .

Now we move to the adaptation to u = θ
∥θ∥ . Let ε > 0, ℓ̂ = 2m̂ where m̂ is the largest

integer such that ns2 ≥ 2m̂. First note that on the event
{∣∣s2 − ∥θ∥2∣∣ ≤ ∥θ∥2

2

}
,

3

2
n∥θ∥2 ≥ ns2 ≥ 2m̂ ≥ ns2

2
≥ n∥θ∥2

4

which ensures that on this event, m̂ ∈ Jm,mK wherem = ⌊ log(n∥θ∥
2/4)

log(2) ⌋ andm = ⌈ log(3n∥θ∥
2/2)

log(2) ⌉.
Note that there are at most four integer values in this interval. It follows that

P
(

min
ν∈{−1,1}

∥û(ℓ̂)− νu∥ ≥ ε
)
≤ c2e−c3n∥θ∥

2
+ P

(
min

ν∈{−1,1}
∥û(ℓ̂)− νu∥ ≥ 3

2
ε,
∣∣s2 − ∥θ∥2∣∣ ≤ ∥θ∥2

2

)
≤ c2e−c3n∥θ∥

2
+

m∑
m=m

P
(
m̂ = m, min

ν∈{−1,1}
∥û(2m)− νu∥ ≥ ε,

∣∣s2 − ∥θ∥2∣∣ ≤ ∥θ∥2
2

)

≤ c2e−c3n∥θ∥
2
+

m∑
m=m

P
(
m̂ = m,

s2

∥θ∥2
∈
[
1

2
,
3

2

]
, min
ν∈{−1,1}

∥û(2m)− νu∥ ≥ ε
)

≤ c2e−c3n∥θ∥
2
+

m∑
m=m

P
(
m̂ = m,

s2

∥θ∥2
∈
[
1

2
,
3

2

]
, min
ν∈{−1,1}

∥û(2m)− νu∥ ≥ 2ε

3

2m

n∥θ∥2

)
≤ Ce−cε2n∥θ∥2

for c and C positive absolute constants.
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4.5.7 Proof of Theorem 4.4.7

Let πθ be a Gaussian prior for θ over Rd with isotropic covariance α2Id and πη a stationary
Markovian prior for η over {−1, 1} with transition matrix Q. Let π = πθ × πη be a prior
on (θ, η). Looking at the proof of the lower-bound of Theorem 1 in Ndaoud [2022], it still
applies to the minimax risk Ψδ,∆ and one has:

Ψδ,∆ ≥
1

n

n∑
i=1

inf
T̂i(X)∈[−1,1]

E(θ,η)∼π

[
E
[∣∣∣T̂i(X)− ηi

∣∣∣ | (θ, η)]]− πθ (∥θ∥ < ∆)

≥ 1

n

n−1∑
i=2

inf
T̂i(X,η1:i−1,ηi+1:n)∈[−1,1]

E(θ,η)∼π

[
E
[∣∣∣T̂i(X, η1:i−1, ηi+1:n)− ηi

∣∣∣ | (θ, η)]]− πθ (∥θ∥ < ∆)

We first recall the following lemma.

Lemma 4.5.3. Let X ∼ χ2
p (equivalently X =

∑p
i=1 Z

2
i with Zi

iid∼ N (0, 1)). Then for
every x ≥ 0

Pr
(
X − p ≥ 2

√
px+ 2x

)
≤ e−x, Pr

(
p−X ≥ 2

√
px
)
≤ e−x.

In particular, for every t > 0 the two-sided concentration

Pr
(
|X − p| ≥ t

)
≤ 2 exp

(
− 1

4
min

{ t2
p
, t
})

holds.

It follows that for α2 = ∆2

d(1−νn) with νn ∈ (0, 1),

πθ (∥θ∥ < ∆) ≤ exp

(
−d
4
ν2n

)
We now focus on the other terms. Let i ∈ J2, n− 1K.

E
[∣∣∣T̂i − ηi∣∣∣∣∣∣X, η1:i−1, ηi+1:n

]
≥ E

[(
1− T̂i

)
1ηi=1

∣∣∣X, η1:i−1, ηi+1:n

]
+ E

[(
1 + T̂i

)
1ηi=−1

∣∣∣X, η1:i−1, ηi+1:n

]
This lower-bound is minimized by

T̂i(X, η1:i−1, ηi+1:n) = sign (P (ηi = 1|X, η1:i−1, ηi+1:n)− P (ηi = −1|X, η1:i−1, ηi+1:n))

where P is the joint distribution of θ, η and X.

P (ηi = 1, X, η1:i−1, ηi+1:n) = Eθ∼πθ [P (ξ1:n = X1:n − θη1:n, ηi = 1, η1:i−1, ηi+1:n|θ)]

∝ Eθ∼πθ

[
exp

(
−
∥Xi − θ∥2 +

∑
j ̸=i∥Xj − θηj∥2

2σ2

)
P (ηi = 1, η1:i−1, ηi+1:n)

]

∝ Qηi−1,1Q1,ηi+1Eθ∼πθ

[
exp

(
−
n∥θ∥2 − 2⟨Xi, θ⟩ − 2⟨

∑
j ̸=i ηjXj , θ⟩

2σ2

)]

∝ Qηi−1,1Q1,ηi+1 exp

∥Xi +
∑

j ̸=i ηjXj∥2

2
(
nσ2 + σ4

α2

)

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It follows that the supervised minimizer of this lower-bound is:

T ⋆i (X, η1:i−1, ηi+1:n) = sign

⟨Xi,
∑
j ̸=i

ηjXj⟩ −
nσ2 + σ4

α2

2
log

(
(1−Qηi−1,1)(1−Q1,ηi+1)

Qηi−1,1Q1,ηi+1

)

E [|T ⋆i (X, η1:i−1, ηi+1:n)− ηi|]

≥ 2E

1ηi=11
⟨ηiXi,

∑
j ̸=i ηjXj⟩<

nσ2+ σ4

α2
2

log

(
(1−Qηi−1,ηi )(1−Qηi,ηi+1)

Qηi−1,ηiQηi,ηi+1

)


+ 2E

1ηi=−11
⟨ηiXi,

∑
j ̸=i ηjXj⟩<

nσ2+ σ4

α2
2

log

(
(1−Qηi−1,ηi )(1−Qηi,ηi+1)

Qηi−1,ηiQηi,ηi+1

)


≥ 2P

⟨ηiXi,
∑
j ̸=i

ηjXj⟩ <
nσ2 + σ4

α2

2
log

(
(1−Qηi−1,ηi)(1−Qηi,ηi+1)

Qηi−1,ηiQηi,ηi+1

)
Let

• Z = 1√
n−1

∑
j ̸=i ηjξj , ε = −⟨ηiξi,

θ
σ
+ Z√

n−1

∥ θ
σ
+ Z√

n−1
∥⟩

• V =
nσ2+ σ4

α2

2(n−1) , Aη = V log
(
(1−Qηi−1,ηi )(1−Qηi,ηi+1 )

Qηi−1,ηiQηi,ηi+1

)
• A =

{
∥Z∥2
n−1 ≥

d
n−1(1− ξn)

}⋂{ |⟨Z, θσ ⟩|√
n−1

≤ βn ∥θ∥2
σ2

}
for ξn and βn in (0, 1)

E [|T ⋆i (X, η1:i−1, ηi+1:n)− ηi|]

≥ 2E
[
P
(
⟨θ + σηiξi, θ +

σZ√
n− 1

⟩ ≤ Aη
∣∣∣∣(θ, η))]

≥ 2E
[
P
(
⟨ θ
σ
+ ηiξi,

θ

σ
+

Z√
n− 1

⟩ ≤ Aη
σ2

∣∣∣∣(θ, η))]
≥ 2E

[
P

(
A
⋂{

∥θ∥2 −Aη
σ2

+
1√
n− 1

⟨Z, θ
σ
⟩ ≤ ε

√
∥θ∥2
σ2

+
∥Z∥2
n− 1

+
2√
n− 1

⟨Z, θ
σ
⟩

}∣∣∣∣∣(θ, η)
)]

≥ 2E

[
P

(
A
⋂{

(1 + βn)∥θ∥2 −Aη
σ2

≤ ε
√
∥θ∥2
σ2

(1− 2βn) +
d

n− 1
(1− ξn)

}∣∣∣∣∣(θ, η)
)]

Conditionally on (θ, η), the two eventsA and
{

(1+βn)∥θ∥2−Aη

σ2 ≤ ε
√

∥θ∥2
σ2 (1− 2βn) +

d
n−1 (1− ξn)

}
are independent. It follows that:

E [|T ⋆i (X, η1:i−1, ηi+1:n)− ηi|] ≥ 2E

P (A|(θ, η))P

ε ≥ ∥θ∥2 (1 + βn)−Aη

σ2
√

∥θ∥2
σ2 (1− 2βn) +

d
n−1(1− ξn)

∣∣∣∣∣∣(θ, η)


It is easy to see that P (A|(θ, η)) ≥ 1− e−
dξ2n
4 − e−

β2n∥θ∥2

2σ2 (n−1).
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E [|T ⋆i (X, η1:i−1, ηi+1:n)− ηi|]

≥ 2E

1ηi−1=ηi ̸=ηi+1
P (A|(θ, η))P

ε ≥ ∥θ∥2 (1 + βn)

σ2
√

∥θ∥2
σ2 (1− 2βn) +

d
n−1(1− ξn)

∣∣∣∣∣∣(θ, η)


For γn ∈ (0, 1), consider the event: B =
{∣∣∣∥θ∥2∆2 − 1

∣∣∣ ≤ γn}. On this event:

P

ε ≥ ∥θ∥2 (1 + βn)

σ2
√

∥θ∥2
σ2 (1− 2βn) +

d
n−1(1− ξn)

∣∣∣∣∣∣(θ, η)
 ≥ Φc

 ∆2

σ2 (1 + βn) (1 + γn)√
∆2

σ2 (1− 2βn)(1− γn) + d
n−1(1− ξn)


Let α2 = ∆2

d(1−νn) . For γn ≥ 4νn, Lemma 4.5.3 implies

P (Bc) ≤ P
(∣∣∣∣∥θ∥2α2

− d
∣∣∣∣ ≥ d (γn(1− νn)− νn)) ≤ P

(∣∣∣∣∥θ∥2α2
− d
∣∣∣∣ ≥ dγn

2

)
≤ 2 exp

(
−dγ

2
n

16

)
.

It follows that E [|T ⋆i (X, η1:i−k, ηi+k:n)− ηi|] is thus lower-bounded by:

δ

2
Φc

 ∆2

σ2 (1 + βn) (1 + γn)√
∆2

σ2 (1− 2βn)(1− γn) + d
n−1(1− ξn)

(1− e− dξ2n
4 − e−cβ

2
n(1+γn)

∆2

2σ2 (n−1)

)(
1− 2 exp

(
−dγ

2
n

16

))

• When ∆2

σ2 ≥ d log(n)
n , as in Proposition 4.5.2, minimizing the minimax risk by the

Bayes risk, one gets:

Ψδ,∆ ≥ δΦc
(
∆

σ

)
.

In this regime, ∆
σ ≤ rn

(
1 + 1

log(n)

)
. Consequently, with εn = 1

log(n) ,

Ψδ,∆ ≥ δΦc (rn (1 + εn)) .

• When ∆2

σ2 ≤ log(n)
n , Φc (rn) ≥ Φc

(
∆2

σ2

)
≥ C where C is an absolute constant. It

follows that
Ψδ,∆ ≥ δΦc

(
∆

σ

)
≥ cδΦc (rn)

for an absolute constant c.

• When log4(n)
n ≤ ∆2

σ2 ≤ d log(n)
n , one might choose βn and ξn and γn vanishing to 0

such that βn ≥ σ
∆
√
n

and ξn ≥ 1√
d
. Let νn =

√
n∆2

log2(n)dσ2 and γn = 4νn. Note that

γn ≥ 4 log(n)√
d

in this regime. With this choice, one obtains for all i ∈ J2, n− 1K,

E [|T ⋆i (X, η1:i−k, ηi+k:n)− ηi|] ≥
δ

8
Φc

 ∆2

σ2 (1 + βn) (1 + γn)√
∆2

σ2 (1− 2βn)(1− γn) + d
n−1(1− ξn)


It follows that

Ψδ,∆ ≥ cδΦc (rn (1 + εn))− e−
dν2n
4

for εn = o(1) and c > 0 a positive absolute constant. As in Ndaoud [2022], it is easy

to show that in this regime, e−
dν2n
4 = o (δΦc (rn (1 + εn))). The result follows.
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Chapter 5

Late change-point detection in the
preferential attachment random
graph model

We consider the problem of late change-point detection under the preferential attachment
random graph model with time dependent attachment function. This can be formulated as
a hypothesis testing problem where the null hypothesis corresponds to a preferential
attachment model with a constant affine attachment parameter δ0 and the alternative
corresponds to a preferential attachment model where the affine attachment parameter
changes from δ0 to δ1 at a time τn = n−∆n where 0 ≤ ∆n ≤ n and n is the size of the
graph. It was conjectured in Bet et al. [2025] that when observing only the unlabeled
graph, detection of the change is not possible for ∆n = o(n1/2). In this work, we make a
step towards proving the conjecture by proving the impossibility of detecting the change
when ∆n = o(n1/3). We also study change-point detection in the case where the labeled
graph is observed and show that change-point detection is possible if and only if ∆n →∞,
thereby exhibiting a strong difference between the two settings.
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This chapter is based on the paper Kaddouri et al. [2025], co-authored with Elisabeth
Gassiat and Zacharie Naulet and which will appear in Bernoulli.

5.1 Introduction

Empirical studies carried out on networks modeling different types of interactions have re-
vealed striking similarities between them. In many situations, these networks are scale-free,
i.e. their empirical degree distribution generally follows a power law. This was observed in
many networks such as citation networks Barabási et al. [2002], Newman [2001], internet
Faloutsos et al. [1999] and the World Wide Web Adamic and Huberman [2000]. On the
other hand, the typical distances between vertices in these networks are small (see the
books Watts and Strogatz [2006], Watts [1999]). This is generally referred to as the small-
world phenomenon. Motivated by these observations, the preferential attachment random
graph model was proposed to mathematically model scale-free networks. It provides a
simple and intuitive mechanism for generating networks with a power-law degree distribu-
tion. The model helps in understanding how networks evolve over time by showing that
vertices with higher degrees tend to attract more links, leading to the rich-get-richer phe-
nomenon. This mirrors many real-world situations where popular entities tend to become
even more popular over time. The first preferential attachment model to emerge was the
Barabási-Albert model Barabási and Albert [1999a]. In this model, new vertices are added
to the network one at a time, and each new vertex gets attached to existing vertices with
a probability proportional to their current degree. In Bollobás et al. [2003], Cirkovic et al.
[2023a], Gao et al. [2017], variants of this model were proposed and they depend mainly on
the attachment function which can be linear, nonlinear, constant in time or time-varying.
Recently, there has been notable interest in investigating time-varying networks Zhao et al.
[2019], Wang et al. [2021], Medo et al. [2011], Holme and Saramäki [2019], i.e. networks
where the attachment function is not constant over time. These networks usually involve a
set of parameters that describe the time evolution of the network. Within this framework,
an important question is to understand the effect of abrupt changes in these parameters
on the degree distribution and how these changes can be detected and localized. Our work
focuses on the situation where the growth dynamics of the network might undergo at most
one change at some point of time. To model this, a time-inhomogeneous affine preferen-
tial attachment model is used. In this model, a new vertex entering the graph at time
t ∈ J2, nK connects to an existing vertex with degree k with probability proportional to
f(k) = k+ δ(t) where δ(t) is the parameter likely to change at a given time. In particular,
we are interested in late change-point detection, specifically when the change-point is given
by τn = n−∆n with ∆n = o(n). This scenario is important for detecting changes as quickly
as possible. Understanding this context will highlight the fundamental limits of change
point detection and provide an estimate of the minimum number of vertices that must be
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observed between the moment the change took place and the moment it is detected. In
Bet et al. [2025], the authors built a test based on low degree vertices which was shown
to detect the change only when ∆n

n1/2 → ∞. They conjectured that when ∆n = o(n1/2)
and based only on the unlabeled graph, detection of the change is not possible. In light
of this framework, this paper has two goals: (i) Prove the conjecture holds at least for
∆n = o(n1/3), and (ii) Study the problem of change-point detection in the situation where
the labeled graph is observed. More precisely, below is an informal statement of our main
results.

Theorem 5.1.1 (Informal). Using the unlabeled preferential attachment random graph,
detection of the change-point is not possible when ∆n = o(n1/3).

Theorem 5.1.2 (Informal). Using the labeled preferential attachment random graph, de-
tection of the change-point is possible if and only if ∆n →∞.

The formal statement of Theorem 5.1.1 is given later in the paper by Theorem 5.3.1,
while the formal statement of Theorem 5.1.2 is given by Theorem 5.3.6.

In what follows, Section 5.2 introduces the notations and defines the model and the
attachment mechanism. Section 5.3 presents the main results of the paper. Section 5.4 is
devoted to the discussions and perspectives while Sections 5.5 and 5.6 detail the proofs for
the unlabeled model.

5.1.1 Related work

This work is a continuation of Bet et al. [2025] where the problem of late change-point
detection (τn = n−⌊cnγ⌋) was studied and a test was built for detecting the change when
γ ∈ (1/2, 1). The idea behind this test is that the variations in the number of vertices with
minimal degree around its asymptotic value exhibit different magnitudes under the null
hypothesis compared to the alternative hypothesis. They also conjectured that no test is
capable of detecting the change when γ ∈ (0, 1/2). In Bhamidi et al. [2018], Banerjee et al.
[2023], the authors considered the problems of change-point detection and localization, but
they focused mainly on the situation of early change-point, that is when changes occur at
τn = αn with α ∈ (0, 1). Detection of the change was shown to be always possible in this
setting and a non-parametric consistent estimator of α was devised, allowing in addition to
detection for localization of the change-point. Similarly, a likelihood-based methodology for
change-point localization was proposed in Cirkovic et al. [2023b]. In Banerjee et al. [2023],
a different regime of early change-detection was studied. It corresponds to the situation
where τn = ⌊cnγ⌋ with γ ∈ (0, 1) and c > 0. Unlike the case of late change, the test used
in this regime is based on maximal degrees. This is because, while the asymptotic degree
distribution does not depend on the parameter γ, the distribution of the maximal degree
does. A similar phenomenon was noted in Bubeck et al. [2015], which demonstrated that
the influence of the seed graph (the initial subgraph from which the preferential attachment
graph originates) persists as the number of vertices increases to infinity. In the absence
of any change-point, the general problem of estimation of general attachment functions
was already studied in Gao et al. [2017]. This problem reduces to a simple parametric
estimation in the case of affine preferential attachment. The estimation can be done using
the MLE as shown in Bet et al. [2025]. Consistency and asymptotic normality of this
estimator were proved in the more general setting of random initial degrees in Gao and
van der Vaart [2017]. Finally, let us mention that some ideas underlying our proof are
reminiscent to the arguments employed by Briend et al. [2025] to derive minimax lower
bounds for the problem of estimating the order of arrival of the vertices in the unlabeled
preferential attachment tree.
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5.2 Setting, definitions and notations

5.2.1 Labeled versus unlabeled graphs, structure

The preferential attachment mechanism introduced in Section 5.1 (see also next section for
more details) defines a sequence of random multigraphs (Gt)t≥1 on vertex sets {0, . . . , t}.
There is no loss of generality in assuming that these graphs are directed, using the conven-
tion that the arrows go from vertices with largest labels to vertices with smallest labels.
To be somewhat more precise, in the next, a labeled graph refers to the following definition:

Definition 5.2.1 (Labeled graph). A labeled (multi)graph g is a couple (V, E) where V is
the set of vertices and E ⊂ V2 is the multiset of directed edges, with no loop allowed. For
an edge (u, v) ∈ E, we use the convention that the arrow goes from u to v, and we write
for simplicity u→g v for (u, v) ∈ E.

Given a labeled graph g = (V, E), we define for convenience V(g) = V the vertex
set of g, and E(g) = E the edge multiset of g. Note that in a multigraph, two vertices
can be connected by more than one edge. We count the multiplicity of edges via the
function µg : V(g)2 → Z+, such that µg(u, v) = k means that there are k directed edges
u → v in g (with possibly k = 0). The set Pg(u) = {v ∈ V(g) : v →g u} are the
in-neighbors of vertex u ∈ V(g) (aka. parents) and Cg(u) = {v ∈ V(g) : u →g v}
are the out-neighbors of vertex u ∈ V(g) (aka. children). The in-degree of u ∈ V(g) is
written ding (u) =

∑
v∈Pg(u)

µg(v, u), the out-degree is doutg (u) =
∑

v∈Cg(u)
µg(u, v), and the

degree is dg(u) = ding (u) + doutg (u). For a subset S ⊂ V(g) we denote by g[S] the induced
sub(multi)graph of S, ie. g[S] = (S, E [S]) where E [S] is the multiset obtained from E(g)
by deleting edges that have an endpoint not in S.

In order to define unlabeled graphs, we require the following definition of an isomor-
phism of multigraphs.

Definition 5.2.2 (Graph isomorphism). Let g and g′ be two labeled graphs. An isomor-
phism ϕ between g and g′ is a bijective map ϕ : V(g) 7→ V(g′) that preserves the set of
neighbors of each vertex. More precisely, for vertices v, w ∈ V(g), and k ∈ Z+:

µg(u, v) = k ⇐⇒ µg′(ϕ(u), ϕ(w)) = k.

In the next, g ∼= g′ will denote the fact that g and g′ are isomorphic, ie. there exists
an isomorphism between g and g′. We are now in position to define unlabeled graphs.

Definition 5.2.3 (Unlabeled graph). An unlabeled graph u is an isomorphism class of
labeled graphs (for the relation ∼= defined above).

An important aspect in our work is that we consider the model where only the unlabeled
version of the preferential attachment is observed; ie. only the structure of the graph is
available to the statistician:

Definition 5.2.4 (Structure). Let g be a labeled graph. The unlabeled graph associated to
g, which will be denoted s(g), is the equivalence class of labeled graphs that are isomorphic
to g, ie.

s(g) = {g′ : g′ ∼= g}.

5.2.2 Formal statement of the problem

Using the vocabulary defined in Section 5.2.1, the preferential attachment model produces
a sequence (Gt)t≥1 of random labeled graphs, which we now intend to define rigorously.
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Let m ∈ N = {1, 2, . . . } and δ : N → (−m,+∞). The process (Gt)t≥1 of interest is better
described by introducing the intermediate process ((Gt,i)

m
i=0)t≥1, constructed as follows.

For t = 1 let G1,0 be the graph consisting of two isolated vertices labeled 0 and 1. Then
for i = 1, . . . ,m, G1,i is obtained from G1,i−1 by adding an edge between vertices 0 and 1.
For t ≥ 2, the sequence (Gt,i)

m
i=0 is obtained by letting Gt,0 be the graph Gt−1,m together

with an isolated vertex with label t; and, for i = 1, . . . ,m, Gt,i is obtained from Gt,i−1

by adding an edge directed from t towards a randomly chosen vertex Vt,i in {0, . . . , t− 1}
sampled according to the probabilities that Vt,i = v (conditionally to Gt,i−1) given by

dGt,i−1(v) + δ(t)∑t−1
v′=0

(
dGt,i−1(v

′) + δ(t)
) =

dGt,i−1(v) + δ(t)

2m(t− 1) + δ(t)t+ (i− 1)
. (5.1)

Finally, the process (Gt)t≥1 is obtained from the process ((Gt,i)mi=0)t≥1 by setting Gt = Gt,m
for each t ≥ 1. Otherwise said, the process (Gt)t≥1 is obtained from the intermediate
process by forgetting the order of arrivals of the m edges added at every time step t ≥ 1.

The aim of this work is to find evidence in the preferential attachment graph that the
value of δ has changed at a given time or not, using solely the information contained in
the unlabeled graph s(Gn) at time n. We are interested in the situation where the value
of δ changes at most once. This can be formulated as a simple hypothesis testing problem:

(H0) : δ(t) = δ0, (H1) : δ(t) = δ01t≤τn + δ11t>τn

where 1 ≤ τn ≤ n, δ0 ∈ (−m,+∞) and δ1 ∈ (−m,+∞) are known. As in Bet et al. [2025],
we are interested only in the situation of late change-points, that is the situation where
τn = n−∆n for ∆n = o(n). Bet et al. [2025] constructed a sequence of tests (ϕn)n≥1 with
vanishing Type I and Type II errors when ∆n

n1/2 →∞. They conjectured that using only the
unlabeled random graph, change point detection becomes impossible when ∆n = o(n1/2).
This work proves the conjecture holds at least for ∆n = o(n1/3). We prove that even if
the model parameters τn, δ0 and δ1 are known, detection of the change is still not possible
(and hence also impossible when they are unknown).

In the sequel, for each n ≥ 1, (Ωn,Fn,Pn0 ) (respectively (Ωn,Fn,Pn1 )) is a probability
space that is rich enough to define the beginning of the sequence of intermediate graphs
((Gt,i)

m
i=0)

n
t=1 under the hypothesis H0 (resp. H1). Expectation under Pn0 (respectively

Pn1 ) is denoted by En0 (resp. En1 ).

5.2.3 Further Notations

Besides the notations and conventions defined in previous sections, we make use of the
following. For real numbers x, y we write x ∧ y = min(x, y) and x ∨ y = max(x, y). For
sequences of real numbers, an ∼ bn means that an/bn converges to 1, an = o(bn) means that
an/bn converges to 0, an = O(bn) means that an/bn is asymptotically bounded, an ≲ bn is
equivalent to an = O(bn) and an ≍ bn means that (∃α, β > 0) αan ≤ bn ≤ βan. We write
σ(X1, . . . , Xn) the σ-field generated by random variables (X1, . . . , Xn).

5.3 Main results

5.3.1 The observation is the unlabeled graph

We first consider the situation where only the unlabeled graph is observed. The following
theorem establishes the conjecture in some regimes of the parameters ∆n and (δ0, δ1) which
are assumed to be known.
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Theorem 5.3.1. If δ0 > 0 and ∆n = o(n1/3) [or δ0 = 0 and ∆n = o
(
n1/3

log(n)

)
], then for

every sequence of events (An)n≥1 with An ∈ σ(s(Gn)) for all n ≥ 1,

Pn0 (An)→ 0 =⇒ Pn1 (An)→ 0.

In other words, under the assumptions of the theorem, the laws of (s(Gn))n≥1 under H1

are contiguous to those under H0. By Le Cam’s first lemma [Vaart, 1998, Section 6.2], no
(eventually randomized) test made on the basis of observing s(Gn) is capable of controlling
both Type I and Type II error rates simultaneously: if (ϕn)n≥1 is a sequence of s(Gn)-
measurable tests such that En0 (ϕn)→ 0 then En1 (ϕn)→ 0 as well. Note that a consequence
of this result is that even if the model parameters are known, detection is still not possible
which is a stronger result than if the model parameters are unknown. A sketch of the proof
of the theorem is given in the next section.

5.3.2 Sketch of proof of Theorem 5.3.1

Difficulties in proving contiguity

Let us for simplicity denote Qn,sj = Pnj ◦ (s ◦Gn)−1 the law of s(Gn) under hypothesis Hj .
The statement in Theorem 5.3.1 is equivalent to the contiguity of (Qn,s1 )n≥1 with respect
to (Qn,s0 )n≥1. A well-known sufficient condition for establishing contiguity is that the
second moment of the likelihood ratio dQn,s

1

dQn,s
0

remains bounded as n → ∞. Understanding
this likelihood ratio is, however, not a simple task. To see why, observe that for a given
unlabeled graph un on n+ 1 vertices we do have

Pnℓ (s(Gn) = un) =
∑
g∈un

V(g)=J0,nK

Pnℓ (Gn = g), ℓ = 0, 1. (5.2)

Though Pnℓ (Gn = g) is easy to evaluate when Pnℓ (Gn = g) > 0 (see lemmas 5.5.2 and 5.5.3),
it is much more delicate for an arbitrary unlabeled graph un to understand which of the
terms in the summation of (5.2) is non-zero. Indeed, if Pnℓ (Gn = g) > 0 and there is an
edge u →g v, then the graph g′ obtained from g by swapping the labels u and v has the
same structure as g while Pnℓ (Gn = g′) = 0. This is because in the preferential attachment
mechanism, arrows can only go from the largest label to the smallest. So to understand
the likelihood of s(Gn), it is required to understand the intersection of un with the support
of the law of Gn, which turns out to be rather challenging. Instead, we prefer to reduce
the problem to a simpler one, as we explain in the next section.

Problem reduction

Informally, problem reduction consists of analyzing a simpler problem where the observa-
tion is richer than the structure, but where detection is still not possible. The first natural
reduction to examine is the situation where the labeled graph Gn is observed. Unfortu-
nately, we will show in Section 5.3.3 that in this case, change detection is always possible
whenever ∆n −→ +∞ and n − ∆n −→ +∞ and that this reduction is therefore useless for
our proof. Consequently, We are bound to look for an intermediate problem where the
observation is richer than the structure, but not as informative as the labeled graph. The
main idea of the proof is that if we show that change-point detection is impossible in this
(easier) problem, then this should imply that it is also impossible in the original problem
where only the structure is observed. Such an intermediate problem is offered by certain
random permutations of the graph. We use the following definition of a permuted graph.
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Definition 5.3.2 (Permutation of a labeled graph). Let g be a labeled graph and π a per-
mutation of V(g). We call π(g) the labeled graph obtained by the application of permutation
π to the vertices of the graph g. In other words V(π(g)) = V(g) and for vertices u, v ∈ V(g)
and k ∈ Z+

µg(u, v) = k ⇐⇒ µπ(g)(π(u), π(v)) = k.

One might question the reasoning behind reducing the problem to a random permu-
tation of the graph. In fact, for g a preferential attachment graph, the likelihood of s(g)
coincides up to a multiplicative term with that of π(g) which is the graph g to which a
random uniform permutation π is applied. Of course reducing to a uniform permutation
of the graph is helpless since it is statistically equivalent to observe the unlabeled graph,
but this motivates the use of other random, simpler, permutations. In particular, our
random permutation will be chosen to be uniform over a distinguished subset of vertices.
Permuting part of the vertices is statistically equivalent to hiding their labels, which is the
purpose sought through the reduction of the original problem.

From now on, it is assumed that the spaces (Ωn,Fn,Pn0 ) and (Ωn,Fn,Pn1 ) are rich
enough to define ((Gt,i)

m
i=0)

n
t=1 jointly with a random permutation πn of J0, nK; the details

of which are given below. The situations where one observe Gn, πn(Gn), or s(Gn), are
of increasing difficulty since one observes less and less information related to the labeled
graph. Detection of the change should become more and more difficult. The following
lemma confirms this insight, provided the conditional distributions of πn given Gn are the
same under Pn0 and Pn1 .

Lemma 5.3.3. Let Gn denote the set of all labeled graphs on vertex set J0, nK and Sn denote
the set of all permutations of J0, nK. Suppose there is a Markov Kernel Kn : Gn×2Sn → [0, 1]
such that both Pn0 and Pn1 admit Kn as conditional distribution of πn given Gn. Consider
the following propositions:

1. For every sequence (An)n≥1 of Gn-measurable sets, Pn0 (An)→ 0 =⇒ Pn1 (An)→ 0.

2. For every sequence (An)n≥1 of πn(Gn)-measurable sets, Pn0 (An)→ 0 =⇒ Pn1 (An)→
0.

3. For every sequence (An)n≥1 of s(Gn)-measurable sets, Pn0 (An) → 0 =⇒ Pn1 (An) →
0.

Then 1 =⇒ 2 =⇒ 3.

See Appendix 5.6.1 for the proof of Lemma 5.3.3. In what follows, we will consider the
reduction where one observes πn(Gn) in place of s(Gn). Letting Qn,p0 (respectively Qn,p1 )
denote the law of πn(Gn) under the null hypothesis (resp. the alternative hypothesis), a
mere change of variable followed by an application of Cauchy-Schwarz shows that for any
events An, Bn ∈ σ(πn(Gn))

Pn1 (An) ≤ Pn1 (Bc
n) + Pn0 (An)1/2En0

[(
dQn,p1

dQn,p0

(πn(Gn))

)2

1Bn

]1/2
.

Hence, if we build a sequence of kernels (Kn)n≥1 and events (Bn)n≥1 in σ(πn(Gn)) such
that

Pn1 (Bc
n)→ 0, and, lim sup

n→∞
En0

[(
dQn,p1

dQn,p0

(πn(Gn))

)2

1Bn

]
< +∞,

then 2 of Lemma 5.3.3 holds, which by said lemma implies the validity of our theorem. We
build (Kn)n≥1 and (Bn)n≥1 in the next section.
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Construction of the Markov kernel Kn and the event Bn

We first remark that, when building Kn(gn, ·), it is enough to consider gn in Sn = {g′n :
Pn0 (Gn = g′n) ̸= 0} = {g′n : Pn1 (Gn = g′n) ̸= 0}. We give a characterization of the set Sn

in Lemma 5.5.1. Remark that all graphs in Sn have vertex set J0, nK.
To construct Kn and Bn, we first define the following set of vertices of a labeled graph

gn, which corresponds to the vertices illustrated in bold in Figure 5.1:

Ṽ(gn) =
{
v ∈ Jτ ′n + 1, nK : dgn(v) = m, ∀w ∈ Cgn(v) w ≤ τ ′n and Pgn(w)\{v} ⊂ J0, τ ′nK

}
.

In the previous definition (τ ′n)n≥1 is a sequence of integer numbers to be chosen accordingly
later, but satisfying 0 ≤ τ ′n < τn. In other words, Ṽ(Gn) contains the late vertices of Gn
which have minimal degree and are the unique late parent of their children. We then
consider permutations which leave invariant the labels not in Ṽ(Gn); ie. letting Sn the set
of all permutations of J0, nK we define

Πn(gn) =
{
π ∈ Sn : ∀i /∈ Ṽ(gn), π(i) = i

}
,

and we define K(gn, ·) as the uniform distribution over Πn(gn), for all gn ∈ Sn. We note
that one of the advantages of this permutation scheme is that π(gn) ∈ Sn for any gn ∈ Sn

and π ∈ Πn(gn) (see Lemma 5.6.2), which precludes the issues mentioned in Section 5.3.2.
Then, we consider the sequence of events

Bn =
{
|Ṽ(Gn)| ≥ ∆′

n

(
1− αn∆

′
n

τ ′n

)
, Jτn + 1, nK ⊂ Ṽ(Gn)

}
for a sequence (αn)n≥1 diverging slowly to infinity, and where ∆′

n = n− τ ′n. We note that
by construction Ṽ(Gn) = Ṽ(πn(Gn)), so that Bn ∈ σ(πn(Gn)) as required (see previous
section). On the event Bn all the late vertices of Gn are eventually permuted and are
indistinguishable from the earlier vertices in Ṽ(Gn). This informally tells why the change-
point cannot be detected. More formally, the Theorem 5.3.1 is an immediate consequence
of the two following propositions, choosing ∆′

n ≍ n2/3 (implying τ ′n ∼ n), ∆n = O
(
n1/3

αn

)
,

and αn →∞ arbitrarily slowly if δ0 > 0 or αn
log(n) →∞ arbitrarily slowly if δ0 = 0.

Proposition 5.3.4. There exist constants c1, c2 > 0 depending only on δ0, δ1, and m,
such that for all n ≥ 4, if 3 ≤ τ ′n < τn, ∆′

n ≤ τn , αn∆′
n

τ ′n
≤ 1

2 and ∆n
∆′

n
≤ 1

4 then

logEn0

[(
dQn,p1

dQn,p0

(πn(Gn))

)2

1Bn

]
≤ 4αn∆n∆

′
n

τ ′n
+

22m∆2
n

∆′
n

+
2

3∆′
n

+

√
c1∆2

n

∆′
n

e
c2∆

2
n

∆′
n .

See Appendix 5.6.2 for the proof of Proposition 5.3.4.

Proposition 5.3.5. There exists a constant C > 0 depending only on δ0, δ1, and m, such
that for all 2 ≤ τ ′n ≤ n

Pn1 (Bc
n) ≤

C

αn

(
1 +

αn∆n∆
′
n

τ ′n

)
·

{
log(τ ′n) if δ0 = 0,

1 if δ0 > 0.

See Appendix 5.6.3 for the proof of Proposition 5.3.5.
We believe the Theorem 5.3.1 can not be improved beyond ∆n = o(n1/3) using the

permutation πn we designed. In fact, we think that the upper bound in Proposition 5.3.4
is essentially tight and could only be made bounded by choosing a smaller event Bn if
∆n is made larger than o(n1/3). However, using a smaller event Bn makes unlikely that a
result such as Proposition 5.3.5 hold.
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(1)

(2)

(3)

(4)

gτ ′
n

Vertices in
Jτ ′n + 1, τnK

Last ∆n

vertices of gn

Figure 5.1: Typical preferential attachment graph gn with m = 1 when ∆n = o(n1/3).
Four types of vertices emerge: normal vertices (1), bold vertices (2), double circle vertices
(3) and dotted vertices (4). Our random permutation πn is built to permute only vertices
represented in bold.

5.3.3 The observation is the labeled graph

We consider now the model where the observation is the labeled graph Gn. The main
purpose of this section is to emphasize the difference between the labeled and the unlabled
model, by showing that in the labeled model the change-point can be detected as soon
as ∆n → ∞; in contrast with the unlabeled model for which ∆n

n1/2 → ∞ is sufficient by
Bet et al. [2025] and ∆n

n1/3 → ∞ is necessary by our previous result. This also shows that
a reduction scheme to a problem where the labeled graph undergoes a transformation is
unavoidable to obtain a non trivial lower bound in the unlabeled model.

We first assume that the model parameters (δ0, δ1) and τn are known to be consistent
with our Theorem 5.3.1. We then state additional results covering the case where (δ0, δ1)
are unknown as well as the localization of the change-point (ie. estimating τn). In par-
ticular these additional results show that not knowing the parameters does not affect the
capability of detecting the change-point as soon as ∆n →∞.

Theorem 5.3.6. Let Qn0 = Pn0 (Gn ∈ ·) and Qn1 = Pn1 (Gn ∈ ·). If τn → ∞ and ∆n → ∞,
detection of the change is possible: the likelihood-ratio test Tn = 1

(dQn
1

dQn
0
(Gn) > 1

)
satisfies

En0 (Tn) + En1 (1− Tn)→ 0.

When lim supn→∞∆n < +∞ detection of the change is not possible: (Qn1 )n≥1 is contiguous
with respect to (Qn0 )n≥1.

See Section 5.7.2 for the proof of Theorem 5.3.6. Observe that Theorem 5.3.6 identifies
the exact phase transition for detection when the labeled graph is observed and the model
parameters are known.
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Maximum Likelihood Estimation of (δ0, δ1)

In Gao and van der Vaart [2017], the estimation of δ0 was done under the null hypothesis.
We now investigate the estimation of δ0 and δ1 in the model where there is a change-point
from δ0 to δ1 at instant τn = n −∆n. Here τn is assumed to be known. As shown in the
expression of the likelihood in Lemma A.3, the likelihood factorizes in two parts each of
those involving only δ0 or δ1; ie. letting (here Gτn = Gn[J0, τnK])

ℓ1:τn(δ0) = log

( ∏τnm
k=m (k + δ)N>k(Gτn )∏τn

t=2

∏m
i=1 [(2m+ δ0) t− 2m+ i− 1]

)

ℓτn+1:n(δ1) = log

( ∏nm
k=m (k + δ1)

N>k(Gn)−N>k(Gτn )∏n
t=τn+1

∏m
i=1 [(2m+ δ1) t− 2m+ i− 1]

)

the log-likelihood of (δ0, δ1) writes as ℓ1:τn(δ0)+ ℓτn+1:n(δ1). Then, building on the work of
Gao and van der Vaart [2017] in the no change-point model, we obtain in the next theorem
the asymptotic normality of the MLE in the model with a change-point.

As it will be useful in the next, we recall the expression of the limiting degree distri-
bution of the affine preferential attachment model with parameter δ (see [van der Hofstad,
2016, Sections 8.6.1 and 8.6.2] for details):

pk(δ) = (2 + δ/m)
Γ(k + δ)Γ(m+ 2 + δ + δ/m)

Γ(m+ δ)Γ(k + 3 + δ + δ/m)
. (5.3)

Theorem 5.3.7. For all (δ0, δ1) ∈ (−m,∞)2, if τn → ∞ and ∆n → ∞, then (δ, δ′) 7→
ℓ1:τn(δ)+ℓτn+1:n(δ

′) has a unique maximizer (δ̂0,n, δ̂1,n) with probability going to one under
(Pn1 )n≥1, and (√

τn 0
0

√
∆n

)(
δ̂0,n − δ0
δ̂1,n − δ1

)
Pn
1⇝ N

(
0,

(
ν0 0
0 ν1

)−1
)

where ⇝ stands for convergence in distribution under (Pn1 )n≥1 and where for j = 0, 1

νj =
m

2m+ δj

( ∞∑
k=m

pk(δ0)

k + δj
− 1

2m+ δj

)
.

See Section 5.7.3 for the proof of Theorem 5.3.7. Remark that in Theorem 5.3.7 we
do not require that the MLE is restricted to a compact set as in Gao and van der Vaart
[2017]. This condition was imposed by Gao and van der Vaart [2017] to avoid issues in
controlling the score function near the boundary −m. Here we circumvent this issue by
showing that the score cannot have a zero close to the boundary (and hence the likelihood
a maximum).

Change-point detection when only τn is known

We now consider the situation where the change-point τn is known but the model parame-
ters δ0 and δ1 are unknown. Theorem 3.6 suggests that change-point detection is possible
when ∆n diverges to +∞ and that the likelihood ratio test guarantees that type I and
type II error rates decay to 0. However, it requires the knowledge of the parameters δ0
and δ1 and τn. If these two parameters are unknown in advance, we can always try to es-
timate them and then consider the likelihood-ratio test with plugin estimates of δ0 and δ1.
One can use the Maximum Likelihood Estimator (MLE) of (δ0, δ1) derived in the previous
section.
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In the next we let Qn(τn,δ0,δ1) be the distribution of the preferential attachment graph
Gn when δ(t) = δ01t≤τn + δ11t>τn . The following theorem shows that when the model
parameters (δ0, δ1) are unknown, the test

T ′
n = 1

(
dQn

(τn,δ̂0,n,δ̂1,n)

dQn
(τn,δ̂0,n,δ̂0,n)

(Gn) > 1

)

using the MLE (δ̂0,n, δ̂1,n) is ensured to have vanishing error rates. In other words plug-
in estimates of the parameters δ0 and δ1 allow to mimic the asymptotic behavior of the
likelihood ratio test.

Theorem 5.3.8. For every increasing sequence τn such that τn →∞ and n− τn = ∆n →
∞, detection of the change is possible using the test T ′

n:

En0 (T ′
n) + En1 (1− T ′

n)→ 0.

See Section 5.7.4 for the proof of Theorem 5.3.8.

5.3.4 Localization of τn

Finally, we consider the situation where parameters δ0 and δ1 are known while τn is un-
known. The purpose is to localize the parameter τn. The following proposition shows
that τn can be localized with an error of order O

(
log(n)3

)
using the maximum likelihood

estimator
τ̂n ∈ argmax

τ∈J0,nK
Q(τn,δ0,δ1)({Gn}).

Proposition 5.3.9. For C > 0a large enough constant,

Pn1
(
|τ̂n − τn| ≤ C log(n)3

)
→ 1.

See Section 5.7.5 for the proof of Proposition 5.3.9.
Finally, let us mention that we were essentially interested in the model where the

unlabeled graph is observed. The case where the labeled graph is observed has only been
studied to justify the choice of the reduction of the original problem. We were not interested
in obtaining the sharpest results in the labeled graph model. For example, we believe that
the result of Proposition 5.3.9 can be generalized to include the simultaneous localisation
of all model parameters δ0, δ1 and τn, and eventually reduced from log(n)3 to constant,
but at the cost of some tedious calculations that are outside the scope of this paper.

5.4 Discussions and perspectives

While the original conjecture in Bet et al. [2025] had two parts, one concerning the impossi-
bility of detection using the sequence of degrees and the other concerning the impossibility
of detection using the unlabeled graph, our work focuses only on the second part, which
is more general as it implies the impossibility of detection using the degrees. Although
we believe the conjecture to be true, our proof of Theorem 5.3.1 does not cover all the
regimes of the conjecture in terms of ∆n and (δ0, δ1). As explained in Section 5.3.2, the
main step of our proof of Theorem 5.3.1 resides in showing that the second moment of
the likelihood-ratio of the permuted graph is bounded by an absolute constant. We were
able to exhibit such a bound only in the regime where ∆n = o(n1/3) and δ0 ≥ 0. To
put it simply, our proof works when all the last ∆n vertices are in Ṽ(Gn) (ie. bold in
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the Figure 5.1): the expression of the likelihood-ratio is easier to handle in this case and
its second moment can be bounded by an absolute constant. This situation is illustrated
in Figure 5.1 by a typical example. However, in the regime n1/3 ≲ ∆n ≲ n1/2 and as
illustrated in Figure 5.2, “double circle” and “dotted vertices” start appearing amongst the
last ∆n vertices, making it more difficult to choose an appropriate permutation. If we keep
the same permutation (the one modifying only the labels of bold vertices) in the regime
n1/3 ≲ ∆n ≲ n1/2, the labels of the “dotted” and “double circle” vertices appearing amongst
the last ∆n vertices will be kept invariant and the second moment of the likelihood-ratio
will diverge to infinity. One possible way of generalizing the result to the remaining regime
is to construct a permutation that modifies the labels of almost O(n) vertices, including
all the last ∆n vertices, while at the same time still be able to uniformly bound the second
moment of the likelihood-ratio. There is a trade-off between the complexity of the cho-
sen permutation (how many labels are modified and how they are modified) and the ease
in bounding the second moment of the likelihood-ratio. For a similar reason, the regime
δ0 < 0 was not covered in the proof. The main shortcoming of our proof is that we choose
permutations that modify only labels in Ṽ(Gn). The reason behind this choice is that given
a preferential attachment random graph, every permutation affecting only Ṽ(Gn) results in
a labeled graph having positive probability under preferential attachment (Lemma 5.6.2).
This facilitates the explicit writing of the likelihood-ratio. However, if we were to allow
the permutations to modify the labels of “dotted” and “double circle” vertices, then one
needs to be much more careful to ensure that after the application of the permutation, the
labeled graph still has positive probability under preferential attachment; or find another
way to circumvent the issues discussed in Section 5.3.2.

gτ ′
n

Vertices in
Jτ ′n + 1, τnK

Last ∆n

vertices of gn

Figure 5.2: Typical preferential attachment graph gnwith m = 1 when n1/3 ≲ ∆n ≲ n1/2.

5.5 Proof elements common to both labeled and unlabeled
graphs

5.5.1 A result on the support of the general preferential attachment
model

Anticipating that we will need to compute the likelihood under both the null hypothesis
and the alternative, we first derive the likelihood in the most general case of a Preferential
Attachment Model (PAM) with an arbitrary parameter function δn : N → (−m,+∞),
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which is allowed to change with n. We let Fnδn denote the distribution of a partial sequence
of random graph (G0, G1, . . . , Gn) distributed according to the PAM with parameter δn.

Lemma 5.5.1. For n ≥ 0, let

Sn =
{
gn : V(gn) = J0, nK, Cgn(0) = ∅, ∀v ∈ J1, nK Cgn(v) ⊂ J0, v−1K and doutgn (v) = m

}
.

Then Fnδn(Gn = gn) > 0 ⇐⇒ gn ∈ Sn. Furthermore, for any gn ∈ Sn,

Fnδn(Gn = gn) = C(gn)

∏n
j=2

∏
w∈Cgn (j)

∏µgn (j,w)
k=1

(
dgn[J0,j−1K](w) + k − 1 + δn(j)

)∏n
j=2

∏m
i=1 Sj,i−1(δn(j))

where C(gn) =
(m!)n−1∏n

j=2

∏
w∈Cgn (j) µgn (j,w)!

and Sj,i−1(δ) = 2m(j− 1)+ i− 1+ δj (defined as in

Gao and van der Vaart [2017]).

Proof. Suppose n ≥ 2, otherwise the result is trivial. By construction Fnδn((G0, G1) =
(g0, g1)) = 1 iff g0 is the labeled graph with a unique vertex with label zero and no edge,
and g1 is the graph with two vertices zero and one with m edges going from one to zero.
Let 1 ≤ j ≤ n and suppose that

∀k ∈ J0, jK, gk ∈ Sk and gk[J0, k − 1K] = gk−1 ⇐⇒ Fnδn
(
(G0, . . . , Gj) = (g0, . . . , gj)

)
> 0,
(5.4)

which has been shown to be verified for j = 1. The graph Gj is obtained from Gj−1 by
sampling m edges according to the PA rule. In other word

Fnδn((G0, . . . , Gj) = (g0, . . . , gj)) = Fnδn((G0, . . . , Gj−1) = (g0, . . . , gj−1))Kδn,j(gj | gj−1)

for a Markov kernelKδn,j(gj | gj−1) that assigns non-zero probability to gj iff V(gj) = J0, jK
and gj [J0, j − 1K] = gj−1 and doutgj (j) = m and Cgj (j) ⊂ J0, j − 1K. By induction (5.4) is
then verified for all 1 ≤ j ≤ n. Observe that (5.4) implies that the law of (G0, . . . , Gn) is
entirely determined by Gn since it must be that Gk = Gn[J0, kK] Fnδn-almost-surely for all
k ∈ J0, nK.

Next, let (gj−1, gj) ∈ Sj−1×Sj with gj−1 = gj [J0, j − 1K]. A rapid computation using
equation (5.1) shows that if we enumerate v1 < · · · < vℓ the elements of Cgj (j) and denote
by µ1, . . . , µℓ the associated edge multiplicities:

Kδn,j(gj | gj−1) =
∑

(e1,...,em)

m∏
i=1

dgj−1(vei) +
∑

1≤k<i 1ek=vei + δn(j)∑j−1
w=0

(
dgj−1(w) +

∑
1≤k<i 1ek=w + δn(j)

)
=

∑
(e1,...,em)

∏
w∈Cgj (j)

∏µgj (j,w)

k=1

(
dgj−1(w) + k − 1 + δn(j)

)
∏m
i=1

∑j−1
w=0

(
dgj−1(w) +

∑
1≤k<i 1ek=w + δn(j)

)
where the summation over (e1, . . . , em) is understood over sequences in J1, ℓKm with µk
elements equal to k for each k = 1, . . . , ℓ (ie. over all the possible ways of assigning the m
edges to the ℓ children with the multiplicity constraint taken into account). We observe
that exactly m edges are added at each step of the construction, so

j−1∑
w=0

(
dgj−1(w) +

∑
1≤k<i

1ek=w + δn(j)
)
= 2m(j − 1) + i− 1 + jδn(j) = Sj,i−1(δn(j)).
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It follows that

Kδn,j(gj | gj−1) =
m!∏

w∈Cgj (j)
µgj (j, w)!

∏
w∈Cgj (j)

∏µgj (j,w)

k=1

(
dgj−1(w) + k − 1 + δn(j)

)∏m
i=1 Sj,i−1(δn(j))

.

Consequently, for all gn ∈ Sn, writing abusively gj = gn[J0, jK] (which is justified by the
above discussion),

Fnδn(Gn = gn) =
n∏
j=2

m!∏
w∈Cgj (j)

µgj (j, w)!

∏
w∈Cgj (j)

∏µgj (j,w)

k=1

(
dgj−1(w) + k − 1 + δn(j)

)∏m
i=1 Sj,i−1(δn(j))

= C(gn)

∏n
j=2

∏
w∈Cgn (j)

∏µgn (j,w)
k=1

(
dgj−1(w) + k − 1 + δn(j)

)∏n
j=2

∏m
i=1 Sj,i−1(δn(j))

.

This concludes the proof.

5.5.2 The likelihood of a labeled graph under the null and the alternative
hypotheses

In this section we compute the likelihood of the labeled graph under the null hypothesis
(Lemma 5.5.2), under the alternative hypothesis (Lemma 5.5.3), as well as the likelihood-
ratio (Lemma 5.5.4).

Lemma 5.5.2. Let Sn, C(gn), and St,i−1(δ) as defined in Lemma 5.5.1. Then for all
gn ∈ Sn

Pn0 (Gn = gn) = C(gn)

∏n−1
v=0

∏dingn (v)−1

k=0 (m+ δ0 + k)∏n
t=2

∏m
i=1 St,i−1(δ0)

= C(gn)

∏nm
k=m(k + δ0)

N>k(gn)∏n
t=2

∏m
i=1 St,i−1(δ0)

where N>k(gn) is the number of vertices in gn which have degree strictly greater than k.

Proof. The first expression comes from swapping the product over parents and children in
the expression given in Lemma 5.5.1 and using that the parameter is constant over time:

Pn0 (Gn = gn) = C(gn)

∏n
j=2

∏
w∈Cgn (j)

∏µgn (j,w)
k=1

(
dgn[J0,j−1K](w) + k − 1 + δ0

)∏n
j=2

∏m
i=1 Sj,i−1(δ0)

= C(gn)

∏n−1
t=0

∏
s∈Pgn (t)

∏µgn (s,t)
k=1

(
dgn[J0,s−1K](t) + k − 1 + δ0

)∏n
j=2

∏m
i=1 Sj,i−1(δn(s))

.

Now for each vertex t contributing to the above product, order its parents in increasing
time of arrivals and see that the product over s and k is in fact equal to (m+ δ0)(m+1+
δ0) . . . (m+ dingn(t)− 1 + δ0). Thus,

Pn0 (Gn = gn) = C(gn)

∏n−1
v=0

∏dingn (v)−1

k=0 (m+ δ0 + k)∏n
t=2

∏m
i=1 St,i−1(δ0)

which is the first expression in the statement of the Lemma. For the second expression,
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notice that

n−1∏
v=0

dingn (v)−1∏
k=0

(m+ δ0 + k) =
n−1∏
v=0

(n−1)m∏
k=0

(m+ δ0 + k)1k≤dingn (v)−1

=

(n−1)m∏
k=0

(m+ δ0 + k)
∑n−1

v=0 1
dingn (v)>k

=
nm∏
k=m

(k + δ0)
∑n−1

v=0 1
dingn (v)+m>k

=
nm∏
k=m

(k + δ0)
∑n−1

v=0 1dgn (v)>k .

Hence the result.

Note that under the null hypothesis, the likelihood of the graph does not depend on
the labels of the vertices. It depends only on the structure s(gn) since N>k(·) is constant
over s(gn).

Lemma 5.5.3. Let Sn, C(gn), and St,i−1(δ) as defined in Lemma 5.5.1. Also define
H≤τn

gn (v) =
∑

u∈Pgn (v)
µgn(u, v)1u≤τn and H>τn

gn (v) =
∑

u∈Pgn (v)
µgn(u, v)1u>τn. Then for

all gn ∈ Sn

Pn1 (Gn = gn) = C(gn)

∏n−1
v=0

[∏H≤τn
gn (v)−1

k=0 (m+ δ0 + k)
∏H≤τn

gn (v))+H>τn
gn (v)−1

k=H≤τn
gn (v))

(m+ δ1 + k)
]

∏n
t=2

∏m
i=1 St,i−1(δ(t))

= C(gn)

∏nm
k=m (k + δ0)

N>k(gτn )∏τn
t=2

∏m
i=1 St,i−1(δ0)

∏nm
k=m(k + δ1)

N>k(gn)−N>k(gτn )∏n
t=τn+1

∏m
i=1 St,i−1(δ1)

with gτn = gn[J0, τnK] and δ(t) = δ01t≤τn + δ11t>τn.

Proof. The first expression comes from the Lemma 5.5.1 and using the same arguments as
in Lemma 5.5.2. For second expression, notice that

n−1∏
v=0

H≤τn (v)−1∏
k=0

(m+ δ0 + k)

H(v)−1∏
k=H≤τn (v)

(m+ δ1 + k)

 =

n−1∏
v=0

H≤τn (v)−1∏
k=0

(m+ δ0 + k)

∏doutgn (v)−1

k=0 (m+ δ1 + k)∏H≤τn (v)−1
k=0 (m+ δ1 + k)

=
n−1∏
v=0

H≤τn (v)−1∏
k=0

m+ δ0 + k

m+ δ1 + k

doutgn
(v)−1∏
k=0

(m+ δ1 + k)


=

nm∏
k=m

(
k + δ0
k + δ1

)N>k(gτn )

(k + δ1)
N>k(gn)

=
nm∏
k=m

(k + δ0)
N>k(gτn ) (k + δ1)

N>k(gn)−N>k(gτn )

which concludes the proof.

Lemma 5.5.4. Let Qnℓ = Pnℓ (Gn ∈ ·) for ℓ = 0, 1. Let St,i−1(δ) as defined in Lemma 5.5.1.
Then, for every gn ∈ Sn

dQn1
dQn0

(gn) =

n∏
t=τn+1

m∏
i=1

St,i−1(δ0)

St,i−1(δ1)

nm∏
k=m

(
k + δ1
k + δ0

)N>k(gn)−N>k(gn[J0,τnK])

.
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Furthermore, almost-surely under Pn0

dQn1
dQn0

(Gn) =
n∏

t=τn+1

m∏
i=1

St,i−1(δ0)

St,i−1(δ1)

(
dGt,i−1(Vt,i) + δ1

dGt,i−1(Vt,i) + δ0

)
.

where Vt,i is defined as in Section 5.2.2.

Proof. The first expression in the statement of the lemma is an immediate consequence
of Lemmas 5.5.2 and 5.5.3. Regarding the second statement, it suffices to observe that
N>k(Gn) depends only on s(Gn), so that [recall Gt = Gt,m]

N>k(Gn)−N>k(Gτn) =

n∑
t=τn+1

m∑
i=1

1dGt,i−1
(Vt,i)=k.

It follows that
nm∏
k=m

(
k + δ1
k + δ0

)N>k(Gn)−N>k(Gτn )

=
n∏

t=τn+1

m∏
i=1

nm∏
k=m

(
k + δ1
k + δ0

)1dGt,i−1
(Vt,i)=k

=

n∏
t=τn+1

m∏
i=1

nm∏
k=m

(
dGt,i−1(Vt,i) + δ1

dGt,i−1(Vt,i) + δ0

)1dGt,i−1
(Vt,i)=k

=
n∏

t=τn+1

m∏
i=1

(
dGt,i−1(Vt,i) + δ1

dGt,i−1(Vt,i) + δ0

)
.

This concludes the proof.

The following lemma will also be used several times when analyzing likelihood ratios.

Lemma 5.5.5. Suppose τn ≥ 3. Let St,i−1(δ) as defined in Lemma 5.5.1. Then for every
δ0, δ1 > −m

e−
6m∆n

τn

(2m+ δ0
2m+ δ1

)m∆n

≤
n∏

t=τn+1

m∏
i=1

St,i−1(δ0)

St,i−1(δ1)
≤ e

6m∆n
τn

(2m+ δ0
2m+ δ1

)m∆n

Proof. By definition of St,i−1

n∏
t=τn+1

m∏
i=1

St,i−1(δ0)

St,i−1(δ1)
=
(2m+ δ0
2m+ δ1

)m∆n
n∏

t=τn+1

m∏
i=1

1 + −2m+i−1
t(2m+δ0)

1 + −2m+i−1
t(2m+δ1)

But for j = 0, 1, τn + 1 ≤ t ≤ n, 1 ≤ i ≤ m and δj > −m

1− 2

τn
≤ 1 +

−2m+ i− 1

t(2m+ δj)
≤ 1.

Thus, (
1− 2

τn

)m∆n

≤
n∏

t=τn+1

m∏
i=1

1 + −2m+i−1
t(2m+δ0)

1 + −2m+i−1
t(2m+δ1)

≤
( 1

1− 2/τn

)m∆n

.

The conclusion follows because log(1− 2/τn) ≥ − 2
τn−2 ≥ −

6
τn

when τn ≥ 3.
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5.6 Proofs when the observation is the unlabeled graph

5.6.1 Proof of Lemma 5.3.3

1 =⇒ 2. Let (An)n≥1 a sequence of πn(Gn)-measurable sets such that Pn0 (An) → 0 and
let ε > 0 arbitrary. Because Pn0 (An) = En0 [En0 (1An | Gn)] = En0 [Kn(Gn, An)], it must be
that Pn0 (Kn(Gn, An) > ε) → 0. But {ω ∈ Ωn : Kn(Gn(ω), An) > ε} ∈ σ(Gn), so by 1
Pn1 (Kn(Gn, An) > ε) → 0. Since Pn1 (An) = En1 [Kn(Gn, An)] ≤ ε + Pn1 (Kn(Gn, An) > ε),
and since ε is arbitrary, the result follows.

2 =⇒ 3. Let (En)n≥1 be a sequence such that Pn0 (s(Gn) ∈ En) → 0. Remark that
Pn0 (s(Gn) ∈ En) = Pn0 (s(πn(Gn)) ∈ En) = Pn0 (πn(Gn) ∈ s−1(En)). So Pn1 (s(Gn) ∈ En) =
Pn1 (s(πn(Gn)) ∈ En) = Pn1 (πn(Gn) ∈ s−1(En)) goes to zero by 2.

5.6.2 Proof of Proposition 5.3.4

Derivation of the expression of the likelihood-ratio

In this section we determine the expression of the likelihood ratio dQn,p
1

dQn,p
0

.

Lemma 5.6.1. Let St,i−1 as defined in Lemma 5.5.1. Pn0 -almost-surely:

Yn =
dQn,p1

dQn,p0

(πn(Gn)) =
1

|Πn(Gn)|
∑

π̄∈Πn(Gn)

n∏
t=τn+1

m∏
i=1

St,i−1(δ0)

St,i−1(δ1)

dGπ̄(t),i−1
(Vπ̄(t),i) + δ1

dGπ̄(t),i−1
(Vπ̄(t),i) + δ0

.

Proof. Let gn ∈ Sn and π0 ∈ Πn(gn). Then, for j = 0, 1

Pnj
(
πn(Gn) = π0(gn)

)
= Enj

En0
( ∑
π̄∈Πn(Gn)

1π̄(Gn)=π0(gn),πn=π̄

∣∣∣Gn)


= Enj

 ∑
π̄∈Πn(Gn)

1π̄(Gn)=π0(gn)P
n
0 (πn = π̄ | Gn)


= Enj

 1

|Πn(Gn)|
∑

π̄∈Πn(Gn)

1π̄(Gn)=π0(gn)


Now remark that π̄ ∈ Πn(Gn) leaves invariant Ṽ(Gn) and π0 ∈ Πn(gn) leaves invariant
Ṽ(gn), thus

π̄(Gn) = π0(gn) =⇒ Ṽ(π̄(Gn)) = Ṽ(π0(gn))
=⇒ Ṽ(Gn) = Ṽ(gn)
=⇒ Πn(Gn) = Πn(gn).
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It follows

Pnj
(
πn(Gn) = π0(gn)

)
= Enj

 1

|Πn(gn)|
∑

π̄∈Πn(gn)

1π̄(Gn)=π0(gn)


=

1

|Πn(gn)|
∑

π̄∈Πn(gn)

Pnj (π̄(Gn) = π0(gn))

=
1

|Πn(gn)|
∑

π̄∈Πn(gn)

Pnj (π̄(Gn) = gn)

=
1

|Πn(gn)|
∑

π̄∈Πn(gn)

Pnj
(
Gn = π̄−1(gn)

)
To simplify the notations in what follows, we denote respectively π̄−1(Gn) and π̄−1(gn) by
Ḡn and ḡn. Note that the advantage of permuting only bold vertices is that the set Πn(Gn)
is a group, which makes the expression of the likelihood ratio easier to handle. As shown
in Lemma 5.5.2, the likelihood of the labeled graph ḡn under the null hypothesis does not
depend on the permutation π̄ when π̄ ∈ Πn(gn). It follows that Pn0 (πn(Gn) = π0(gn)) =
Pn0
(
Gn = ḡn

)
for every π̄ ∈ Πn(gn). Furthermore, the Lemma 5.6.2 below guarantees that

ḡn ∈ Sn whenever gn ∈ Sn. Then by Lemma 5.5.4

Yn =
1

|Πn(Gn)|
∑

π̄∈Πn(Gn)

dQn1
dQn0

(Ḡn)

=
1

|Πn(Gn)|
∑

π̄∈Πn(Gn)

n∏
t=τn+1

m∏
i=1

St,i−1(δ0)

St,i−1(δ1)

nm∏
k=m

(
k + δ1
k + δ0

)N>k(Ḡn)−N>k((Ḡn)τn )

with (Ḡn)t ≡ Ḡn[J0, tK] for all t ∈ J1, nK. Let π̄ ∈ Πn(gn) be arbitrary. Then,

N>k(Ḡn)−N>k(
(
Ḡn
)
τn
) =

n∑
t=τn+1

∑
s∈C(Ḡn)t

(t)

1
(
k + 1− µ(Ḡn)t(t, s) ≤ d(Ḡn)t−1

(s) ≤ k
)
.

Remark that for s ∈ C(Ḡn)t(t) is must be that dGn(s) > m and hence π̄(s) = s. In
particular C(Ḡn)t(t) = CGπ̄(t)

(π̄(t)) and µ(Ḡn)t(t, s) = µGπ̄(t)
(π̄(t), s). In addition, using the

Lemma 5.6.3, we deduce that

N>k(Ḡn)−N>k(
(
Ḡn
)
τn
) =

n∑
t=τn+1

∑
s∈CGπ̄(t)

(π̄(t))

1
(
k + 1− µGπ̄(t)

(π̄(t), s) ≤ dGπ̄(t)−1
(s) ≤ k

)

=
n∑

t=τn+1

m∑
i=1

1
(
dGπ̄(t),i−1

(Vπ̄(t),i) = k
)

where the last line follows because the fact that vertex π̄(t) has a child whose degree is
≤ k at instant π̄(t) − 1 but > k at instant π̄(t) is equivalent to the fact that vertex π̄(t)
choose a vertex Vπ̄(t),i of degree k in Gπ̄(t),i−1 for some i = 1, . . . ,m. Consequently

Yn =
1

|Πn(Gn)|
∑

π̄∈Πn(Gn)

n∏
t=τn+1

m∏
i=1

St,i−1(δ0)

St,i−1(δ1)

dGπ̄(t),i−1
(Vπ̄(t),i) + δ1

dGπ̄(t),i−1
(Vπ̄(t),i) + δ0

.

The following lemma shows that the permutations appearing in the proof of Lemma
5.6.1 leave invariant the support of preferential attachment graphs.
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Lemma 5.6.2. Let gn ∈ Sn and let π̄ ∈ Πn(gn). Then π̄−1(gn) ∈ Sn.

Proof. In view of Lemma 5.5.1, the set Sn is the set of directed labeled graphs on vertex
set J0, nK where each non-zero vertex has out-degree exactly m and arrows are all directed
from largest to smallest label. Since π̄ ∈ Πn(gn), it permutes only the labels of vertices
in Ṽ(gn). But any v ∈ Ṽ(gn) must satisfy v > τ ′n and have all of its children c1, . . . , ck in
J0, τ ′nK. So π̄−1(v) > τ ′n as well and π̄−1(cj) = cj for all its children. In other words, the
out-degree of any vertex in π̄−1(gn) is also m and the arrows are all directed from largest
to smallest label, as required.

The following lemma shows that the degrees of the children of the n− τn late vertices
remains invariant after the application of permutation π̄.

Lemma 5.6.3. Let gn ∈ Sn, π̄ ∈ Πn(gn) and let π̄−1(gn)t = π̄−1(gn)[J0, tK] and gt =
gn[J0, tK] for all t ∈ J1, nK. Then for all t ∈ Jτn + 1, nK and all s ∈ Cπ̄−1(gn)t(t):

dπ̄−1(gn)t−1
(s) = dgπ̄(t)−1

(s).

Proof. Let π̄ ∈ Πn(gn), t ∈ Jτn + 1, nK and s ∈ Cπ̄−1(gn)t(t). Observe that since s ∈
Cπ̄−1(gn)t(t) it is necessary that dgn(s) > m and then π̄(s) = s.

Suppose first that for all t′ ∈ Pπ̄−1(gn)(s) we have π̄(t′) = t′. Then s ∈ Cgt(t) and
dπ̄−1(gn)t−1

(s) = dgt−1(s) = dgπ̄(t)−1
(s).

Second, suppose there exists t′ ∈ Pπ̄−1(gn)(s) such that π̄(t′) ̸= t′. It is necessary
that π̄(t′) > τ ′n since π̄ permute only the labels in Ṽ(gn) ⊂ Jτ ′n + 1, nK. Furthermore
π̄(t′) ∈ Ṽ(gn) so it must be that Pgn(s)\{π̄(t′)} ⊂ J0, τ ′nK. Let enumerate v1 < · · · < vr
the elements of Pgn(s)\{π̄(t′)}. Hence the elements of Pgn(s) are v1 < · · · < vr < π̄(t′).
Since v1 < · · · < vr ≤ τ ′n they are not in Ṽ(gn) and thus π̄(vj) = vj for all j = 1, . . . , r. It
follows that the elements of Pπ̄−1(gn)(s) are v1, . . . , vr, t′ and satisfy

v1 < · · · < vr ≤ τ ′n < t′

because π̄(t′) > τ ′n =⇒ t′ > τ ′n. Therefore t′ = t and dπ̄−1(gn)t−1
(s) = dgτ ′n

(s) =

dgπ̄(t)−1
(s).

Bound on the second moment of the likelihood ratio

As in Lemma 5.6.1 we let Yn ≡
dQn,p

1

dQn,p
0

(πn(Gn)) for simplicity. Then by Lemmas 5.6.1
and 5.5.5, since τn > τ ′n ≥ 3

En0
(
Y 2
n 1Bn

)
≤ e12m∆n/τn

(
2m+ δ0
2m+ δ1

)2m∆n

× En0

[∑
π,π̄∈Πn(Gn)

|Πn(Gn)|2
n∏

t=τn+1

m∏
i=1

dGπ̄(t),i−1
(Vπ̄(t),i) + δ1

dGπ̄(t),i−1
(Vπ̄(t),i) + δ0

dGπ(t),i−1
(Vπ(t),i) + δ1

dGπ(t),i−1
(Vπ(t),i) + δ0

1Bn

]
.

Observe that |Πn(Gn)| =
∣∣Ṽ(Gn)∣∣!. Moreover, on the event Bn we have forced that Jτn +

1, nK ⊂ Ṽ(Gn). This implies that on Bn we have π̄(t) ∈ Ṽ(Gn) for all t ∈ Jτn + 1, nK.
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Consequently on Bn,∑
π,π̄∈Πn(Gn)

|Πn(Gn)|2
n∏

t=τn+1

m∏
i=1

dGπ̄(t),i−1
(Vπ̄(t),i) + δ1

dGπ̄(t),i−1
(Vπ̄(t),i) + δ0

dGπ(t),i−1
(Vπ(t),i) + δ1

dGπ(t),i−1
(Vπ(t),i) + δ0

≤ 1∣∣∣Ṽ(Gn)∣∣∣!2
∑

k′τn+1 ̸=...̸=k′n∈Ṽ(Gn)

kτn+1 ̸=..̸=kn∈Ṽ(Gn)

∑
π,π̄∈Πn(Gn)

(π(τn+1),...,π(n))=(kτn+1,...,kn)
(π̄(τn+1),...,π̄(n))=(k′τn+1,...,k

′
n)

×
n∏

t=τn+1

m∏
i=1

dGk′t,i−1
(Vk′t,i) + δ1

dGk′t,i−1
(Vk′t,i) + δ0

dGkt,i−1
(Vkt,i) + δ1

dGkt,i−1
(Vkt,i) + δ0

which can be further bounded above by

≤

(∣∣∣Ṽ(Gn)∣∣∣−∆n

)
!2∣∣∣Ṽ(Gn)∣∣∣!2

∑
k′τn+1 ̸=...̸=k′n∈Ṽ(Gn)

kτn+1 ̸=...̸=kn∈Ṽ(Gn)

n∏
t=τn+1

m∏
i=1

dGk′t,i−1
(Vk′t,i) + δ1

dGk′t,i−1
(Vk′t,i) + δ0

dGkt,i−1
(Vkt,i) + δ1

dGkt,i−1
(Vkt,i) + δ0

≤

(∣∣∣Ṽ(Gn)∣∣∣−∆n

)
!2∣∣∣Ṽ(Gn)∣∣∣!2

∑
k′τn+1,...,k

′
n∈Ṽ(Gn)

kτn+1,...,kn∈Ṽ(Gn)

n∏
t=τn+1

m∏
i=1

dGk′t,i−1
(Vk′t,i) + δ1

dGk′t,i−1
(Vk′t,i) + δ0

dGkt,i−1
(Vkt,i) + δ1

dGkt,i−1
(Vkt,i) + δ0

=

(∣∣∣Ṽ(Gn)∣∣∣−∆n

)
!2∣∣∣Ṽ(Gn)∣∣∣!2
( ∑
k∈Ṽ(Gn)

m∏
i=1

dGk,i−1
(Vk,i) + δ1

dGk,i−1
(Vk,i) + δ0

)2∆n

≤

(∣∣∣Ṽ(Gn)∣∣∣−∆n

)
!2∣∣∣Ṽ(Gn)∣∣∣!2
(

n∑
k=τ ′n+1

m∏
i=1

dGk,i−1
(Vk,i) + δ1

dGk,i−1
(Vk,i) + δ0

)2∆n

Next, we use that for any non-negative integer
√
2πn(n/e)n < n! <

√
2πn(n/e)ne1/(12n)

(see for instance [Temme, 1996, Section 3.6]) which entails that for any ν > k ≥ 1

(ν − k)!
ν!

≤
√
ν − k

(
ν−k
e

)ν−k
e

1
12(ν−k)

√
ν
(
ν
e

)ν =
(
1− k

ν

)ν−k+ 1
2
( e
ν

)k
e

1
12(ν−k) ≤ ν−kek

2/ν+ 1
12(ν−k) .

Since on the event Bn it holds that |Ṽ(Gn)| ≥ ∆′
n

(
1− αn∆′

n
τ ′n

)
, we deduce that(∣∣∣Ṽ(Gn)∣∣∣−∆n

)
!∣∣∣Ṽ(Gn)∣∣∣! ≤ 1

|Ṽ(Gn)|∆n
exp

( ∆2
n

|Ṽ(Gn)|
+

1

12(|Ṽ(Gn)| −∆n)

)

≤ 1

(∆′
n)

∆n
exp

(
−∆n log

(
1− αn∆

′
n

τ ′n

)
+

∆2
n

|Ṽ(Gn)|
+

1

12(|Ṽ(Gn)| −∆n)

)
≤ 1

(∆′
n)

∆n
exp

( αn∆n∆
′
n

τ ′n − αn∆′
n

+
∆2
n

|Ṽ(Gn)|
+

1

12(|Ṽ(Gn)| −∆n)

)
≤ 1

(∆′
n)

∆n
exp

(2αn∆n∆
′
n

τ ′n
+

2∆2
n

∆′
n

+
1

3∆′
n

)
where in the last line we have used the assumptions that αn∆′

n
τ ′n
≤ 1

2 and ∆n ≤ 1
4∆

′
n, which

imply that |Ṽ(Gn)| ≥ ∆′
n
2 and |Ṽ(Gn)| −∆n ≥ ∆′

n
4 . Hence one obtains the bound [here we
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use that 6m∆n
τn

+ 4∆2
n

∆′
n
≤ 10m∆2

n
∆′

n
]

En0
(
Y 2
n 1Bn

)
≤ e

4αn∆n∆′
n

τ ′n
+

10m∆2
n

∆′
n

+ 2
3∆′

n

(2m+ δ0
2m+ δ1

)2m∆n

En0

((
1

∆′
n

n∑
k=τ ′n+1

m∏
i=1

dGk,i−1
(Vk,i) + δ1

dGk,i−1
(Vk,i) + δ0

)2∆n
)
.

Letting Zn and mn as in Lemma 5.6.4, we deduce from said lemma that

En0

((
1

∆′
n

n∑
k=τ ′n+1

m∏
i=1

dGk,i−1
(Vk,i) + δ1

dGk,i−1
(Vk,i) + δ0

)2∆n
)
≤ m2∆n

n En0

((
1 +

Zn −mn

mn

)2∆n

)

= m2∆n
n

∫ ∞

0
Pn0

((
1 +

Zn −mn

mn

)2∆n

> x

)
dx

= m2∆n
n

∫ ∞

0
Pn0
(
Zn −mn > mn

(
x

1
2∆n − 1

))
dx

≤ m2∆n
n

(
1 +

∫ ∞

1
Pn0
(
Zn −mn >

mn log(x)

2∆n

)
dx

)

≤ m2∆n
n

(
1 +

∫ ∞

1
exp

(
− c∆′

nm
2
n

4∆2
n

log(x)2
)
dx

)
.

Using Lemma 5.6.5 to upper bound the last integral, together with Lemma 5.6.6 implying
that mn ≥ e−3m

(
2m+δ1
2m+δ0

)m since τ ′n ≥ 3, it is found that there are constants c1, c2 > 0
depending only on δ0, δ1, and m, such that

En0

((
1

∆′
n

n∑
k=τ ′n+1

m∏
i=1

dGk,i−1
(Vk,i) + δ1

dGk,i−1
(Vk,i) + δ0

)2∆n
)
≤ m2∆n

n

(
1 +

√
c1∆2

n

∆′
n

e
c2∆

2
n

∆′
n

)
.

Finally, summarizing everything and using Lemma 5.6.6 to get an upper bound on mn, we
find that [here we use that 12m∆n

τ ′n
+ 10m∆2

n
∆′

n
≤ 22m∆2

n
∆′

n
]

logEn0
(
Y 2
n 1Bn

)
≤ 4αn∆n∆

′
n

τ ′n
+

22m∆2
n

∆′
n

+
2

3∆′
n

+

√
c1∆2

n

∆′
n

e
c2∆

2
n

∆′
n .

Auxiliary results used to prove the Proposition 5.3.4

Lemma 5.6.4. Let

Zn =
1

∆′
n

n∑
k=τ ′n+1

m∏
i=1

dGk,i−1
(Vk,i) + δ1

dGk,i−1
(Vk,i) + δ0

, mn =
1

∆′
n

n∑
k=τ ′n+1

m∏
i=1

Sk,i−1(δ1)

Sk,i−1(δ0)
.

Then there exists a constant c > 0 depending only on δ0, δ1, and m, such that for all x ≥ 0

Pn0
(
Zn −mn ≥ x

)
≤ e−c∆′

nx
2
.

Proof. In the proof we let Ft = σ(G1, . . . , Gt) and Ft,i = σ(G1, . . . , Gt−1, Gt,1, . . . , Gt,i)

for t = 1, . . . , n and i = 1, . . . ,m. Let Wk =
∏m
i=1

dGk,i−1
(Vk,i)+δ1

dGk,i−1
(Vk,i)+δ0

for k = τ ′n + 1, . . . , n.

175



Clearly En0 (Wk | Ft) =Wk for all t ≥ k. Also,

En0
(
Wk | Fk−1

)
= En0

(
En0 (Wk | Fk,m−1) | Fk−1

)
= En0

(
m−1∏
i=1

dGk,i−1
(Vk,i) + δ1

dGk,i−1
(Vk,i) + δ0

En0
(dGk,m−1

(Vk,m) + δ1

dGk,m−1
(Vk,m) + δ0

| Fk,m−1

)
| Fk−1

)

= En0

(
m−1∏
i=1

dGk,i−1
(Vk,i) + δ1

dGk,i−1
(Vk,i) + δ0

k−1∑
u=0

dGk,m−1
(u) + δ1

dGk,m−1
(u) + δ0

dGk,m−1
(u) + δ0

Sk,m−1(δ0)
| Fk−1

)

= En0

(
m−1∏
i=1

dGk,i−1
(Vk,i) + δ1

dGk,i−1
(Vk,i) + δ0

Sk,m−1(δ1)

Sk,m−1(δ0)
| Fk−1

)
.

Continuing inductively, it is found that

En0
(
Wk | Fk−1) =

m∏
i=1

Sk,i−1(δ1)

Sk,i−1(δ0)

and then En0
(
Wk | Fℓ) =

∏m
i=1

Sk,i−1(δ1)
Sk,i−1(δ0)

for all ℓ < k. Deduce that for all k = τ ′n+1, . . . , n

and all ℓ = τ ′n + 1, . . . , n

En0
(
Wk | Fℓ)− En0

(
Wk | Fℓ−1) =

0 if ℓ ̸= k,∏m
i=1

dGk,i−1
(Vk,i)+δ1

dGk,i−1
(Vk,i)+δ0

−
∏m
i=1

Sk,i−1(δ1)
Sk,i−1(δ0)

if ℓ = k.
(5.5)

Build the Doob martingale Mj = ∆′
nE(Zn | Fj) and observe that

n∑
j=τ ′n+1

(Mj −Mj−1) = ∆′
n

(
Zn − En0 (Zn | Fτ ′n)

)
.

Furthermore for every j = τ ′n + 1, . . . , n, by equation (5.5)

|Mj −Mj−1| =

∣∣∣∣∣
n∑

k=τ ′n+1

(
En0 (Wk | Fj)− En0 (Wk | Fj−1)

)∣∣∣∣∣
= |Wj − En0 (Wj | Fj−1)|

≤ max
(
1,
m+ δ1
m+ δ0

)m
because

Wj =

m∏
i=1

(
1 +

δ1 − δ0
dGk,i−1

(Vk,i) + δ0

)
≤ max

(
1,
m+ δ1
m+ δ0

)m
.

By Hoeffding-Azuma’s inequality, for all x ≥ 0, almost-surely

Pn0
(
Zn − En0 (Zn | Fτ ′n) ≥

x

∆′
n

| Fτ ′n
)
= Pn0

(
Mn −Mτ ′n ≥ x | Fτ ′n)

≤ exp

(
− x2

2∆′
nmax

(
1, m+δ1

m+δ0

)m
)
.

Then the result follows by taking the expectation both sides of the last display and by
noticing that En0 (Zn | Fτ ′n) = mn almost-surely.
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Lemma 5.6.5. For every β > 0

0 ≤
∫ ∞

1
e−β log(x)2dx ≤

√
πe1/(2β)

β
.

Proof. It is found after a straightforward change of variable that

∫ ∞

1
e−β log(x)2dx =

1√
2β

∫ ∞

0
e−

1
2
y2e

1√
2β
y
dy =

e
1
4β

√
2β

∫ ∞

0
e
− 1

2
(y− 1√

2c
)2
dy ≤

√
πe1/(2β)

β
.

Lemma 5.6.6. For every τ ′n ≥ 3

e
− 6m

τ ′n

(2m+ δ1
2m+ δ0

)m
≤ mn ≤ e

6m
τ ′n

(2m+ δ1
2m+ δ0

)m
.

Proof. As in Lemma 5.5.5, we have whenever k > τ ′n that

(
1− 2/τ ′n)

m
(2m+ δ1
2m+ δ0

)m
≤

m∏
i=1

Sk,i−1(δ1)

Sk,i−1(δ0)
≤
(2m+ δ1
2m+ δ0

)m 1

(1− 2/τ ′n)
m
.

Hence the result follows since log(1− 2/τ ′n) ≥ − 2
τ ′n−2 ≥ −

6
τ ′n

for τ ′n ≥ 3.

5.6.3 Proof of Proposition 5.3.5

Upper bound on the probabilities

By Markov’s inequality

Pn1
(
|Ṽ(Gn)| < ∆′

n

(
1− αn∆

′
n

τ ′n

))
= Pn1

(
|Jτ ′n + 1, nK\Ṽ(Gn)| >

αn(∆
′
n)

2

τ ′n

)
≤ τ ′n
αn(∆′

n)
2
En1
(
|Jτ ′n + 1, nK\Ṽ(Gn)|

)
=

τ ′n
αn(∆′

n)
2

(
∆′
n − En1

(
|Ṽ(Gn)|

))
.

Hence by Lemma 5.6.7 below

Pn1
(
|Ṽ(Gn)| < ∆′

n

(
1− αn∆

′
n

τ ′n

))
≤ C

αn

{
log(τ ′n) if δ0 = 0,

1 if δ0 > 0.

Similarly,

Pn1
(
Jτn + 1, nK ̸⊂ Ṽ(Gn)

)
= Pn1

(
|Jτn + 1, nK\Ṽ(Gn)| ≥ 1

)
≤ En1

(
|Jτn + 1, nK\Ṽ(Gn)|

)
= ∆n − En1

(
|Ṽ(Gn) ∩ Jτn + 1, nK|

)
.

Hence by Lemma 5.6.8 below

Pn1
(
Jτn + 1, nK ̸⊂ Ṽ(Gn)

)
≤ C∆n∆

′
n

τ ′n

{
log(τ ′n) if δ0 = 0,

1 if δ0 > 0.
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Computation of expectations of |Ṽ(Gn)| and |Ṽ(Gn) ∩ Jτn + 1, nK|

In this section we derive estimates on the expectations of |Ṽ(Gn)| and |Ṽ(Gn)∩ Jτn+1, nK|
which are crucial elements in bounding the probability Pn1 (Bc

n).

Lemma 5.6.7. There exists a constant B > 0 depending only on m, δ0 and δ1, such that
for all 2 ≤ τ ′n ≤ n

∆′
n ≥ En1

(
|Ṽ(Gn)|

)
≥ ∆′

n −
B(∆′

n)
2

τ ′n


(τ ′n)

−δ0/(2m+δ0) if δ0 < 0,

log(τ ′n) if δ0 = 0,

1 if δ0 > 0.

Proof. First observe that the upper bound is trivial since Ṽ(Gn) ⊂ Jτ ′n+1, nK almost-surely.
We now focus on the lower bound.

Let us write Xn = |Ṽ(Gn)| for simplicity. In the whole proof we use the convention
that an empty product equals one. Note that

Xn =
n∑

j=τ ′n+1

1
(
dGn(j) = m, ∀k ∈ CGn(j), k ≤ τ ′n and ∀ℓ ∈ PGn(k)\{j}, ℓ ≤ τ ′n

)

=
∑

τ ′n<j≤n
1≤ℓ≤m

∑
0≤x1<···<xℓ≤τ ′n

∑
y1,...,yℓ≥1

y1+···+yℓ=m

( ∏
j<k≤n

1(k ̸→Gk
j)

)(
ℓ∏
i=1

1(µGj (j, xi) = yi)

)( ∏
τ ′n<k≤n
k ̸=j

ℓ∏
i=1

1(k ̸→Gk
xi)

)
.

Indeed, the previous can be rewritten more conveniently as [here xℓ = (x1, . . . , xℓ) and
yℓ = (y1, . . . , yℓ)]

Xn =
∑

τ ′n<j≤n

m∑
ℓ=1

∑
0≤x1<···<xℓ≤τ ′n

∑
y1,...,yℓ≥1

y1+···+yℓ=m

Y xℓ,yℓ,j
n

with

Y xℓ,yℓ,j
n =

∏
τ ′n<k<j

1(k ̸→Gk
{x1, . . . , xℓ})

ℓ∏
i=1

1(µGj (j, xi) = yi)
∏

j<k≤n
1(k ̸→Gk

{x1, . . . , xℓ, j}).

Letting Fℓ = σ(G1, . . . , Gℓ) and δ(j) = δ01(j ≤ τn)+δ11(j > τn), it is seen that [assuming
j < n, otherwise the result is trivial]

En1 (Y xℓ,yℓ,j
n | Fn−1) =

∏
τ ′n<k<j

1(k ̸→Gk
{x1, . . . , xℓ})

ℓ∏
i=1

1(µGj (j, xi) = yℓ)
∏

j<k≤n−1

1(k ̸→Gk
{x1, . . . , xℓ, j})

×
m∏
i=1

(
1−

[dGn−1(x1) + δ(n)] + · · ·+ [dGn−1(xℓ) + δ(n)] + [m+ δ(n)]

Sn,i−1(δ(n))

)

=
∏

τ ′n<k<j

1(k ̸→Gk
{x1, . . . , xℓ})

ℓ∏
i=1

1(µGj (j, xi) = yℓ)
∏

j<k≤n−1

1(k ̸→Gk
{x1, . . . , xℓ, j})

×
m∏
i=1

(
1−

[dGτ ′n
(x1) + y1 + δ(n)] + · · ·+ [dGτ ′n

(xℓ) + yℓ + δ(n)] + [m+ δ(n)]

Sn,i−1(δ(n))

)

where the second line follows because if the product of indicators is non-zero, then at
instant n − 1 no vertex other than j has connected to one of the x1, . . . , xℓ on the time
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interval Jτ ′n+1, n−1K, and j has edge multiplicity yℓ with xℓ. Defining for simplicity Dxℓ
τ ′n

=∑ℓ
i=1 dGτ ′n

(xi), and taking conditional expectation of the previous inductively with respect
to Fn−2, . . . ,Fτ ′n , it is found that [here the combinatorial factor comes from enumerating
all the possibilities of connecting j to x1, . . . , xℓ with edges multiplicities y1, . . . , yℓ]

En1 (Y xℓ,yℓ,j
n | Fτ ′n) =

m!∏ℓ
i=1 yi!

∏
τ ′n<k<j

m∏
i=1

(
1−

Dxℓ
τ ′n

+ ℓδ(k)

Sk,i−1(δ(k))

)

×
∏ℓ
i=1

∏yi
i′=1

(
dGτ ′n

(xi) + i′ − 1 + δ(j)
)∏m

i=1 Sj,i−1(δ(j))

∏
j<k≤n

m∏
i=1

(
1−

Dxℓ
τ ′n

+ 2m+ (ℓ+ 1)δ(k)

Sk,i−1(δ(k))

)
.

Hence, for c = m!∏ℓ
i=1 yi!

,

En1 (Y xℓ,yℓ,j
n | Fτ ′n) ≥ c

∏ℓ
i=1

∏yi
i′=1

(
dGτ ′n

(xi) + i′ − 1 + δ(j)
)∏m

i=1 Sj,i−1(δ(j))

∏
τ ′n<k≤n

m∏
i=1

(
1−

Dxℓ
τ ′n

+ 2m+ (ℓ+ 1)δ(k)

Sk,i−1(δ(k))

)

≥ c
∏ℓ
i=1

∏yi
i′=1

(
dGτ ′n

(xi) + i′ − 1 + δ(j)
)∏m

i=1 Sj,i−1(δ(j))

(
1−

∑
τ ′n<k≤n

m∑
i=1

Dxℓ
τ ′n

+ 2m+ (ℓ+ 1)δ(k)

Sk,i−1(δ(k))

)

≥ c
∏ℓ
i=1

∏yi
i′=1

(
dGτ ′n

(xi) + i′ − 1 + δ(j)
)∏m

i=1 Sj,i−1(δ(j))

(
1−m

∑
τ ′n<k≤n

Dxℓ
τ ′n

+ 2m+ (m+ 1)(δ(k) ∨ 0)

Sk,0(δ(k))

)
.

We now define two random variables

X̃n =
∑

τ ′n<j≤n

m∑
ℓ=1

∑
0≤x1<···<xℓ≤τ ′n

∑
y1,...,yℓ≥1

y1+···+yℓ=m

m!∏ℓ
i=1 yi!

∏ℓ
i=1

∏yi
i′=1

(
dGτ ′n

(xi) + i′ − 1 + δ(j)
)∏m

i=1 Sj,i−1(δ(j))

and

Rn = m
∑

τ ′n<j,k≤n

m∑
ℓ=1

∑
0≤x1<···<xℓ≤τ ′n

∑
y1,...,yℓ≥1

y1+···+yℓ=m

m!∏ℓ
i=1 yi!

×
∑

y1,...,yℓ≥1
y1+···+yℓ=m

m!∏ℓ
i=1 yi!

∏ℓ
i=1

∏yi
i′=1

(
dGτ ′n

(xi) + i′ − 1 + δ(j)
)∏m

i=1 Sj,i−1(δ(j))

Dxℓ
τ ′n

+ 2m+ (m+ 1) (δ(k) ∨ 0)

Sk,0(δ(k))

so that En1 (Xn | Fτ ′n) ≥ X̃n − Rn almost-surely. To compute the expectations of X̃n and
Rn, we use the following trick. For a fixed j > τ ′n we define on the same probability
space a sequence of random graphs ((G̃jt,i)

m
i=0)t≥1 such that G̃jt,i = Gt,i for 1 ≤ t ≤ τ ′n

and 0 ≤ i ≤ m, and then (G̃jt,i)
m
i=0 evolves independently of (Gt,i)

m
i=0 according to the

preferential attachment rule with parameter δ(t) = δ(j) for all t > τ ′n. Then, we see that

1 = En1

(
m∑
ℓ=1

∑
0≤x1<···<xℓ≤τ ′n

∑
y1,...,yℓ≥1

y1+···+yℓ=m

1
(
∀i = 1, . . . , ℓ, µ

G̃j

τ ′n+1

(τ ′n + 1, xi) = yi

) ∣∣∣ Fτ ′n
)

=
m∑
ℓ=1

∑
0≤x1<···<xℓ≤τ ′n

∑
y1,...,yℓ≥1

y1+···+yℓ=m

m!∏ℓ
i=1 yi!

∏ℓ
i=1

∏yi
i′=1

(
dGτ ′n

(xi) + i′ − 1 + δ(j)
)∏m

i=1 Sτ ′n+1,i−1(δ(j))
.
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So indeed,

En1 (X̃n) =
∑

τ ′n<j≤n

m∏
i=1

Sτ ′n+1,i−1(δ(j))

Sj,i−1(δ(j))

=
∑

τ ′n<j≤n

m∏
i=1

(2m+ δ(j))(τ ′n + 1)− 2m+ i− 1

(2m+ δ(j))j − 2m+ i− 1

=
∑

τ ′n<j≤n

m∏
i=1

(
1− (2m+ δ(j))(j − τ ′n − 1)

(2m+ δ(j))j − 2m+ i− 1

)
≥

∑
τ ′n<j≤n

(
1− (2m+ δ(j))(j − τ ′n − 1)

(2m+ δ(j))j − 2m

)m
≥ ∆′

n

(
1− m∆′

n

n− 2

)
.

Similarly,

En1

( ∑
v∈C

G̃
j

τ ′n+1

(τ ′n+1)

d
G̃j

τ ′n
(v)

∣∣∣ Fτ ′n
)

=
m∑
ℓ=1

∑
0≤x1<···<xℓ≤τ ′n

∑
y1,...,yℓ≥1

y1+···+yℓ=m

m!∏ℓ
i=1 yi!

∏ℓ
i=1

∏yi
i′=1

(
dGτ ′n

(xi) + i′ − 1 + δ(j)
)∏m

i=1 Sτ ′n+1,i−1(δ(j))
Dxℓ
τ ′n

from which we deduce that

En1 (Rn) = m
∑

τ ′n<j,k≤n

1

Sk,0(δ(k))

(
En1

( ∑
v∈C

G̃
j

τ ′n+1

(τ ′n+1)

d
G̃j

τ ′n
(v)

)
+ 2m+ (m+ 1)δ(k) ∨ 0

)
m∏
i=1

Sτ ′n+1,i−1(δ(j))

Sj,i−1(δ(j))
.

But

En1

( ∑
v∈C

G̃
j

τ ′n+1

(τ ′n+1)

d
G̃j

τ ′n
(v)

)
≤

m∑
i=1

En1
(
d
G̃j

τ ′n+1,i−1

(Ṽt,i)
)

=

m∑
i=1

En1

(
τ ′n∑
v=0

d
G̃j

τ ′n+1,i−1

(v)

d
G̃j

τ ′n+1,i−1

(v) + δ(j)

Sτ ′n+1,i−1(δ(j))

)

=
m∑
i=1

τ ′n∑
v=0

En1
(
d
G̃j

τ ′n+1,i−1

(v)2
)

Sτ ′n+1,i−1(δ(j))
+ δ(j)

m∑
i=1

2mτ ′n + i− 1

Sτ ′n+1,i−1(δ(j))

≤ 2m

τ ′n∑
v=0

En1
(
(dGτ ′n

(v) + δ0)
2
)

Sτ ′n+1,0(δ(j))
+

2m(mδ(j) ∨ 0 + (m− δ0)2)(τ ′n + 1)

Sτ ′n+1,0(δ(j))

where we have used that only m edges can be added between τ ′n and τ ′n+1, so the difference
between the degree of v in G̃jτ ′n+1 and its degree in Gτ ′n cannot exceed m. Remarking that
in time interval J0, τ ′nK the process (G̃t)t≥1 evolves according to the preferential attachment
rule with parameter δ0, and remarking that τ ′n+1

Sτ ′n+1,0(δ(j))
is bounded by a constant, it follows
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letting δ = δ0 ∧ δ1

En1 (Rn) ≤
En1 (X̃n)∆

′
n

Sτ ′n+1,0(δ)

(
C +

2m2

Sτ ′n+1,0(δ)

τ ′n∑
v=0

En0
(
(dGτ ′n

(v) + δ0)
2
))

for a constant C > 0 depending only on δ0, δ1, and m. By Lemmas 5.6.10 and 5.6.11,
there are constants C,C ′ > 0 depending solely on m and δ0 such that

τ ′n∑
v=0

En0
(
(dGτ ′n

(v) + δ0)
2
)
≤ C ′

τ ′n∑
v=0

( τ ′n
1 ∨ v

)2m/(2m+δ0)

≤ C ′(τ ′n)
2m/(2m+δ0)

(
4 +

∫ τ ′n

1

1

x2m/(2m+δ0)
dx

)

≤ C ′′


(τ ′n)

2m/(2m+δ0) if δ0 < 0,

τ ′n log(τ
′
n) if δ0 = 0,

τ ′n if δ0 > 0.

The conclusion follows because Sτ ′n+1,0(δ) = (2m+ δ)(τ ′n + 1)− 2m ≥ mτ ′n + δ.

Lemma 5.6.8. There exists a constant B > 0 depending only on m, δ0 and δ1, such that
for all 2 ≤ τ ′n < τn ≤ n

∆n ≥ En1
(
|Ṽ(Gn) ∩ Jτn + 1, nK|

)
≥ ∆n −

B∆n∆
′
n

τ ′n


(τ ′n)

−δ0/(2m+δ0) if δ0 < 0,

log(τ ′n) if δ0 = 0,

1 if δ0 > 0.

Proof. The lemma follows by remarking that |Ṽ(Gn) ∩ Jτn + 1, nK| can be rewritten as

n∑
j=τn+1

1
(
dGn(j) = m, ∀k ∈ CGn(j), k ≤ τ ′n and ∀ℓ ∈ PGn(k)\{j}, ℓ ≤ τ ′n

)
.

Then the rest of the proof is identical to Lemma 5.6.7 mutatis mutandis.

Auxiliary results used to prove the Proposition 5.3.5

Lemma 5.6.9. Let γt =
∏m
i=1

(
1 + 1

St,i−1(δ0)

)
. For every 0 ≤ u < t ≤ n

En0 (dGt(u) + δ0) = γtEn0 (dGt−1(u) + δ0).

Proof. These are standard computations, see for instance [van der Hofstad, 2016, Chap-
ter 8].

Lemma 5.6.10. For every 2 ≤ t ≤ n and 0 ≤ u ≤ t

En0 [(dGt(u) + δ0)
2] = ξt1∨u(m+ δ0)

2 + κt1∨u(m+ δ0)

where for all r = 1, . . . , t:

ξtr =
∏

r+1≤j≤t

m∏
i=1

(
1 +

2

Sj,i−1(δ0)

)
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and

κtr =
∑

r+1≤j≤t

( ∏
j+1≤p≤t

m∏
i=1

(
1 +

2

Sp,i−1(δ0)

))( ∏
r+1≤p≤j−1

m∏
i=1

(
1 +

1

Sp,i−1(δ0)

))

×

(
m∑
k=1

1

Sj,k−1(δ0)

∏
1≤i≤k−1

(
1 +

1

Sj,i−1(δ0)

) ∏
k+1≤i≤m

(
1 +

2

Sj,i−1(δ0)

))
.

Proof. Let Ft = σ(G1, . . . , Gt). We first compute En0 [(dGt(u)+ δ0)
2 | Ft] = En0 [(dGt,m(u)+

δ0)
2 | Ft−1]. We define the coefficients (αt,i)

m
i=1 and (βt,i)

m
i=1 such that αt,m = 1 and

βt,m = 0, and satisfying the recurrence for i = m, . . . , 1

αt,i−1 = αt,i

(
1 +

2

St,i−1(δ0)

)
, βt,i−1,= βt,i

(
1 +

1

St,i−1(δ0)

)
+

αt,i
St,i−1(δ0)

.

It is seen that for every r = 1, . . . ,m (using the convention that empty product equals one
and empty sum equals zero):

αt,r =
∏

r+1≤j≤m

(
1 +

2

St,j−1(δ0)

)
βt,r =

∑
r+1≤k≤m

αt,k
St,k−1(δ0)

∏
r+1≤j≤k−1

(
1 +

1

St,j−1(δ0)

)
=

∑
r+1≤k≤m

1

St,k−1(δ0)

∏
r+1≤j≤k−1

(
1 +

1

St,j−1(δ0)

) ∏
k+1≤j≤m

(
1 +

2

St,j−1(δ0)

)
.

Then we consider the random variable

Mt,i = αt,i
(
dGt,i(u) + δ

)2
+ βt,i

(
dGt,i(u) + δ

)
.

We claim that (Mt,i)
m
i=1 is a martingale with respect to (Ft,i)mi=1, where Ft,i = σ(Gt,0, . . . , Gt,i);

ie. we claim that E(Mt,i | Ft,i−1) =Mt,i−1 for i = 1, . . . ,m. Indeed for i = 1, . . . ,m

En0
(
(dGt,i(u) + δ0)

2 | Ft,i−1

)
= (dGt,i−1(u) + 1 + δ0)

2 dGt,i−1(u) + δ0

St,i−1(δ0)

+ (dGt,i−1(u) + δ0)
2
(
1−

dGt,i−1(u) + δ0

St,i−1(δ0)

)
= (dGt,i−1(u) + δ0)

2
(
1 +

2

St,i−1(δ0)

)
+

dGt,i−1(u) + δ0

St,i−1(δ0)

and

En0
(
dGt,i(u) + δ0 | Ft,i−1

)
= (dGt,i−1(u) + 1 + δ0)

dGt,i−1(u) + δ0

St,i−1(δ0)

+ (dGt,i−1(u) + δ0)
(
1−

dGt,i−1(u) + δ0

St,i−1(δ0)

)
= (dGt,i−1(u) + δ0)

(
1 +

1

St,i−1(δ0)

)
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so that

En0 (Mt,i | Ft,i−1) = αt,iEn0
(
(dGt,i(u) + δ0)

2 | Ft,i−1

)
+ βt,iEn0

(
(dGt,i(u) + δ0)Ft,i−1

)
= αt,i

(
1 +

2

St,i−1(δ0)

)
(dGt,i−1(u) + δ0)

2

+

(
αt,i

St,i−1(δ0)
+ βt,i

(
1 +

1

St,i−1(δ0)

))
(dGt,i−1(u) + δ0)

= αt,i−1(dGt,i−1(u) + δ0)
2 + βt,i−1(dGt,i−1(u) + δ0)

=Mt,i−1.

Then,

En0 [(dGt,m(u) + δ)2 | Ft−1] = En1 [Mt,m | Ft−1]

=Mt,0

= αt,0
(
dGt,0(u) + δ

)2
+ βt,0

(
dGt,0(u) + δ

)
= αt,0

(
dGt−1(u) + δ

)2
+ βt,0

(
dGt−1(u) + δ

)
.

Next, let (ξtj)
t
j=1 and (κtj)

t
j=1 as in the statement of the lemma, and γj =

∏m
i=1

(
1 +

1
Sj,i−1(δ0)

)
(as in Lemma 5.6.9). It is straightforward to show that (ξtj)

t
j=1 and (κtj)

t
j=1

satisfy ξtt = 1 and κtt = 0 and the recurrence

ξtj−1 = ξtjαj,0, κtj−1 = ξtjβj,0 + κtjγj .

Indeed, for r = 1, . . . , t

ξtr =
∏

r+1≤j≤t
αj,0 =

∏
r+1≤j≤t

m∏
i=1

(
1 +

2

Sj,i−1(δ0)

)
κtr =

∑
r+1≤j≤t

ξtjβj,0
∏

r+1≤k≤j−1

γk

which are equal to the expression given in the statement of the lemma. Let now define for
j = 1 ∨ u, . . . , t

M ′
j = ξtj

(
dGj (u) + δ0

)2
+ κtj

(
dGj (u) + δ0

)
.

The claim is that (M ′
j)j≥1 is a martingale with respect to (Fj)tj=1∨u. Indeed, using

Lemma 5.6.9 and the above computations

En0 (M ′
j | Fj−1) = ξtjEn0

(
(dGj (u) + δ0)

2 | Fj−1

)
+ κtjEn0

(
dGj (u) + δ0 | Fj−1

)
= ξtj

(
αj,0(dGj−1(u) + δ0)

2 + βj,0(dGj−1(u) + δ0)
)
+ κtjγj(dGj−1(u) + δ0)

= ξtjαj,0(dGj−1(u) + δ0)
2 +

(
ξtjβj,0 + κtjγj

)
(dGj−1(u) + δ0)

= ξtj−1(dGj−1(u) + δ0)
2 + κtj−1(dGj−1(u) + δ0)

=M ′
j−1.

This implies that (because dG1∨u(u) = m almost-surely)

En0
(
(dGt(u) + δ)2

)
= En0 (M ′

t) = En0 (M ′
1∨u) = ξ1∨u(m+ δ)2 + κ1∨u(m+ δ).

Lemma 5.6.11. Let ξt1∨u and κt1∨u as in the statement of Lemma 5.6.10. There exists a
constant B > 0 depending only on m and δ0 such that for all 0 ≤ u < t such that

max(ξt1∨u, κ
t
1∨u) ≤ B

( t

1 ∨ u

)2m/(2m+δ0)
.
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Proof. Let define the function g : N → R+ as g(1) = 0 and g(n) =
∑n

j=2

∑m
i=1

1
Sj,i−1(δ0)

for n ≥ 2. Observe that for any n ≥ 2

g(n) =

n∑
j=2

m∑
i=1

1

(2m+ δ0)j − 2m+ i− 1

=
1

2m+ δ0

n∑
j=2

m∑
i=1

1

j + −2m+i−1
2m+δ0

=
m

2m+ δ0

n∑
j=2

1

j
+

1

2m+ δ0

n∑
j=1

m∑
i=1

( 1

j + −2m+i−1
2m+δ0

− 1

j

)
=

m

2m+ δ0

n∑
j=2

1

j
+

1

(2m+ δ0)2

n∑
j=1

m∑
i=1

−2m+ i− 1

j
(
j + −2m+i−1

2m+δ0

) .
Thus letting H(n) =

∑n
j=1

1
j denote the j-th harmonic number, we deduce that there is a

constant C > 0 depending only on m and δ0 such that for all n ≥ 2:

m

2m+ δ0

(
γ+log(n)

)
−C ≤ m

2m+ δ0
H(n)−C ≤ g(n) ≤ m

2m+ δ0

(
H(n)−1

)
≤ m

2m+ δ0

(
γ+log(n)

)
(5.6)

with γ the Euler constant, using well known bounds on the harmonic numbers. It follows
from (5.6) that

ξt1∨u ≤ exp
(
2g(t)− 2g(1 ∨ u)

)
≤ exp

( 2m

2m+ δ0
log
( t

1 ∨ u

)
+ C

)
.

Next, since max2≤j≤tmax1≤≤m
∏

1≤i≤k−1

(
1+ 1

Sj,i−1(δ0)

)∏
k+1≤i≤m

(
1+ 2

Sj,i−1(δ0)

)
is finite,

we find that for some constants C ′, C ′′, C ′′′ > 0 depending only on m and δ0

κt1∨u ≤ C ′
∑

1∨u+1≤j≤t

1

Sj,0(δ0)
e2g(t)−2g(j)eg(j−1)−g(1∨u)

≤ C ′′
∑

1∨u+1≤j≤t

1

j

( t
j

)2m/(2m+δ0)( j

1 ∨ u

)m/(2m+δ0)

≤ C ′′ t2m/(2m+δ0)

(1 ∨ u)m/(2m+δ0)

∫ t

1∨u

1

x1+m/(2m+δ0)
dx

≤ C ′′′
( t

1 ∨ u

)2m/(2m+δ0)
.

This concludes the proof.

5.7 Proofs when the labeled graph is observed

5.7.1 Supplementary notations

We use the same conventions as in the main paper. We furthermore make use of the
following supplementary notations in the subsequent proofs. We write an ≲ bn to denote
an = O(bn). We say that an ≍ bn if there exist constants c1, c2 > 0 such that c1an ≤ bn ≤
c2an. For sequence of real-valued random variables (Xn)n≥1 with respective distributions
(Pn)n≥1 and real numbers c we write Xn

Pn−−→ c, j = 0, 1, to say that limn Pnj (|Xn − c| >
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ε) = 0 for all ε > 0 and we abusively say that (Xn)n≥1 converges in probability to c, even
though the random variables Xn may not be necessarily defined on the same probability
space. The notation Xn

Pn⇝ X stands for convergence in distribution of (Xn)n≥1 to a
random variable X.

5.7.2 Proof of Theorem 5.3.6

Bounding the sum of the two errors of the likelihood-ratio test

Let Qn0 (respectively Qn1 ) denote the law of Gn under Pn0 (resp. Pn1 ). The limiting behaviour
of dQn

1
dQn

0
under Pn0 is characterized below in Proposition 5.7.1, while Proposition 5.7.2 char-

acterizes its behaviour under Pn1 . Using Proposition 5.7.1, it is found that

lim sup
n→∞

Pn0
(
dQn1
dQn0

(Gn) > 1

)
= Pn0

(
log

(
dQn1
dQn0

(Gn)

)
> 0

)
= lim sup

n→∞
Pn0
(

1

∆n
log

(
dQn1
dQn0

(Gn)

)
+ ℓ0∞ > ℓ0∞

)
= 0.

Using Proposition 5.7.2, we prove similarly that for any K > 0

lim sup
n→∞

Pn1
(
dQn1
dQn0

(Gn) ≤ 1

)
= 0.

Regime of contiguity

Using the Lemma A.4, it is clear that
(
dQn

1
dQn

0

)
n≥1

is uniformly bounded below and above

when lim supn∆n < +∞, and thus (Qn1 )n≥1 is contiguous to (Qn0 )n≥1.

Estimates on the behaviour of the likelihood-ratio under the null and alterna-
tive hypothesis

The following propositions are used for the proof of Theorem 5.3.6. Recall that Qnj denote
the law of Gn under Pnj , for j = 0, 1. We recall that p(δ) is the limiting distribution of the
degree distribution of the affine preferential attachment graph with parameter δ (see also
equation (5.3)).

Proposition 5.7.1. Let δ0, δ1 > −m with δ0 ̸= δ1. For every increasing sequence (τn)n≥1

of integer numbers satisfying 0 ≤ τn < n and ∆n = n− τn →∞, one has

1

∆n
log

(
dQn1
dQn0

(Gn)

)
Pn
0−→ −ℓ0∞

where [letting X ∼ p(δ0)]

ℓ0∞ =
m

2m+ δ0

(
(2m+ δ0) log

(
1 +

δ1 − δ0
2m+ δ0

)
− E

[
(X + δ0) log

(
1 +

δ1 − δ0
X + δ0

)])
> 0.

Proof. In what follows, we introduce the random variables Dt,i = dGt,i−1(Vt,i) and the
filtrations Ft = σ(G0, . . . , Gt) and Ft,i−1 = σ(Gt,0, . . . , Gt,i−1) as in Gao and van der
Vaart [2017] to simplify the notations. We recall that the expression of the likelihood-ratio
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has been established in Lemma A.4. Normalizing the log-likelihood ratio by n − τn, one
obtains:

log
(
dQn

1
dQn

0
(Gn)

)
n− τn

=
1

n− τn

n∑
t=τn+1

m∑
i=1

(
log

(
1 +

δ1 − δ0
Dt,i + δ0

)
− δ1 − δ0
Dt,i + δ0

)
(5.7a)

+
(δ1 − δ0)
n− τn

n∑
t=τn+1

m∑
i=1

(
1

Dt,i + δ0
− t

St,i−1(δ0)

)
(5.7b)

− 1

n− τn

n∑
t=τn+1

m∑
i=1

(
log

(
1 +

t(δ1 − δ0)
St,i−1(δ0)

)
− t(δ1 − δ0)
St,i−1(δ0)

)
. (5.7c)

We will control each of the three terms involved in the previous display separately.
First term (5.7a). This term can be written as:

∞∑
k=m

∑
τn<t≤n
1≤i≤m

(
log

(
1 +

δ1 − δ0
k + δ0

)
− δ1 − δ0
k + δ0

)
1Dt,i=k

n− τn
=

∞∑
k=m

(
log

(
k + δ1
k + δ0

)
− δ1 − δ0
k + δ0

)
An,m

and

An,m =

∑
τn<t≤n
1≤i≤m

1Dt,i=k

n− τn

=

∑
τn<t≤n
1≤i≤m

(
1Dt,i=k − En0

[
1dVt,i=k | Ft,i−1

])
n− τn

+

∑
τn<t≤n
1≤i≤m

Pn0 (Dt,i = k | Ft,i−1)

n− τn

=

∑
τn<t≤n
1≤i≤m

(
1Dt,i=k − En0

[
1Dt,i=k | Ft,i−1

])
n− τn

+
k + δ0
n− τn

∑
τn<t≤n
1≤i≤m

Nk(Gt,i−1)

St,i−1(δ0)
.

where Nk(Gt,i−1) is the number of vertices of degree k in the graph after attaching the
(i − 1)-th edge to the vertex t of the graph. On the one hand, by Hoeffding-Azuma
inequality, the first term of the equality above converges to 0 in probability. On the other
hand, we have that for all (t, i):

|Nk(Gt,i)−Nk(Gn)| ≤ (n− τn)(m+ 1)

It follows that:

m
Nk(Gn)− (n− τn)(m+ 1)

Sn,m(δ0)
≤ 1

n− τn

∑
τn<t≤n
1≤i≤m

Nk(Gt,i−1)

St,i−1(δ0)
≤ mNk(Gn) + (n− τn)(m+ 1)

Sτn+1,0(δ0)

where both sides converge in probability to m
2m+δ0

pk(δ0) =
p>k(δ0)
k+δ0

. Thanks to the domi-
nated convergence theorem (Note that the dominated convergence theorem holds also when
convergence takes place only in probability):

(5.7a)
Pn
0−→

∞∑
k=m

(
log

(
1 +

δ1 − δ0
k + δ0

)
− δ1 − δ0
k + δ0

)
p>k(δ0).

Second term (5.7b). First, note that:

En0
[

1

Dt,i + δ0
| Ft,i−1

]
=

∞∑
k=m

1

k + δ0

(k + δ0)Nk(Gt,i−1)

St,i−1(δ0)
=

t

St,i−1(δ0)
.
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Given that 0 < 1
Dt,i+δ0

≤ 1
m+δ0

, one can apply the Hoeffding-Azuma inequality and obtain:

(5.7b)
Pn
0−→ 0.

Third term (5.7c). Assume δ1 > δ0. Since the function t 7→ log
(
1 + t(δ1−δ0)

St,i−1(δ0)

)
is

non-decreasing for every choice of t ∈ J1, nK and i ∈ J1,mK, one has:

log

(
1 +

(τn + 1)(δ1 − δ0)
Sτn+1,0(δ0)

)
≤ log

(
1 +

t(δ1 − δ0)
St,i−1(δ0)

)
≤ log

(
1 +

n(δ1 − δ0)
Sn,0(δ0)

)
.

It follows that:

1

n− τn

n∑
t=τn+1

m∑
i=1

log

(
1 +

t(δ1 − δ0)
St,i−1(δ0)

)
→ m log

(
1 +

δ1 − δ0
2m+ δ0

)
.

This convergence holds also when δ1 < δ0. A similar argument yields:

1

n− τn

n∑
t=τn+1

m∑
i=1

t(δ1 − δ0)
St,i−1(δ0)

→ m(δ1 − δ0)
2m+ δ0

.

To sum up, one has:

(5.7c)→ −m
(
log

(
1 +

δ1 − δ0
2m+ δ0

)
− δ1 − δ0

2m+ δ0

)
.

Gathering all of the above estimates, it follows that :

log
(
dQn

1
dQn

0
(Gn)

)
n− τn

Pn
0−→ −ℓ0∞

where

ℓ0∞ = m log

(
1 +

δ1 − δ0
2m+ δ0

)
−

∞∑
k=m

p>k(δ0) log

(
1 +

δ1 − δ0
k + δ0

)

=
m

2m+ δ0

(
(2m+ δ0) log

(
1 +

δ1 − δ0
2m+ δ0

)
−

∞∑
k=m

(k + δ0)pk(δ0) log

(
1 +

δ1 − δ0
k + δ0

))

=
m

2m+ δ0

(
(2m+ δ0) log

(
1 +

δ1 − δ0
2m+ δ0

)
− E

[
(X + δ0) log

(
1 +

δ1 − δ0
X + δ0

)])
where X ∼ p(δ0) = (pk(δ0))k. Since E(X) = 2m (see for instance [van der Hofstad, 2016,
Exercise 8.16]) and when δ0 ̸= δ1 the map x 7→ x log

(
1 + δ1−δ0

x

)
is concave and non-affine

on R+ and p(δ0) is not a Dirac distribution, it follows that ℓ0∞ > 0.

Proposition 5.7.2. Let δ0, δ1 > −m with δ0 ̸= δ1. For every increasing sequence (τn)n≥1

of integer numbers satisfying 0 ≤ τn < n and ∆n = n− τn →∞, one has

1

n− τn
log

(
dQn1
dQn0

(Gn)

)
Pn
1−→ ℓ1∞

where [letting X ∼ p(δ0)]

ℓ1∞ = − m

2m+ δ1

(
E
[
(X + δ1) log

(
1 +

δ0 − δ1
X + δ1

)]
− (2m+ δ1) log

(
1 +

δ0 − δ1
2m+ δ1

))
< 0.
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Proof. In what follows, we introduce the random variables Dt,i = dGt,i−1(Vt,i) and the
filtrations Ft = σ(G0, . . . , Gt) and Ft,i−1 = σ(Gt,0, . . . , Gt,i−1) as in Gao and van der
Vaart [2017] to simplify the notations. Recall the expression of the likelihood-ratio has
been established in Lemma A.4. Normalizing the log-likelihood ratio by n−τn, one obtains:

1

n− τn
log

(
dQn1
dQn0

(Gn)

)
=

1

n− τn

n∑
t=τn+1

m∑
i=1

(
log

(
1 +

δ1 − δ0
Dt,i + δ0

)
− δ1 − δ0
Dt,i + δ0

)
(5.8a)

+
(δ1 − δ0)
n− τn

n∑
t=τn+1

m∑
i=1

(
1

Dt,i + δ0
− t

St,i−1(δ0)

)
(5.8b)

− 1

n− τn

n∑
t=τn+1

m∑
i=1

(
log

(
1 +

t(δ1 − δ0)
St,i−1(δ0)

)
− t(δ1 − δ0)
St,i−1(δ0)

)
.

(5.8c)

We will control each of the three terms involved in the previous display separately.
First term (5.8a).

∑
τn<t≤n
1≤i≤m

(
log
(
1 + δ1−δ0

Dt,i+δ0

)
− δ1−δ0

Dt,i+δ0

)
n− τn

=

+∞∑
k=m

(
log

(
k + δ1
k + δ0

)
− δ1 − δ0
k + δ0

) ∑τn<t≤n
1≤i≤m

1Dt,i=k

n− τn
.

On the one hand with Ft,i−1 = σ(Gt,0, . . . , Gt,i−1)∑
τn<t≤n
1≤i≤m

1Dt,i=k

n− τn
=

∑
τn<t≤n
1≤i≤m

(
1Dt,i=k − En1

[
1Dt,i=k | Ft,i−1

])
n− τn

+
1

n− τn

∑
τn<t≤n
1≤i≤m

(k + δ1)Nk(Gt,i−1)

St,i−1(δ1)
.

The first term converges to 0 in probability Pn1 using Hoeffding-Azuma inequality. On the
other hand, we have that for all (t, i):

|Nk(Gt,i)−Nk(Gn)| ≤ (n− τn)(m+ 1).

It follows that:

m
Nk(Gn)− (n− τn)(m+ 1)

Sn,m(δ0)
≤ 1

n− τn

n∑
t=τn+1

m∑
i=1

Nk(Gt,i−1)

St,i−1(δ0)
≤ mNk(Gn) + (n− τn)(m+ 1)

Sτn+1,0(δ0)
.

Thus: ∑n
t=τn+1

∑m
i=1 1Dt,i=k

n− τn
Pn
1−→ (k + δ1)m

2m+ δ1
pk(δ0).

Using dominated convergence theorem, one has:

(5.8a)
Pn
1−→ m

2m+ δ1

∞∑
k=m

(k + δ1)pk(δ0)

(
log

(
1 +

δ1 − δ0
k + δ0

)
− δ1 − δ0
k + δ0

)
.

Second term (5.8b). The term

1

n− τn

n∑
t=τn+1

m∑
i=1

t(δ1 − δ0)
St,i−1(δ0)
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converges clearly to m(δ1−δ0)
2m+δ0

. On the other hand:

1

n− τn

n∑
t=τn+1

m∑
i=1

1

Dt,i + δ0
=

1

n− τn

n∑
t=τn+1

m∑
i=1

(
1

Dt,i + δ0
− En1

[
1

Dt,i + δ0
| Ft,i−1

])

+
1

n− τn

n∑
t=τn+1

m∑
i=1

En1
[

1

Dt,i + δ0
| Ft,i−1

]

=
1

n− τn

n∑
t=τn+1

m∑
i=1

(
1

Dt,i + δ0
− En1

[
1

Dt,i + δ0
| Ft,i−1

])

+
nm∑
k=m

k + δ1
k + δ0

1

n− τn

n∑
t=τn+1

m∑
i=1

Nk(Gt,i−1)

St,i−1(δ1)
.

The first term converges in probability to 0. We will show that:

nm∑
k=m

k + δ1
k + δ0

1

n− τn

n∑
t=τn+1

m∑
i=1

Nk(Gt,i−1)

St,i−1(δ1)

Pn
1−→ m

2m+ δ1

+∞∑
k=m

k + δ1
k + δ0

pk(δ0).

For positive K, we have:∣∣∣∣∣
nm∑
k=m

k + δ1
k + δ0

1

n− τn

n∑
t=τn+1

m∑
i=1

Nk(Gt,i−1)

St,i−1(δ1)
− m

2m+ δ1

+∞∑
k=m

k + δ1
k + δ0

pk(δ0)

∣∣∣∣∣
≤

K∑
k=m

k + δ1
k + δ0

∣∣∣∣∣ 1

n− τn

n∑
t=τn+1

m∑
i=1

Nk(Gt,i−1)

St,i−1(δ1)
− m

2m+ δ1
pk(δ0)

∣∣∣∣∣
+

m

2m+ δ1

∞∑
k=K+1

k + δ1
k + δ0

pk(δ0) +
C(δ0, δ1)

n− τn

n∑
t=τn+1

m∑
i=1

∑nm
k=K+1Nk(Gt,i−1)

St,i−1(δ1)

≤
K∑
k=m

k + δ1
k + δ0

∣∣∣∣∣ 1

n− τn

n∑
t=τn+1

m∑
i=1

Nk(Gt,i−1)

St,i−1(δ1)
− m

2m+ δ1
pk(δ0)

∣∣∣∣∣
+

m

2m+ δ1

∞∑
k=K+1

k + δ1
k + δ0

pk(δ0) +
C(δ0, δ1)

n− τn

n∑
t=τn+1

m∑
i=1

N>K(Gt,i−1)

St,i−1(δ1)

≤
K∑
k=m

k + δ1
k + δ0

∣∣∣∣∣ 1

n− τn

n∑
t=τn+1

m∑
i=1

Nk(Gt,i−1)

St,i−1(δ1)
− m

2m+ δ1
pk(δ0)

∣∣∣∣∣
+

m

2m+ δ1

∞∑
k=K+1

k + δ1
k + δ0

pk(δ0) +mC(δ0, δ1)
N>K(Gn) + (n− τn)(m+ 1)

Sτn+1,0(δ1)

≤
K∑
k=m

k + δ1
k + δ0

∣∣∣∣∣ 1

n− τn

n∑
t=τn+1

m∑
i=1

Nk(Gt,i−1)

St,i−1(δ1)
− m

2m+ δ1
pk(δ0)

∣∣∣∣∣
+

m

2m+ δ1

∞∑
k=K+1

k + δ1
k + δ0

pk(δ0) +mC(δ0, δ1)
2mn
K + (n− τn)(m+ 1)

Sτn+1,0(δ1)

where C(δ0, δ1) is a constant depending solely on δ0 and δ1. The upper-bound converges
in probability to:

m

2m+ δ1

∞∑
k=K+1

k + δ1
k + δ0

pk(δ0) +
2m2C(δ0, δ1)

K(2m+ δ1)
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which can be made arbitrarily small for large values of K. We deduce that:

(5.8b)
Pn
1−→ m(δ1 − δ0)

2m+ δ1

∞∑
k=m

k + δ1
k + δ0

pk(δ0)−
m(δ1 − δ0)
2m+ δ0

.

Third term (5.8a). Finally, the last term is shown to converge to:

(5.8c)→ m

(
δ1 − δ0
2m+ δ0

− log

(
1 +

δ1 − δ0
2m+ δ0

))
.

It follows that:
1

n− τn
log

(
dQn1
dQn0

(Gn)

)
Pn
1−→ ℓ1∞

where

ℓ1∞ = − m

2m+ δ1

( ∞∑
k=m

(k + δ1)pk(δ0) log

(
1 +

δ0 − δ1
k + δ1

)
− (2m+ δ1) log

(
1 +

δ0 − δ1
2m+ δ1

))

= − m

2m+ δ1

(
E
[
(X + δ1) log

(
1 +

δ0 − δ1
X + δ1

)]
− (2m+ δ1) log

(
1 +

δ0 − δ1
2m+ δ1

))
which can be shown to be positive by a similar argument to that used in Proposition 5.7.1.

5.7.3 Proof of Theorem 5.3.7

We first remark that the fact that δ̂0,n and δ̂1,n are asymptotically independent is an
immediate consequence of the fact that the likelihood factorizes as the product of a function
depending solely on δ0 and another function depending solely on δ1. Hence, it is enough
to consider separately ℓ1:τn and ℓτn+1:n. But remark that ℓ1:τn is the log-likelihood of the
model without change-point at size τn. Hence, the existence, uniqueness, and asymptotic
normality of (δ̂0,n)n≥1 follows immediately from the results in Gao and van der Vaart
[2017]1.

Thus in the next we focus on the analysis of the sequence of maximizers of ℓτn+1,n. The
proof is standard and mimicks the steps in Gao and van der Vaart [2017]. First define the
score as

ℓ̇τn+1:n(δ
′) =

nm∑
k=m

N>k(Gn)−N>k(Gτn)

k + δ′
−

n∑
t=τn+1

m∑
i=1

t

(2m+ δ′)t− 2m+ i− 1
.

The Proposition 5.7.3 below establishes that ℓ̇τn+1:n(·) converges uniformly over (−m +
ε,+∞) in probability to a function ι′1 (whose expression is given in said proposition)
that is monotone decreasing with a unique zero. The Proposition 5.7.4 shows that with
high probability ℓ̇τn+1:n has no zero in (−m, ε). These facts are exploited hereafter in
Proposition 5.7.5 to establish the existence and uniqueness (with high probability) and the
consistency of (δ1,n)n≥1. Finally, given the consistency of (δ1,n)n≥1, we deduce in Section
the asymptotic normality using the standard machinery.

Proposition 5.7.3. For every ε > 0

sup
δ≥−m+ε

∣∣∣∣∣ ℓ̇τn+1:n(δ)

n− τn
− ι′1(δ)

∣∣∣∣∣ Pn
1−→ 0

1We note however that for practical reasons Gao and van der Vaart [2017] restricts the MLE to some
compact set [−a, b] but this is in fact not required, by the argument we develop in Proposition 5.7.4.
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where [with X ∼ p(δ0)]

ι′1(δ) =
2m+ δ0
2m+ δ1

∞∑
k=m

k + δ1
k + δ0

p>k(δ0)

k + δ
− m

2m+ δ
=

m

2m+ δ1

(
E
[
X + δ1
X + δ

]
− E [X] + δ1

E [X] + δ

)
.

The proof of Proposition 5.7.3 is delayed to Section 5.7.3.

Proposition 5.7.4. There exists ε0 > 0 such that for all 0 < ε ≤ ε0 it holds

Pn1
(

inf
δ′∈(−m,ε)

ℓ̇τn+1:n(δ
′) ≥ ∆n

)
→ 1.

The proof or Proposition 5.7.4 is delayed to Section 5.7.3

Proposition 5.7.5. For every (δ0, δ1) ∈ (−m,+∞), if ∆n →∞:

δ̂1,n
Pn
1−→ δ1.

The proof of Proposition 5.7.5 is delayed to Section 5.7.3.

Asmptotic normality of (δ̂1,n)n≥1

In what follows, we introduce the random variables Dt,i = dGt,i−1(Vt,i) and the filtrations
Ft = σ(G0, . . . , Gt) and Ft,i−1 = σ(Gt,0, . . . , Gt,i−1) as in Gao and van der Vaart [2017] to
simplify the notations. By definition of δ̂1,n, one has:

nm∑
k=m

N>k(Gn)−N>k(Gτn)

k + δ̂1,n
=

n∑
t=τn+1

m∑
i=1

t

(2m+ δ̂1,n)t− 2m+ i− 1
.

It follows that:
nm∑
k=m

∑n
t=τn+1

∑m
i=1

(
1Dt,i=k − En1

[
1Dt,i=k | Ft,i−1

])
k + δ̂1,n

=
n∑

t=τn+1

m∑
i=1

(
t

St,i−1(δ̂1,n)
−

nm∑
k=m

k + δ1

k + δ̂1,n

Nk(Gt,i−1)

St,i−1(δ1)

)

=
n∑

t=τn+1

m∑
i=1

(
t

St,i−1(δ̂1,n)
− t

St,i−1(δ1)

)

+
n∑

t=τn+1

m∑
i=1

(
t

St,i−1(δ1)
−

nm∑
k=m

k + δ1

k + δ̂1,n

Nk(Gt,i−1)

St,i−1(δ1)

)

= (δ1 − δ̂1,n)
n∑

t=τn+1

m∑
i=1

t2

St,i−1(δ1)St,i−1(δ̂1,n)

+

n∑
t=τn+1

m∑
i=1

1

St,i−1(δ1)

nm∑
k=m

Nk(Gt,i−1)

(
1− k + δ1

k + δ̂1,n

)

= (δ1 − δ̂1,n)
n∑

t=τn+1

m∑
i=1

[
t2

St,i−1(δ1)St,i−1(δ̂1,n)
− 1

St,i−1(δ1)

nm∑
k=m

Nk(Gt,i−1)

k + δ̂1,n

]

= (δ1 − δ̂1,n)
n∑

t=τn+1

m∑
i=1

t

St,i−1(δ1)

[
t

St,i−1(δ̂1,n)
−

nm∑
k=m

Nk(Gt,i−1)

t(k + δ̂1,n)

]
.
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Thus:

√
n− τn(δ1 − δ̂1,n) =

1√
n−τn

∑nm
k=m

∑n
t=τn+1

∑m
i=1

(
1Dt,i=k−En

1

[
1Dt,i=k|Ft,i−1

])
k+δ̂1,n

1
n−τn

∑n
t=τn+1

∑m
i=1

t
St,i−1(δ1)

[
t

St,i−1(δ̂1,n)
−
∑∞

k=m
Nk(Gt,i−1)

t(k+δ̂1,n)

] .
We will show that the numerator of the previous display is asymptotically normal and
the denominator converges to a positive constant. Asymptotic normality of the estimator
follows. Let

A(Gn) =
1

n− τn

n∑
t=τn+1

m∑
i=1

t

St,i−1(δ1)

[
t

St,i−1(δ̂1,n)
−

∞∑
k=m

Nk(Gt,i−1)

t(k + δ̂1,n)

]
,

B(Gn) =
1√

n− τn

nm∑
k=m

∑n
t=τn+1

∑m
i=1

(
1Dt,i=k − En1

[
1Dt,i=k | Ft,i−1

])
k + δ̂1,n

,

B̃(Gn) =
1√

n− τn

nm∑
k=m

∑n
t=τn+1

∑m
i=1

(
1Dt,i=k − En1

[
1Dt,i=k | Ft,i−1

])
k + δ1

.

Convergence of A(Gn). First, note that

t

(2m+ δ̂1,n)t− 2m+ i− 1
−

∞∑
k=m

Nk(Gt,i−1)

t(k + δ̂1,n)
=

(
t

(2m+ δ̂1,n)t− 2m+ i− 1
− 1

2m+ δ̂1,n

)

+

(
1

2m+ δ̂1,n
− 1

2m+ δ1

)

−
∞∑
k=m

(
Nk(Gt,i−1)

t(k + δ̂1,n)
− Nk(Gt,i−1)

t(k + δ1)

)

−
nm∑
k=m

(
Nk(Gt,i−1)

t(k + δ1)
− pk(δ0)

k + δ1

)
1

2m+ δ1
−

nm∑
k=m

pk(δ0)

k + δ1
.

We have :
τn + 1

(2m+ δ̂1,n)n−m− 1
≤ t

(2m+ δ̂1,n)t− 2m+ i− 1
≤ n

(2m+ δ̂1,n)(τn + 1)− 2m
.

It follows that:

1

n− τn

n∑
t=τn+1

m∑
i=1

t

St,i−1(δ1)

[
t

(2m+ δ̂1,n)t− 2m+ i− 1
− 1

2m+ δ̂1,n

]
Pn
1−→ 0.

Similarly:
1

n− τn

n∑
t=τn+1

m∑
i=1

t

St,i−1(δ1)

[
1

2m+ δ̂1,n
− 1

2m+ δ1

]
Pn
1−→ 0.

On the other hand:
∞∑
k=m

(
Nk(Gt,i−1)

t(k + δ̂1,n)
− Nk(Gt,i−1)

t(k + δ1)

)
= (δ1 − δ̂1,n)

∞∑
k=m

Nk(Gt,i−1)

t(k + δ1)(k + δ̂1,n)

≤ δ1 − δ̂1,n
(m+ δ1)(m+ δ̂1,n)

.
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It follows that:

1

n− τn

n∑
t=τn+1

m∑
i=1

t

St,i−1(δ1)

(
Nk(Gt,i−1)

t(k + δ̂1,n)
− Nk(Gt,i−1)

t(k + δ1)

)
Pn
1−→ 0.

The fourth term is smaller than:

1

n− τn

n∑
t=τn+1

m∑
i=1

t

St,i−1(δ1)

nm∑
k=m

1

k + δ

∣∣∣∣Nk(Gt,i−1)

t
− pk(δ0)

∣∣∣∣
≤ log(nm+ δ)

n− τn

n∑
t=τn+1

m∑
i=1

t

St,i−1(δ1)
max

m≤k≤nm

∣∣∣∣Nk(Gt,i−1)

t
− pk(δ0)

∣∣∣∣
which converges to 0 in probability by Theorem 1.3 in Deijfen et al. [2009]. One can then
deduce that:

A(Gn)
Pn
1−→ m

2m+ δ1

[
1

2m+ δ1
−

∞∑
k=m

pk(δ0)

k + δ1

]
Asymptotic normality of B̃(Gn). Now we turn our attention to B̃. One has

B̃(Gn) =

n−τn∑
t=1

m∑
i=1

∑nm
k=m

(
1dVt+τn,i

=k − En1
[
1dVt+τn,i

=k | Ft,i−1

])
√
n− τn(k + δ1)

.

Let Y (n)
t,i =

∑nm
k=m

(
1dVt+τn,i

=k−En
1

[
1dVt+τn,i

=k|Ft,i−1

])
√
n−τn(k+δ1)

. We now need to show that B̃(Gn) is
asymptotically normal. We will apply proposition 3 of Gao and van der Vaart [2017]. To
do this it is enough to prove that

n−τn∑
t=1

m∑
i=1

En1


 nm∑
k=m

(
1dVt+τn,i

=k − En1
[
1dVt+τn,i

=k | Ft,i−1

])
√
n− τn(k + δ1)

2

1|Y (n)
t,i |>ε | Ft,i−1

 Pn
1−→ 0,

n−τn∑
t=1

m∑
i=1

En1


 nm∑
k=m

(
1dVt+τn,i

=k − En1
[
1dVt+τn,i

=k | Ft,i−1

])
√
n− τn(k + δ1)

2

| Ft,i−1

 Pn
1−→ ν1.

The first convergence result is straightforward since for all t ∈ J1, n − τnK and i ∈ J1,mK,
the random variables Y (n)

t,i are uniformly bounded by 2√
n−τn(m+δ1)

. For the second one, we
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start by computing the expectations:

En1


 nm∑
k=m

(
1dVt+τn,i

=k − En1
[
1dVt+τn,i

=k | Ft,i−1

])
√
n− τn(k + δ1)

2

| Ft,i−1



=
nm∑
k=m

En1

[(
1dVt+τn,i

=k − En1
[
1dVt+τn,i

=k | Ft,i−1

])2
| Ft,i−1

]
(k + δ1)2(n− τn)

− 1

n− τn

∑
k ̸=k′

En1
[
1Dt,i=k | Ft,i−1

]
En1
[
1Dt,i=k′ | Ft,i−1

]
(k′ + δ1)(k + δ1)

=
nm∑
k=m

En1
[
1Dt,i=k | Ft,i−1

]
(k + δ1)2(n− τn)

− 1

n− τn

(
nm∑
k=m

En1
[
1Dt,i=k | Ft,i−1

]
k + δ1

)2

=

nm∑
k=m

Nk(Gt,i−1)

(n− τn)(k + δ1)[St,i−1(δ1)]
− 1

n− τn

(
nm∑
k=m

Nk(Gt,i−1)

St,i−1(δ1)

)2

=
nm∑
k=m

Nk(Gt,i−1)

(n− τn)(k + δ1)[St,i−1(δ1)]
− 1

n− τn

(
t

St,i−1(δ1)

)2

.

Using arguments exactly similar to those of the previous paragraphs, we have that the
second sum converges under Pn1 to:

ν1 =
∞∑
k=m

mpk(δ0)

(k + δ1)(2m+ δ1)
− m

(2m+ δ1)2
=

m

2m+ δ1

( ∞∑
k=m

pk(δ0)

k + δ1
− 1

2m+ δ1

)
.

By application of Proposition 3 of Gao and van der Vaart [2017], one has:

B̃(Gn)
Pn
1⇝ N (0, ν1).

Asymptotic normality of B(Gn). We start by showing that B̃(Gn)−B(Gn) converges
to 0 in probability.

B̃(Gn)−B(Gn) =
nm∑
k=m

1

(k + δ1)(k + δ̂1,n)

(
(δ̂1,n − δ1)√
n− τn

n∑
t=τn+1

m∑
i=1

(
1Dt,i=k − E1

[
1Dt,i=k | Ft,i−1

]))
.

First we show that for all k ≥ m:

(δ̂1,n − δ1)√
n− τn

n∑
t=τn+1

m∑
i=1

(
1Dt,i=k − En1

[
1Dt,i=k | Ft,i−1

]) Pn
1−→ 0.

Let ϵ > 0. One has:

Pn1

(∣∣∣∣∣(δ̂1,n − δ1)√
n− τn

n∑
t=τn+1

m∑
i=1

(
1Dt,i=k − En1

[
1Dt,i=k | Ft,i−1

])∣∣∣∣∣ ≥ ϵ2
)

≤ Pn1
(∣∣∣δ̂1,n − δ1∣∣∣ ≥ ϵ

a

)
+ Pn1

(∣∣∣∣∣
∑n

t=τn+1

∑m
i=1 1Dt,i=k − En1

[
1Dt,i=k | Ft,i−1

]
√
n− τn

∣∣∣∣∣ ≥ aϵ
)

≤ Pn1
(∣∣∣δ̂1,n − δ1∣∣∣ ≥ ϵ

a

)
+ 2e−

2a2ϵ2

m .
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Taking the limit of n to +∞ and then the same for a, one obtains the desired convergence.
Given that δ̂1,n is far from −m- with probability tending to 1, one obtains by application
of the dominated convergence theorem that:

B̃(Gn)−B(Gn)
Pn
1−→ 0.

Finally, we apply Slutsky lemma to obtain:

√
n− τn(δ1 − δ̂1,n)

Pn
1−→ N (0, ν−1

1 )

where

ν1 =
∞∑
k=m

mpk(δ0)

(k + δ1)(2m+ δ1)
− m

(2m+ δ1)2
.

Proof of Proposition 5.7.3

First, one can easily show that:

sup
δ≥−m+ϵ

∣∣∣∣∣ 1

n− τn

n∑
t=τn+1

m∑
i=1

t

(2m+ δ)t− 2m+ i− 1
− m

2m+ δ

∣∣∣∣∣→ 0.

For the other sum, we write:∣∣∣∣∣ 1

n− τn

+∞∑
k=m

N>k(Gn)−N>k(Gτn)

k + δ
− m

2m+ δ1

+∞∑
k=m

k + δ1
k + δ

pk(δ0)

∣∣∣∣∣
≤

K∑
k=m

1

k + δ

∣∣∣∣N>k(Gn)−N>k(Gτn)

n− τn
− m

2m+ δ1
(k + δ1)pk(δ0)

∣∣∣∣
+

+∞∑
k=K+1

1

k + δ

N>k(Gn)−N>k(Gτn)

n− τn
+

m

2m+ δ1

+∞∑
k=K+1

k + δ1
k + δ

pk(δ0)

Taking the supremum over δ on both sides, one obtains for K > 0:

sup
δ≥−m+ϵ

∣∣∣∣∣ 1

n− τn

+∞∑
k=m

N>k(Gn)−N>k(Gτn)

k + δ
− m

2m+ δ1

+∞∑
k=m

k + δ1
k + δ

pk(δ0)

∣∣∣∣∣
≤

K∑
k=m

1

k −m+ ϵ

∣∣∣∣N>k(Gn)−N>k(Gτn)

n− τn
− m

2m+ δ1
(k + δ1)pk(δ0)

∣∣∣∣
+

1

n− τn

n∑
t=τn+1

m∑
i=1

+∞∑
k=K+1

1

k −m+ ϵ
1Dt,i=k +

m

2m+ δ1

+∞∑
k=K+1

k + δ1
k −m+ ϵ

pk(δ0)

≤
K∑
k=m

1

k −m+ ϵ

∣∣∣∣N>k(Gn)−N>k(Gτn)

n− τn
− m

2m+ δ1
(k + δ1)pk(δ0)

∣∣∣∣
+

m

K + 1 + ϵ−m
+

m

2m+ δ1

+∞∑
k=K+1

k + δ1
k −m+ ϵ

pk(δ0)

The first term in the upper-bound converges in probability to 0 and the remaining terms can
be made arbitrarily small by choosing a large value for K. The convergence in probability
result follows:

sup
δ≥−m+ϵ

∣∣∣∣∣ ℓ̇τn+1:n(δ)

n− τn
− ι′1(δ)

∣∣∣∣∣ Pn
1−→ 0
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Proof of Proposition 5.7.4

Based on the expression of the score, we remark that

ℓ̇τn+1:n(δ
′) =

nm∑
k=m

N>k(Gn)−N>k(Gτn)

k + δ′
−

n∑
t=τn+1

m∑
i=1

t

(2m+ δ′)t− 2m+ i− 1

≥ N>m(Gn)−N>m(Gτn)

m+ δ′
−

n∑
t=τn+1

m∑
i=1

t

mt

=
N>m(Gn)−N>m(Gτn)

m+ δ′
−∆n.

Further notice that almost-surely letting Dt,i = dGt,i−1(Vt,i)

N>m(Gn)−N>m(Gτn) =
n∑

t=τn+1

m∑
i=1

1(Dt,i = m).

Hence with Ft,i−1 = σ(Gt,i−1)

En1
(
N>m(Gn)−N>m(Gτn)

)
=

n∑
t=τn+1

n∑
i=1

En1
(
Pn1 (Dt,i = m | Ft,i−1)

)
=

n∑
t=τn+1

m∑
i=1

En1
(
Nm(Gt,i−1)

m+ δ1
St,i−1(δ1)

)
= (m+ δ1)

n∑
t=τn+1

m∑
i=1

En1 (Nm(Gt,i−1))

St,i−1(δ1)

Since only m edges are added at each instant t, we deduce that Nm(Gt,i−1) ≥ Nm(Gt)−m
for all t ∈ Jτn + 1, nK and all i = 1, . . . ,m. Furthermore E(Nm(Gt)) ≍ tpm(δ0) (see for
instance the computations in Bet et al. [2025]). Hence we deduce that En1

(
N>m(Gn) −

N>m(Gτn)
)
≥ C∆n for a constant C depending only on (δ0, δ1) and m. A standard

concentration argument shows that ℓ̇τn+1:n(δ′) ≥ ∆n with probability going to one provided
ε > 0 is taken small enough.

Proof of Proposition 5.7.5

We first show that:
Pn1 (N>m(Gn)−N>m(Gτn) = 0)→ 0.

The starting point is

Pn1 (N>m(Gn)−N>m(Gτn) = 0 | Fτn) = Pn1
(
∩nt=τn+1 ∩mi=1

{
dGt,i−1(Vt,i) ̸= m

}
| Fτn

)
= En1

[
n∏

t=τn+1

m∏
i=1

(
1− (m+ δ1)Nm(Gt,i−1)

St,i−1(δ1)

)
| Fτn

]

≤ En1

[
exp

(
−

n∑
t=τn+1

m∑
i=1

(m+ δ1)Nm(Gt,i−1)

St,i−1(δ1)

)
| Fτn

]
.

It follows that:

Pn1 (N>m(Gn)−N>m(Gτn) = 0) ≤ En1

[
exp

(
−

n∑
t=τn+1

m∑
i=1

(m+ δ1)Nm(Gt,i−1)

St,i−1(δ1)

)]
→ 0.
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Note that when N>m(Gn)−N>m(Gτn) ≥ 1, there exists a deterministic η0 > 0 such that
δ̂1,n > −m+ η0. Finally,

Pn1
(∣∣∣ι′1(δ̂1,n)∣∣∣ ≥ ϵ) ≤ Pn1

(∣∣∣ι′1(δ̂1,n)∣∣∣ ≥ ϵ,N>m(Gn)−N>m(Gτn) ≥ 1
)

+ Pn1 (N>m(Gn)−N>m(Gτn) = 0)

≤ Pn1

(
sup

δ≥−m+η0

∣∣∣∣∣ι′1(δ)− ℓ̇τn+1→n(δ)

n− τn

∣∣∣∣∣ ≥ ϵ
)

+ Pn1 (N>m(Gn)−N>m(Gτn) = 0) .

It follows by Proposition 5.7.3 that ι′1(δ̂1,n)
Pn
1−→ 0.

5.7.4 Proof of Theorem 5.3.8

Theorem 5.3.8 is a direct consequence of the following proposition.

Proposition 5.7.6. Let δ0 ̸= δ1. For every increasing sequence τn < n such that ∆n →∞,
one has:

1

n− τn
log

(
dQn

(τn,δ̂0,δ̂1,n)

dQn
(τn,δ̂0,δ̂0)

)
Pn
0−−−−−→

n→+∞
−ℓ0∞ < 0

1

n− τn
log

(
dQn

(τn,δ̂0,δ̂1,n)

dQn
(τn,δ̂0,δ̂0)

)
Pn
1−−−−−→

n→+∞
ℓ1∞ > 0

where ℓ0∞ and ℓ1∞ are defined in Propositions 5.7.1 and 5.7.2.

Proof. Thanks to Proposition 5.7.1 and Proposition 5.7.2, one only needs to show that:

1

n− τn
log

(
dQn

(τn,δ̂0,δ̂1,n)

dQn
(τn,δ̂0,δ̂0)

(Gn)

)
− 1

n− τn
log

(
dQn(τn,δ0,δ1)

dQn(τn,δ0,δ0)
(Gn)

)
Pn
ℓ−→ 0

for ℓ ∈ {0, 1}. Using the expression of the likelihood ratio in Lemma A.4, one has:

1

n− τn
log

(
dQn

(τn,δ̂0,δ̂1,n)

dQn
(τn,δ̂0,δ̂0)

(Gn)

)
− 1

n− τn
log

(
dQn(τn,δ0,δ1)

dQn(τn,δ0,δ0)
(Gn)

)

∼ m log

(
2m+ δ̂0
2m+ δ0

2m+ δ1

2m+ δ̂1,n

)
+

nm∑
k=m

N>k(Gn)−N>k(Gτn)

n− τn
log

(
k + δ̂1,n
k + δ1

k + δ0

k + δ̂0

)
.

Using Proposition 5.7.5 and the arguments used in the proof of Proposition 5.7.1 and
Proposition 5.7.2, one can easily deduce that:

1

n− τn
log

(
dQn

(τn,δ̂0,δ̂1,n)

dQn
(τn,δ̂0,δ̂0)

(Gn)

)
− 1

n− τn
log

(
dQn(τn,δ0,δ1)

dQn(τn,δ0,δ0)
(Gn)

)
Pn
ℓ−→ 0

for ℓ ∈ {0, 1}.

5.7.5 Proof of Proposition 5.3.9

In what follows, we introduce the random variables Dt,i = dGt,i−1(Vt,i) and the filtrations
Ft = σ(G0, . . . , Gt) and Ft,i−1 = σ(Gt,0, . . . , Gt,i−1) as in Gao and van der Vaart [2017] to
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simplify the notations. Let τ̄n > τn, then

dQn(τ̄n,δ0,δ1)

dQn(τn,δ0,δ1)
=

τ̄n∏
t=τn+1

m∏
l=1

(
(2m+ δ1)t− 2m+ l − 1

(2m+ δ0)t− 2m+ l − 1

) nm∏
k=m

(
k + δ0
k + δ1

)N>k(Gτ̄n )−N>k(Gτn )

1

τ̄n − τn
log

(
dQn(τ̄n,δ0,δ1)

dQn(τn,δ0,δ1)

)
= m log

(
2m+ δ1
2m+ δ0

)
+

nm∑
k=m

log

(
k + δ0
k + δ1

)
N>k(Gτ̄n)−N>k(Gτn)

τ̄n − τn
+O

(
1

n

)
.

On the other hand,

nm∑
k=m

log

(
k + δ0
k + δ1

)
(N>k(Gτ̄n)−N>k(Gτn)) =

nm∑
k=m

log

(
k + δ0
k + δ1

) τ̄n∑
t=τn+1

m∑
l=1

(
1Dt,l=k − En1

[
1Dt,l=k | Ft,l−1

])
+

nm∑
k=m

(
log

(
k + δ0
k + δ1

)
− δ0 − δ1
k + δ1

) τ̄n∑
t=τn+1

m∑
l=1

(
(k + δ1)Nk(t, l − 1)

(2m+ δ1)t
− (k + δ1)pk

2m+ δ1

)

+
nm∑
k=m

(
log

(
k + δ0
k + δ1

)
− δ0 − δ1
k + δ1

) τ̄n∑
t=τn+1

m∑
l=1

(
(k + δ1)Nk(t, l − 1)

(2m+ δ1)t− 2m+ l − 1
− (k + δ1)Nk(t, l − 1)

(2m+ δ1)t

)

+ (δ0 − δ1)
nm∑
k=m

τ̄n∑
t=τn+1

m∑
l=1

(
Nk(t, l − 1)

(2m+ δ1)t− 2m+ l − 1
− pk

2m+ δ1

)

+m(τ̄n − τn)
nm∑
k=m

log

(
k + δ0
k + δ1

)
(k + δ1)pk
2m+ δ1

.

Since∣∣∣∣∣
nm∑
k=m

(
log

(
k + δ0
k + δ1

)
− δ0 − δ1
k + δ1

) τ̄n∑
t=τn+1

m∑
l=1

(
(k + δ1)Nk(t, l − 1)

(2m+ δ1)t− 2m+ l − 1
− (k + δ1)Nk(t, l − 1)

(2m+ δ1)t

)∣∣∣∣∣
≤

nm∑
k=m

∣∣∣∣log(k + δ0
k + δ1

)
− δ0 − δ1
k + δ1

∣∣∣∣ (k + δ1)Nk(t, l − 1)

τ̄n∑
t=τn+1

m∑
l=1

2m− l + 1

(2m+ δ1)t ((2m+ δ1)t− 2m+ l − 1)

≲
nm∑
k=m

∣∣∣∣log(k + δ0
k + δ1

)
− δ0 − δ1
k + δ1

∣∣∣∣ n(τ̄n − τn)τ2n

= O

(
τ̄n − τn
n

)
and

nm∑
k=m

τ̄n∑
t=τn+1

m∑
l=1

(
Nk(t, l − 1)

(2m+ δ1)t− 2m+ l − 1
− pk

2m+ δ1

)
=

τ̄n∑
t=τn+1

m∑
l=1

(
t

(2m+ δ1)t− 2m+ l − 1
− 1

2m+ δ1

)
= O

(
τ̄n − τn
n

)
and

m(τ̄n−τn)
nm∑
k=m

log

(
k + δ0
k + δ1

)
(k + δ1)pk
2m+ δ1

= m(τ̄n−τn)
+∞∑
k=m

log

(
k + δ0
k + δ1

)
(k + δ1)pk
2m+ δ1

+O

(
τ̄n − τn
n

)
,
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one obtains

1

τ̄n − τn
log

(
dQn(τ̄n,δ0,δ1)

dQn(τn,δ0,δ1)

)
=

1

τ̄n − τn

nm∑
k=m

log

(
k + δ0
k + δ1

) τ̄n∑
t=τn+1

m∑
l=1

(
1Dt,l=k − En1

[
1Dt,l=k | Ft,l−1

])
+

nm∑
k=m

(
log

(
k + δ0
k + δ1

)
− δ0 − δ1
k + δ1

)
1

τ̄n − τn

τ̄n∑
t=τn+1

m∑
l=1

(
(k + δ1)Nk(t, l − 1)

(2m+ δ1)t
− (k + δ1)pk

2m+ δ1

)

+m log

(
2m+ δ1
2m+ δ0

)
+m

+∞∑
k=m

log

(
k + δ0
k + δ1

)
(k + δ1)pk
2m+ δ1

+O

(
1

n

)
.

Let

ℓ∞ = m log

(
2m+ δ1
2m+ δ0

)
+

+∞∑
k=m

m(k + δ1)

2m+ δ1
pk log

(
k + δ0
k + δ1

)
< 0.

One has:

1

τ̄n − τn
log

(
dQn(τ̄n,δ0,δ1)

dQn(τn,δ0,δ1)

)
− ℓ∞ =

1

τ̄n − τn

nm∑
k=m

log

(
k + δ0
k + δ1

) τ̄n∑
t=τn+1

m∑
l=1

(
1Dt,l=k − En1

[
1Dt,l=k | Ft,l−1

])
+

nm∑
k=m

(
log

(
k + δ0
k + δ1

)
− δ0 − δ1
k + δ1

)
1

τ̄n − τn

τ̄n∑
t=τn+1

m∑
l=1

(
(k + δ1)Nk(t, l − 1)

(2m+ δ1)t
− (k + δ1)pk

2m+ δ1

)
+O

(
1

n

)

≤ log

(
nm+ δ0
m+ δ1

)
sup

m≤k≤nm

∣∣∣∣∣ 1

τ̄n − τn

τ̄n∑
t=τn+1

m∑
l=1

(
1Dt,l=k − En1

[
1Dt,l=k | Ft,l−1

])∣∣∣∣∣
+ sup

t,l,k

∣∣∣∣Nk(t, l − 1)

t
− pk

∣∣∣∣ nm∑
k=m

∣∣∣∣log(k + δ0
k + δ1

)
− δ0 − δ1
k + δ1

∣∣∣∣ k + δ1
2m+ δ1

+O

(
1

n

)
Since (∃C = C(m, δ0, δ1) > 0) such that

∑nm
k=m

∣∣∣log (k+δ0k+δ1

)
− δ0−δ1

k+δ1

∣∣∣ k+δ1
2m+δ1

≤ C log(n) and

log
(
nm+δ0
m+δ1

)
≤ C log(n) one gets:

1

τ̄n − τn
log

(
dQn(τ̄n,δ0,δ1)

dQn(τn,δ0,δ1)

)
≤ ℓ∞ + C log (n) sup

t,l,k

∣∣∣∣Nk(t, l − 1)

t
− pk

∣∣∣∣+O

(
1

n

)

+ C log (n) sup
m≤k≤nm

∣∣∣∣∣ 1

τ̄n − τn

τ̄n∑
t=τn+1

m∑
l=1

(
1Dt,l=k − En1

[
1Dt,l=k | Ft,l−1

])∣∣∣∣∣
where supt,l,k corresponds to the supremum over t ∈ Jτn + 1, τ̄nK, l ∈ J1,mK and k ∈
Jm,nmK. It follows that there exists C ′ > 0 such that:

Pn1

(
sup

τ̄n−τn≥κn

dQn(τ̄n,δ0,δ1)

dQn(τn,δ0,δ1)
≥ 1

)
≤

∑
τ̄n−τn≥κn

Pn1

(
1

τ̄n − τn
log

(
dQn(τ̄n,δ0,δ1)

dQn(τn,δ0,δ1)

)
≥ 0

)

≤
∑

τ̄n−τn≥κn

Pn1

(
sup

m≤k≤nm

∣∣∣∣∣ 1

τ̄n − τn

τ̄n∑
t=τn+1

m∑
l=1

(
1Dt,l=k − E1

[
1Dt,l=k | Ft,l−1

])∣∣∣∣∣ ≥ −ℓ∞ +O
(
1
n

)
2C log (n)

)

+
∑

τ̄n−τn≥κn

Pn1

(
sup
t,l,k

∣∣∣∣Nk(t, l − 1)

t
− pk

∣∣∣∣ ≥ −ℓ∞ +O
(
1
n

)
2C log(n)

)

≲ n

(
n exp

(
−C ′ τ̄n − τn

log(n)2

)
+ o

(
1

n

))
≲ n

(
n exp

(
−C ′ κn

log(n)2

)
+ o

(
1

n

))
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where we have used Hoeffding-Azuma inequality for the first term and Theorem 8.3 of
van der Hofstad [2016] (or Proposition 2.1 of Deijfen et al. [2009]) for the second term.
Note that these results were stated only in the case of no change. However, they should
remain valid for our model. Using an exactly similar argument for τ̄n − τn < −κn, we
finally obtain:

P̃n1

(
sup

|τ̄n−τn|≥κn

dQn(τ̄n,δ0,δ1)

dQn(τn,δ0,δ1)
≥ 1

)
= O

(
n2 exp

(
−C ′ κn

log(n)2

)
+ o(1)

)

Taking κn ≍ log (n)3, one obtains:

P̃n1

(
sup

|τ̄n−τn|≳κn

dQn(τ̄n,δ0,δ1)

dQn(τn,δ0,δ1)
≥ 1

)
→ 0.

One obtains a localization error smaller than log(n)3.
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Chapter 6

Conclusion and perspectives

In this thesis, we investigate a range of inference problems across different types of data.
We began by examining clustering under both i.i.d. and HMM models in a non-parametric
framework, then refined these results in the slowly mixing regime within the Gaussian
setting. Finally, we turned to the problems of change-point detection and localization
in the affine preferential attachment random graph model. Below, we highlight possible
extensions and future research directions that build on the contributions of this work.

• The problem of clustering: In the context of clustering under a general non-
parametric HMM model, our findings on the Bayes risk of clustering are valid only in
the mixing regime (Chapter 3). While these results were further refined in the slowly
mixing regime for the Gaussian case (Chapter 4), a comprehensive understanding of
the Bayes risk of clustering in the non-parametric slowly mixing regime is still an
open problem. Many other problems remain open in this setting:

– Optimal excess risk: While we upper-bound the excess risk of the plug-in
procedure through the estimation error (inducing thus a polynomial decay of
the excess risk), we believe this rate should be improved to an exponential decay.
Lemma 3.5.1 presents the first steps for this proof. The optimal excess risk is
still unclear in the general non-parametric case.

– Alternatives to plug-in: Plug-in clustering depends heavily on parameter
estimation, with its performance tied to the quality of the estimates. A nat-
ural next step is to design clustering methods that exploit the nonparametric
identifiability of HMMs directly, without first estimating the parameters.

– High dimension: In our analysis, we restrict attention to the Bayes risk,
which is minimized by an oracle with full knowledge of the model parameters.
As a consequence, the dimension of the observation space does not appear in
the expression of the bounds. To capture the impact of high dimensionality
on the complexity of clustering, one must instead consider the minimax risk
of clustering (see Ndaoud [2022]), which does not assume access to the true
parameters. Characterizing how this risk depends on the emission distribution,
the mixing properties of the hidden Markov chain, the observation dimension
and the sample size would shed light on the interplay among all model param-
eters and provide a thorough understanding of the difficulty of the problem of
clustering.

– Estimation of the mixing parameter: A very interesting question is to
characterize the minimax rate of estimation of the mixing parameter δ in the
high dimensional two component Gaussian Hidden Markov Model. When the
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signal θ is known, δ can be estimated at the parametric rate as shown in Zhang
and Weinberger [2022]. However, the optimal rate of estimation is still an open
question.

– Full adaptation: The procedures of clustering proposed in Chapter 4 are not
adaptive to δ and when this parameter is unknown, one has to pay a price of
O (log(n)). It is important to come up with a fully adaptive clustering procedure
with optimal performance.

• The problems of change-point detection and localization: In the context of
change-point detection for preferential attachment random graph models, our earlier
work Kaddouri et al. [2025] partially resolved a conjecture that was later fully settled
in Du et al. [2025]. Their proof builds on and refines our approach, introducing two
new key ideas:

– Interpolation: Let Pn denote the distribution of the unlabeled preferential
attachment graph with n vertices under the null hypothesis, and let Qn,τn be its
distribution under the alternative, where the change occurs at τn = n−∆n. The
interpolation method constructs a chain of intermediate distributions linking the
null and alternative:

Pn = Qn,n → Qn,n−1 → Qn,n−2 → · · · → Qn,τn .

Applying the triangle inequality along this path yields

TV(Pn,Qn,τn) ≤
n−τn∑
k=1

TV(Qn,n−k+1,Qn,n−k) .

By the data-processing inequality,

TV(Pn,Qn,τn) ≤
n−τn∑
k=1

TV(Pn−k+1,Qn−k+1,n−k) .

Hence, the task is to prove that

∀n′ ∈ Jτn + 1, nK, TV
(
Pn′ ,Qn′,n′−1

)
= o
(

1
∆n

)
.

Without loss of generality, it suffices to consider the simplified case n′ = n
and τn = n − 1, where the change-point occurs exactly one step before the
terminal time. This special case also leads to a more tractable expression for
the likelihood ratio.

– Second-moment bound via the Efron–Stein inequality: The Efron–Stein
inequality asserts that for independent random variables Y1, . . . , Yk and any
measurable function f : Rk → R,

Var[f(Y1, . . . , Yk)] ≤
k∑
i=1

E
[(
f(Y1, . . . , Yi, . . . , Yk)− f(Y1, . . . , Ỹi, . . . , Yk)

)2]
,

where Ỹi is an independent copy of Yi. To apply this inequality in bounding
the second moment of the likelihood ratio, one must first express the likelihood
ratio as a functional of independent random variables. Since the preferential
attachment process admits such a representation, the Efron–Stein inequality
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becomes a powerful tool in the analysis. Figure 6.1 displays a typical preferential
attachment graph with m = 1 and n1/3 ≲ ∆n ≲ n1/2. Contrary to our proof
which relies on revealing the order of arrival of all the nodes except those in
bold, the proof of the conjecture in Du et al. [2025] reveals less information:
only the order of arrival of normal nodes is revealed. This is the reason for
which their proof works.

gτ ′
n

Vertices in
Jτ ′n + 1, τnK

Last ∆n

vertices of gn

Figure 6.1: Typical preferential attachment graph gnwith m = 1 when n1/3 ≲ ∆n ≲ n1/2.

Future research on changepoint detection in random graphs could therefore move in
several promising directions. One natural extension is to consider models where the
probability of connexion depends on more general attachment functions, rather than
being restricted to an affine form. One might investigate general non-parametric
transitions from one function to another, thereby modeling very general structural
changes in the network’s evolution. Another direction concerns the initial degree
distribution. Most studies on changepoint detection have concentrated on models
with fixed initial degrees m. This turns out to be a very restrictive assumption
for modelling many real-world networks. The degree sequence of such graphs was
studied in Deijfen et al. [2009] and extending the study of the problem of change-
point detection to the case of random initial degrees would be an interesting direction
too. Concerning the problem of change-point localization and parameter estimation,
we believe that the result of Proposition 5.3.9 can be generalized to include the
simultaneous localisation of all model parameters δ0, δ1 and τn, and eventually reduce
the error of localization from log(n)3 to a constant error, but at the cost of some
tedious calculations.
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