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What is Statistical Inference?

Statistical Model

A statistical model is a family of probability distributions
P ={Py:0 € B},

all defined on a common probability space (€2, F).
» An experiment draws data X ~ Py~ for some unknown parameter 0* € ©

» The statistician observes X only
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What is Statistical Inference?

Statistical Model

A statistical model is a family of probability distributions
P ={Py:0 € B},

all defined on a common probability space (€2, F).
» An experiment draws data X ~ Py~ for some unknown parameter 0* € ©

» The statistician observes X only

{Goal: Use observation X to gain knowledge about 6*, the distribution P+, or the structure of @]

Example: Gaussian Location Model

Suppose X1, ..., X, < N(u,1)
» The statistician observes X = (Xi,..., X,) only
> Here, the model is P = {N(u,1)®": p € R}
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Statistical Inference on Dependent Data

To incorporate dependence, we will consider two models of completely different nature:

Hidden Markov Model
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Statistical Inference on Dependent Data

To incorporate dependence, we will consider two models of completely different nature:

Hidden Markov Model Preferential Attachment Model

Goal : Study some inference problems under both models
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Outline

Inference in Hidden Markov Models
Hidden Markov Models vs Mixture Models
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Mixture Models vs Hidden Markov Models

Mixture Model

Latent variables:
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Mixture Models vs Hidden Markov Models

/ } :
/ : )
! 1 . ] iid
/ Latent variables: ! Xuvoo ) X, !

\
b ! '
\ ! !

\ ! ;

\ ! ,
|
|
|
|
@ !

We denote the set of parameters § = (K, 7, f) by @

4/30



Mixture Models vs Hidden Markov Models

\
N
N \
! \
: | .
| Latent variables: ! Xivoo i Xy iid. !
. l
h | !
\ ! !
\ | !
M I
N I
N I
\ @ ‘
N I
|
|

. Observations: @ @ @ Yo | {Xo = K} ~ £, /,'
We denote the set of parameters § = (K, 7, f) by @
’ Hidden Markov Model h S
/ Latent variables: @—V@—'@—'@ X1, .., Xn ~ Markov(m, Q) B

4/30



Mixture Models vs Hidden Markov Models

T Miwe Mol
:,,’I Latent variables: % Xp X \‘\:
Observations: @ @ @ @ Yol DX = K} ~ i |

 We denote the st of parameters 0 — (K.m. 1) by 67,
_"""””""W""""W Hidden Markow Model

,'I Latent variables: @‘@‘Q‘@ | Xi,...,Xp ~ Markov(r, Q) \
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Mixture Models vs Hidden Markov Models

-’ Mixture Model .

! Latent variables:

,'I Latent variables: @‘@‘ | X1, ..., Xp ~ Markov(m, Q) “,

We denote the set of parameters § = (K, 7, Q, f) by ©%°P.
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Inference in Hidden Markov Models

The Problem of Clustering
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What is Clustering?

Clustering identifies meaningful structure in data.

DBScan clustering

Kmeans clustering

[

¥

Goal: Group similar points together through a partition
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What is Clustering?

HMM Mixture

@—»@—»Q—v@ ] Hidden Variables
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[Clustering . Identifying the partition induced by the Hidden variables}
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What is Clustering?

HMM Mixture

)| mamene (@) () O
D0 0 @) e (00O

[Clustering . Identifying the partition induced by the Hidden variables}

Clustering does not seek to identify the values of the hidden states!
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Distance between Partitions

. 1 ,
UA,B)=  inf 1-= > |cnc|
Ml\i/igaér‘ws;qt’cii)ng n {C,C'yem

Let S ={1,2,3,4,5}.
Clustering A Clustering B

G = {17273} Cll = {47 172}

Matching = {{G, C{}}

Value of loss =1— 1 =0.8
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Distance between Partitions

. 1 ,
= 1— =
UAB)= | inf — > lcnd]
M is a matching {C,C'}eM

Let S = {1,2,3,4,5}.

Clustering A Clustering B
|GNCl|=2 \
Cl = {17273} 7 Cll :{1’274}
C2—{475} 1 4 2_{7}
‘Cz n C2/| =1

Best matching = {{C, ({},{G, G}

(A, B) =0.4
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Risk of Clustering

[A clusterer g maps the observation (Yi,..., Ys) to a partition of [1, n]]j
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Partition of the
clusterer g
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Risk of Clustering

[A clusterer g maps the observation (Yi,..., Y,) to a partition of [1, n}]}

R0, g) = Eo [f(g(Yu ooy Ya), ﬂn)}

{Quantity of interest: The Bayes risk of clustering gigg R (g, g)}

Goal
» Characterize the minimizer of the clustering risk
» Quantify the magnitude of the Bayes risk

» Design some clustering procedures that perform well in the general non-parametric setting
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What is Classification?

[A classifier h maps the observation (Y3, ..., Y,) to an element of [1, K]]".J
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What is Classification?

[A classifier h maps the observation (Yi,..., Y,) to an element of [1, K]]".]

Let H be the Hamming distance defined by: H(x,y) = 237  1,.4..

Sequence of estimated
hidden states

Ey

T

Mixture or HMM

H(h(Y1,..., Ya), (X1,... ,Xn))}

[

True hidden
states X1, ..., X,
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What is Classification?

[A classifier h maps the observation (Y4,..., Y,) to an element of [1, Kﬂ".}

Let H be the Hamming distance defined by: H(x,y) = 137 1,.4,.

RI*(9, h) = Ey H(h(Y1,..., Ya), (X1,..., X0))
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Let H be the Hamming distance defined by: H(x,y) = 137 1,.4,.

RI*(9, h) = Ey H(h(Y1,..., Ya), (X1,..., X0))

To any classifier h corresponds a unique clusterer g, such that

Ve, Vo) ={{i€L,n]: hi(Va,...,Ys) =x}: x € [1,K]}.

Lemma

Let Sk be the group of permutations of [1, K]. For 6 € ©3°° U ©™ and any classifier h = (hi)i<icn
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What is Classification?

[A classifier h maps the observation (Y4,..., Y,) to an element of [1, Kﬂ".}

Let H be the Hamming distance defined by: H(x,y) = 137 1,.4,.

RI*(9, h) = Ey H(h(Y1,..., Ya), (X1,..., X0))

To any classifier h corresponds a unique clusterer g, such that

Ve, Vo) ={{i€L,n]: hi(Va,...,Ys) =x}: x € [1,K]}.

Lemma

Let Sk be the group of permutations of [1, K]. For 6 € ©3°° U ©™ and any classifier h = (hi)i<icn

Z Lx (Ve V)i

Rclass (0 h

; Rclust(g gn) =Eg [mm = Zl Yl,.“,Y,,):| .

€Sk n

[Classification is simpler to study, but how to relate both notions ?J
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Deciphering the risk of clustering
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Bayes Classifier vs Bayes Clusterer (K > 2)

> h; is the Bayes classifier, minimizer of h — RE25(4, h)
> g7 is the Bayes clusterer, minimizer of g — R0, g)
> Recall that gn(Y1,...,Ys) = {{i € [1,n] : hi(Y1,...,Ya) = x} : x € [1, K]}
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> g7 is the Bayes clusterer, minimizer of g — R0, g)
> Recall that gn(Y1,...,Ys) = {{i € [1,n] : hi(Y1,...,Ya) = x} : x € [1, K]}

Theorem (Gassiat, Kaddouri and Naulet (2025))

When K > 2, then for all 6 = (K, m, f) € ©" such that f = (f),cpy xy, if

Py (U {0 < T:kxmﬁ(Y) < mh(Y) < me,(y)}) >0

k=1 Ik

then,
Vn>2, P (gg(yl, e Ya) # g (M, Y,,)) > 0.
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> h; is the Bayes classifier, minimizer of h — RE25(4, h)
> g7 is the Bayes clusterer, minimizer of g — R0, g)
> Recall that gs(Y1,...,Ya) = {{i € [1,n] : hi(Y1,...,Yas) =x}:x € [1,K]}

Theorem (Gassiat, Kaddouri and Naulet (2025))

When K > 2, then for all 6 = (K, m, f) € ©" such that f = (f),cpy xy, if
K
Py ,(L_Jl 0<n/1:kx7rlﬁ(Y)<7kak(Y)§I#Zk7r,f,(Y) >0

then,
Vn>2, Py (gg(vl, V) g (Vi Y,,)) >0.

Theorem (Gassiat, Kaddouri and Naulet (2025))

In the case of dependent labels, for all K > 2 and all n > 2, there exists a subset C:)n,K C ©%P such
that

V0 € Oni, Po (g (i, Vo) # g1y (Vis. o, Vi) > 0.
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Bayes Classifier vs Bayes Clusterer (K = 2)
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> h; is the Bayes classifier, minimizer of h — RE2%(4, h)
> g7 is the Bayes clusterer, minimizer of g — RE(0, g)
> Recall that gn(Y1,...,Ys) = {{i € [1,n] : hi(Y1,...,Ys) = x} : x € [1, K]}

Theorem (Gassiat, Kaddouri and Naulet (2025))

In the case of dependent labels and when K = 2, there exists a subset © C ©%°° such that

(ve c (1)) (Vn>2), P (gg*(Yh...,Y,,) # ghs (Y, -, Y,,)) > 0.

Theorem (Gassiat, Kaddouri and Naulet (2025))

In the case of independent labels, if K = 2, then for all 6 € O and all n > 2,

& (Y, Ya) = gns(Y1,..., Ya) Po-as.
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Bayes Risk: Clustering vs Classification (I.1.D. case)

N intend to relate inf RS™H(6, g) to inf RE™S(6, h).
ow we Inten oreaeglengn (,g)Ohlean n (»)
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N intend to relate inf RE™Y(6, g) to inf REPS(6, h).
ow we intend to relate inf 9,g) o inf Rn 6, h)

Theorem (Gassiat, Kaddouri and Naulet (2025))
If K =2, then for all 6 € ©™% and n > 2,

_ . class < clust < inf class h
(1 a")hlenvft,,R" (9,h)_g|gén7€,, (G,g)_hleanR,, (6, h)

where o, = 2e/log(2)/2n.
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Bayes Risk: Clustering vs Classification (I.1.D. case)

N intend to relate inf RS™'(6, g) to inf RE™S(6, h).
ow we Inten oreaeglengn (g) Ohlean n (7)

Theorem (Gassiat, Kaddouri and Naulet (2025))
If K =2, then for all 6 € ©™% and n > 2,

1— . inf Rﬁlass 0. h) < inf Rclust. 0 < inf Rﬁlass 0. h
(1= ) inf RE™(6,h) < inf R™(6.) < inf RE™(6.h)
where a, = 2e+/log(2)/2n.

Theorem (Gassiat, Kaddouri and Naulet (2025))
If K > 2 then for all § = (K, n,F) € ©% and all n > 1,

_ . class _ p2,—nB/8 < clust < class
(1~ &) inf RL™(9,h) — K'e < jnf Ro™(0,8) < inf Rn"(6, h)

where 3 = minj(m; + i) and & = % \/log(K1)/(2n).
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Bayes Risk: Clustering vs Classification (Dependent case)

Now we intend to relate inf R:"'(0,g) to inf RL™(6, h).
g8€Gn heHn

Let egep = {9 = (K,?T, Q, f) € @der ‘ min; Q,'J >0, min; w; > 6}
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where &, = 2e(52 ) V/log(2)/2n.
Theorem (Gassiat, Kaddouri and Naulet (2025))
If K > 2, then for all § € ©5° and all n > 1,
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Magnitude of the Bayes risk of clustering (K = 2)

> 05 ={0=(K,r, f) €™ |minjm > 5}
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Magnitude of the Bayes risk of clustering (K = 2)

> @'%nd _ {9 = (K,r,f) e oind | minj7; > 6}
> 01 = (0= (K, 7, Q.F) € O™ | mini; Qi > &, minjm; > 6}
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iz
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Magnitude of the Bayes risk of clustering (K = 2)

> @isnd _ {9 = (K,r,f) e oind | minj7; > 6}
> 01 = (0= (K, 7, Q.F) € O™ | mini; Qi > &, minjm; > 6}
For 0= (K7, f) € ©F or 0= (K, 7, Q,f) € O, where f = (f);cqux). we define:

A(O) = /jer}&ir)q] (Z f,-(y)) dy.
iz

i#j
Theorem (Gassiat, Kaddouri and Naulet (2025))
» When K = 2:
V0 € 05, (1—an)oA(0) < inf RI(0,8) < (1-8)A(®),
g n
5%(1 — &)
1-9

where a, = 2e+/log(2)/2n and &, = 2e(%)5\/log(2)/2n.

Vo € @3, A(6) < inf R0, g) < (1 — 6)A0),
g n
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Magnitude of the Bayes risk of clustering (K > 2)
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Magnitude of the Bayes risk of clustering (K > 2)

> 05 ={0=(K,r, f) €™ |minjm > 5}
> 05 = {0 = (K, Q,f) € 0% | min;; Q:; > J, min;m; > &}

For 8 = (K,m,f) € ©Pd or = (K,m, Q,f) € @gep, where f = (f;);e1,x], we define:

NO) = [ min (3 f) o
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Magnitude of the Bayes risk of clustering (K > 2)

> 05 ={0=(K,r, f) €™ |minjm > 5}
> 05 = {0 = (K, Q,f) € 0% | min;; Q:; > J, min;m; > &}
For § = (K,m,f) € O or = (K, 7, Q,f) € O3, where f = (£)ic[1.4], we define:

A(O) : /Jer[?llrzq] (Z fi(y )

Theorem (Gassiat, Kaddouri and Naulet (2025))
> When K > 2 and 6 € ©* satisfies SN(0) > 4K?e~"?/® and n large enough so that &, < 1:

2A@) < inf R5"(68) < (1~ (K~ D3AE),

> When K > 2 and § € O3 satisfies 5*A(0) > 4K2e (=08 apd large enough so that &, < 3

62
41— 9)

where 8 = min; jz Po (Xi € {j, k}) and po = %, £n = m log(K!)/(2n).

A©) < inf R3™(0,) < (1= (K= 1)8)AO),
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lllustration (Case K = 2)

Let § > 0and 8 = (K, f) € O or 6 = (K,m, Q,f) € ©3°", where f = (£)ic(1,2),

AO) = / A(y) A foly)dy

Main result

infeeg, Ry™(0,8) < [ A(y) A h(y)dy
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lllustration (Case K = 2)

Let § > 0and 0 = (K,m,f) € O or § = (K, 7, Q, f) € 5, where f = (f)ic(1.0,
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@ The HMM model is identifiable without any shape restriction
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Gassiat et al. (2016); De Castro et al. (2017); Abraham et al. (2022)
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Illustration

> First example: A sample of size n =5 - 10* generated from two gaussian mixtures:

$(MV(1.7,0.2) + N (7,0.15)) and 3(N(3.5,0.2) + N (5,0.4)), and Q = (8:2 8?) .
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Illustration

> Second example: A sample of size n = 10° generated from two gaussian mixtures :
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Clustering under the slowly mixing regime
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Slowly mixing regime
> QP = {6 =(K,m,Q,f) € ©* | min;; Qj > 6, minjm; >}

Theorem (Gassiat, Kaddouri and Naulet (2025))
» When K=2:

2 =
V0 € ©5°, o a")/\(o) < inf RE™(6,8) < (1 —8)A(0),

T 1-6 £€G
where

>y =2¢(152) fiog(@)/2n

> 0= (K,7 Q,f) € O5P

> f=(fi)ic1,2y and N(9) = [ fi(y) A fo(y)dy
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Theorem (Gassiat, Kaddouri and Naulet (2025))
» When K=2:

= )/\(9) < inf 72“”“(9 g) < (1—8)A0),

e, — 5+

where

> G, = 26(165> V/log(2)/2n
> 0= (K, Q,f) € 5"
> = (fi)icqr,2y and A(0) = [ fi(y) A fa(y)dy

What if ¢ is very small?

0= (K,m,Q,f) where
> ©=(1/2,1/2)

> Q= (1g5 1f5> with § < 1/2
> f= (N(:uv Id)7N(_/J'7 ld))
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Tighter bounds

The problem of estimation of the mean u was recently studied in Karagulyan and Ndaoud (2024).
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The problem of estimation of the mean u was recently studied in Karagulyan and Ndaoud (2024).

Theorem (Kaddouri and Ndaoud (2025))

inf RCIUSt(e g)

g€Gn

inf Rclust(e g)

g€Gn

1
0

[l 21
al
[ ]2

+1

lll? < 26,

26 < [lpl?* <1,

(§exp< H/l\l > ||N||2 >1,

[l < 26,
26 < ||lull® <1,

1< ||pl® < 2l0g (3),

lull? > 210g (2).
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Strong mixing regime (§ ~ 1)
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Figure: Behavior of the Bayes risk of online clustering in the strong mixing regime.
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Slow mixing regime (6 << 1)

infgeg, R5 (0, 8)
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Figure: Behavior of the Bayes risk of clustering in the slow mixing regime
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Figure: A preferential attachment graph.

> The sequence of graphs (Go, Gi, G, ...) is built sequentially.
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» Graph G; is constructed from G;_1 by connecting a new vertex t:
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Affine preferential attachment model
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Affine preferential attachment model

_ du(Gi1)+5(t)
PO ®| Gi—1) = g du(Ge—1)+6(1)

(5(1’) = do lfSTn + 51 1t>7'na 50,51 > -1, 7 <n.
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Affine preferential attachment model

Gt 5(t
F@- @1 6= ey

5(t) =do IES‘Fn + 51 1t>7'n7 50,51 > -1, 7 < n.

n

Last
n — T, vertices

EUnique observation: Final unlabeled graph}
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Change-Point Detection Under the Preferential Attachment Graph Model
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Late change-point detection: A hypothesis testing problem

(Ho) (350 > 7m) 5(t) = o 'S (Hl) (351 7é oo > *m) §(t) = 501tSTn + 5111‘>7’n

We focus here on the case of late change-point detection, i.e.

Tm=n—»N0, A,=|cn"] with ¢>0 and ~€(0,1).

{What is the minimal time needed to detect the change-point after it occurs?}
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Bayes classifier vs Bayes clusterer (K = 2)

g2 (Y1.n) = a0 ho(Yi.n) a.e, where

ho(Yin) € argmin Ey | min — 14 (v)r(xi) | Yin | -

(i) =R [ 7520 Z p7re)

Given that:
min — E 1 )Y _1 1 E 1 =Y
r€S n hi(Y1.n)#7(X Lin| — 2 n hi(Y1:n)# 1:n

Yl:n .

one gets ho(Y1.n) € argmax_y,, . Eo { 2 Invinx — 3
The result is a direct consequence of this lemma.

Lemma

Let (Z;)icin be a sequence of independent Bernoulli random variables such that Z; ~ B(p;) where

pi € {ai,1 — aj}. Then the maximum MaX(p),c(y B Uzie[n] Z — gH is reached at
(Pi)ie[n] = (i AN (1 - ai))ie[n] and (Pi);e[n] =(aiVv(1- ai));g[n]-
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Bayes classifier vs Bayes clusterer (K > 2)

We define
vefi(Y7)

S vifi(Yh)

where (Vi € [n]) hj;(Yi) = arg max,cx O‘E<Yi)'

(Vi e[n)(vkeX) o=

and h;(Yin) = (h5:(Y5))
Consider the event :

i€[n]

n

A, = Oﬂ {nk?jxykfk(Y;) < u,-g-(v,-)} .

Then, o
A, C {m ((hg,,-(y,-))ie[n]) =7 ((1,..., 1))}.
Note that:
Anﬂ{Eg Un(Xen), Ta((1, s D)) Yan | > o [£0a(Xen), (L, o, 1,2)))| Yiin } C {85 (Vi) # 70 0 b (Vi)
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Generic lemma for lower-bounds

Define

> Unr(h) = 5 320 Lotk (Vi) -
> p.(h) :=Eg[Un-(h)]| Yin]
» 74 denote a Yi.,-measurable permutation satisfying:
pz,(h) = Eg [Un,3,(h) | Yi.n] = ming Eg [Un,~(h) | Y1.n] = min. pr(h).
We let N =37 11x,—;3 and Ny < Ny < -+ < Ny denote the order statistics of (N, ..., Ny).

Proposition

A generic lower bound that works for any latent model (i.i.d. or HMM). For all classifiers h, all €, all n
and all 6

Eo | min Un.r (h)] > Eo | min Eo[Un,r (h) | Y]
—Eo [Ee [ max(—Un,(h) + p-(h)) | Yl:n} 1{ﬁ+h(h)26}]

— Ky [Pe(Un,+,,(h) > | Yl:n)l{ﬁ+h(h)<5}:|
— Py (N(l) + Ny < 2m7).
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Tight bound on the gap infhezy, RE25(0, h) — infzeg, REWSYO, g)

Let eno = 3 — infrer, R5(6, h).

Theorem

When J =2 and 0 € ©™9, infreqy, RE*5(0,h) =0 if and only if  infzeg, RIUY(0,g) = 0. If
infren, Rﬁlass(ﬁ, h) # 0 then the difference between the Bayes risks satisfies

(1- 45§,9)% s
5 log (1+25n,9) "V 2n /)

1-2¢, 9

class clust
<
hfsnfnR 6, h) — glenfnR (6,g) < min <

Furthermore, there exists a universal constant B > 0 such that for all n > 100 and all § € ¢

) ( 1v\%85,,19) 1>
(1+2£,,g) ’ﬁ .

1-2¢, ¢

h€H,

inf RS0, h) — |nf RS0, g) > Bmin ((

N\:
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Example where risks infyez,, RE25(0, h) and infgeg, RE™Y(0, g) are not equivalent

F=01-2n)F +nF+nF;
where F; = U(0,1/2), F, = U(3/4,1) and Fs = U (3/4 —¢,1 —¢).
> infren, Re™S(0, h) < n(3 —¢)
> infgeg, Ry"(0,8) S mp” + nne

Individual Distributions F1, F2, F3 (€ = 0.05)

T
mm F: Uniform(0, 1/2)
mm F;: Uniform(3/4, 1)
mm F3: Uniform(3/4—€,1—¢)

0 12 3j4-¢ 34 1-¢ 1
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Improving the Excess risk

Lemma

For all 0 < v < 1/2 and all § € ©%°P

class infh Hn Rilass(aj h) 1 £
Rn (05 hé) S € 1/2 — + ; Z]Pg (qugy,-ln = ¢é,i|n
i=1

W) (1)

where ¢g jjn = Po (Xi € . | Y1.n) and hy is the plug-in classifier.
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Comparison with the problem of segmentation/change-point localization

» Model: ni.i.d. observations Y; = 6; +¢;
» There exists an integer 0 < K < n— 1, a vector of integers 7* = (77, ..., 7x) satisfying

l=m <m < <7 <Tip1=n+1,

a vector o= (pua, ..., pks1) € {u, —pu} ™ satisfying jux # pues for all k € {1,..., K} such that

K+1

0; = E pider  ci<rn.

k=1

> In Verzelen et al. (2023), an estimator 7 is built on a large probability event A such that

B[ — #114] < K (”le A e—cﬂu\b)

» In the slowly mixing regime, the expected number of changes is K = nd.

» The bound obtained in the slowly mixing regime:

inf RES(0,g) < § (—1 Ne™ ”‘3”2)
| n b —
o, TP
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Contiguity

We define the risk of a test v, as:

Ri(%n) = Eo [1n] 4 E1 [1 — 4]

Let A, and By, be two events such that B,, is a large probability event.

dPP\?
(dﬂ”a) IB"]

1/2

P7 (An) < T (B5) + PG (An)"/? Ezg

dPy\?
< o(1) + P (An)"/* sup Eep [(mpl) IBH}
n 0
N
If sup, Epy [(%) 113,,} < 00, then :

Py (A)) —— 0 = P{(A,) —— 0
n—>+o0 n—r+o00

The type | and type Il errors can not be controlled at the same time.
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Idea of the proof: Intermediate problem

(1)

gT,/'
Vertices in
[+ 1, 7]

4

(#) Last A,
vertices of g,

(2)
Figure: Typical preferential attachment graph g, with m =1 when A, = o(n1/3). Only green nodes are

permuted.
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What happens in the remaining regime 7

gT,’,

Vertices in
[+ 1,7a]

Last A,
vertices of g,

Figure: Typical preferential attachment graph g,with m = 1 when n'/3 <A, S nt/2.
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The improvement

Their proof builds on and refines our approach, introducing the idea of interpolation.
Let P, the distribution of the unlabeled graph under the null hypothesis, and let Q, -, be its
distribution under the alternative. Consider the interpolation:

P, :Qn,n — Qn,nfl — Qn,n72 — = Qn,‘r,,~

Applying the triangle inequality along this path yields

TV(]Pm Qn,‘r,,) S Z TV(Qn,n—k+17 Qn,n—k) .
k=1
By the data-processing inequality,
TV(Ps, Qn,r,) < Z TV(Pr—kr1, Qnkr1,n—k) -
k=1

Hence, the task is to prove that

V' € [ra+ 1, n], TV(PH,,QH,,n,_l):o( L )

n—mp

Without loss of generality, it suffices to consider the simplified case n = n and 7, = n — 1, where the
change-point occurs exactly one step before the terminal time.
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Tighter bounds: Online setting

Theorem

The Bayes risk of online clustering satisfies

gelngtm Rclust on(0 5 g)

gelréf) Rclust on(a 6 g)

vV

IN

L lll® < 26,

26 < ||pll* < log %,

L 1% log!
meXp(_ H2 (]__|_ 2‘(|Mﬁ2)) )’ H/L||2>|Og%,

Z 2<25
7, il < 25,
|2 2 1
H M log +1), 20 <||pll* <logs,
HHHZ) 2 1
—exp(— . Dl > 1og %,
vem|pll ’ ?
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Slow mixing online regime (6 << 1)

infgegon Rzlust,on({g’ 679)

Io]?

Figure: Behavior of the Bayes risk of online clustering in the slowly mixing regime
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